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¦fL �5LGN & pmc$j5VO��TWVO[]\_kGVO\5cuYtVOpWdfd�T¢Y]�MTW[M��[ZyZY]pWVlYt\`��d��
Rp ↔ Ap

LeLgLeLgLeLeLfLeLgLeLgLeLgLeLeL Nbht©
¦fL �5L � & pmc$j5VO��TWVO[]\_kGVO\5cuYtVOpWdfd�T¢��[-d�����VOd�\-TmRrjMdepmc��>d� MVG[<\��

Ap ↔ µ
LeLeLfLeLgLeLgLeLgLeLeL Nbht©

¦fL �5L �	¿>Y]��Tm[]pmVORmYZTmVG[<\!jMd#~F�`[]kOd$RWx-V�jMd
R−1
p

�
µ↔ Rp

LeLgLeLgLeLgLeLeLfLeLgLeLgLeLgLeLeL Nbht{
¦fL ��PSRUTWVOX%YZTWVO[]\�jMduR�~F[1d�����VOd�\-T�RrjMd �rc��`d� MVG[<\ LgLeLfLeLgLeLeLgLeLgLeLgLeLeLfLeLgLeLgLeLgLeLeL N$©<­

¦fL �`LGN ¯¢kGs<[]pmV�Tm�5X�dgj5d�¦F�`pWs LgLeLgLeLgLeLeLgLeLfLeLgLeLeLgLeLgLeLgLeLeLfLeLgLeLgLeLgLeLeL N$©<­
¦fL �`L � ¯¢kGs<[]pmV�Tm�5X�dgj5d�¦F�`pWs�pWc$s]�5klYtpmVlRUc�LeLgLeLfLeLgLeLeLgLeLgLeLgLeLeLfLeLgLeLgLeLgLeLeL N$©`N

")"��A4��´0B*-?�CB*��Å4MË! >71Ê ���&�
~�LON Â��5d$kOÀ-�5duR�\5[tT�YZTWVO[]\>R LgLeLeLfLeLgLeLgLeLgLeLeLgLeLfLeLgLeLeLgLeLgLeLgLeLeLfLeLgLeLgLeLgLeLeL N$©<�
~�L � ��c��`\5VGTWVO[]\>Rrd�T}n5pm[]n`pWVOc�Tmc$R�LfLeLgLeLgLeLgLeLeLgLeLfLeLgLeLeLgLeLgLeLgLeLeLfLeLgLeLgLeLgLeLeL N$©<�
~�L � & pm[]n5pmVOc�TWcuRrjMdeX�c�klYt\5s<d$R�jMduR}���`Yb� \5duR�j5d�iDYtpmx][Zy�LeLgLeLeLgLeLgLeLgLeLeLfLeLgLeLgLeLgLeLeL N$©<Ã

É�6�9:Ç8687&,>Ëb4 "��B68* ���('
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Y PSRWn`Y]��dejMd$R�[<^`RUd$pWyZYtTWVO[]\`R���duRUn>Y]��dfTm[]n&[]kO[]s]VlÀ-�5d��
X PSRWn`Y]��dejMd$R�c�TmYZT�R}��Y<���5c$R��8d$RWn`Y]��d�Tm[]n&[]kO[]s<VOÀ-�5d��
U PSRWn`Y]��dejM�_n5pW[M��d$RmRU�`R�Y]�M MVGkOVOY]VGpmd���d$RWn`Y<��dfTW[<n>[<kG[<s]VlÀ<�`d��
B(Y), B(X ), B(U) � pmVO^5�oj5d$Rr^&[]pmc�kOVGd$\`R�RU�`p Y , X , U
(Ω,A, P )

PSRUn>Y]��dgn5pm[]^>Yt^5VOkGVlRWc
�
p−1 �1n5�`w�pmdf�`\5V�Tmc�jMd�� p
��� p−1 �1n5�`w�pmdf�`\5V�Tmc�jMd � p
Y

° YtpmVlYt^5kOdfY]kGcuYZTm[]VOpWdgjMd
(Ω,A, P )

j5Y]\`R
(Y ,B(Y))

X
° YtpmVlYt^5kOdfY]kGcuYZTm[]VOpWdgjMd

(Ω,A, P )
j5Y]\`R

(X ,B(X ))

U
° YtpmVlYt^5kOdfY]kGcuYZTm[]VOpWdgjMd

(Ω,A, P )
j5Y]\`R

(U ,B(U))

µ
i�duRU�5pmdeRU�`p

(Y ,B(Y))

λ
i�duRU�5pmdejMde¤�d$^>duRUs<�5deRU�5p�� d � d ≥ 1

N � [<X¡^5pmdgj�ª [<^`RWd�pmybYtTWVO[]\`R
K � [<X¡^5pmdgjMd���klY]RmRUduR
S

P \`RWd�X#^5kOdgj�ª VO\`jMVl��duR
|S| ~�Ytp�jMVO\`Ytk�jMdek´ª d�\`RWd�X#^5kGd

S

YS
~F�`Y]X�noX%Ytpmx][Zy1VOd�\�[<^`RWd�pmy]c

YA (Ys)s∈A
� kG[<pmRmÀ-�5d A ⊂ S

XS
~F�`Y]X�noX%Ytpmx][Zy1VOd�\!�$Y]���5c

Yn
~F�`YZ�l\5dg[<^`RUd$pWy<c�dgjMdgkG[<\5s]�`d��5p

n
�
(Yi)1≤i≤n

Xn
~F�`YZ�l\5de�$Y]���5c$dfjMdekO[]\`s]�5d$�5p

n
�
(Xi)1≤i≤n

Un
~F�`YZ�l\5deY]�M MVGkOVOY]VGpmdgjMdekG[<\5s]�`d��5p

n
�
(Ui)1≤i≤n

y
�rcuYtkOVORmYZTmVG[<\!jMd

YS
��[<�

YN
�

x
�rcuYtkOVORmYZTmVG[<\!jMd

XS
��[<�

XN
�

yn
�rcuYtkOVORmYZTmVG[<\!jMd

Yn
�
(yi)1≤i≤n

yp:n
�rcuYtkOVORmYZTmVG[<\!jMd

Yp:n
�
(yi)p≤i≤n

h
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p(·) �¢d$\`RWV�Tmc�j�ª �`\5deyZYtpmVOY]^5kGdgYtkOc$YtTW[<VGpmd�pmd�klYZTmVGy<d�X�d�\-Tr³��5\5dgX�d$RW�5pmdgj5depWc���c�pmd�\`��d
p(· |· ) �¢d$\`RWV�Tmcf��[]\`jMVGTWVO[]\`\5d�kOkGdgj�ª �5\5dfyZYtpmVOY]^5kGdfYtkOc$YtTW[]VOpmd¢pmd�klYZTWVOy]d$X�d�\-T�³¡�5\5dfX�duRU�`pWdgjMdfpWc���c�pmd�\`��d
αn

& pm[]^`Y]^5VOkGVGTWceYbyZYt\-T�n>[<�5p
1 ≤ n ≤ N

βn
& pm[]^`Y]^5VOkGVGTWceYtpmpmVGw$pWd�n>[<�5p

1 ≤ n ≤ N

ψn
& pm[]^`Y]^5VOkGVGTWcgX%Ytpms]VO\`YtkOdgY#n&[<RUTWd$pWVO[]pmV3n>[<�5p

1 ≤ n ≤ N

P �1aMRUTWw�X�dejMd &:d$Y]pmRW[]\
Θ

PSRWn`Y]��dejMden`Ytp�YtX�w�TWpmd$R
f(y, θ)

�¢d$\`RUVGTWcen>Ytp�YtX�c�TmpWVlÀ-�5d�n&[]�`prkGduR�kG[<VORrj�ª c�X�VlRWRWVO[]\ � Yby<d$� θ ∈ Θ

F (y, θ)
¿5[<\`��TmVG[<\ojMdepmc�n>YtpWTWVGTWVO[]\!j5dekOY�jMd$\`RUVGTWc

f(y, θ)

{p(·, θ), θ ∈ Θ} iD[1j5w�kOden`Ytp�YtX�c�TmpWVlÀ-�5dfn>[<�5pr�5\5d�jMd$\`RWV�Tmc
N(m,Σ)

¤�[<V�\5[]pmX%YtkOd�pmc�d$kGkOdejMdeX�[Za]d�\`\5d
m
d�T¢jMdgyZYtpmVOY]\`��d

Σ

CN(m,Σ)
¤�[<V�\5[]pmX%YtkOdf��[]X�n5kOd� Mde��VOpm���5kOY]VGpmdgjMdeX�[Za]d�\`\5d

m
d�T¢jMdeyZYtpmVlYt\`��d

Σ

γ(a, b)
¤�[]V�s-YtX�X%Y

iγ(a, b)
¤�[]V�VO\1y]d$pmRWd�s-YtX�X%Y

Tr(A) � p�Y]��dfj5dekOY�X%YZTmpWVl��d A = (aij)1≤i,j≤p

C
~F[]n`�5kGd

c
��d�\`RWV�Tmc�jMde��[<n5�5kOd

η
&±Ytp�YtX�w�TmpWdgjMde��[<n5�5kOd

A
iDYtTWpmVO��dgj5d�TmpmY]\`RWV�TmVG[<\ojMdgT�YtVOkGkOd

K ×K

|M | ��c�TWd$pWX�VO\`Yt\-T}jMdeklY�X�YtTWpmVO��de��Ytpmpmc�d
M

φ
&±Ytp�YtX�w�TmpWdgj�ª �5\_X�[1j5w�kOdg��[]X�n5kOd�T �8[]�_j�ª �`\5d#~�i�~F[ �

Lc
¤�[<st¥§y1pmY]VORWd�X#^5kOY]\`��d�j�ª �`\oX�[MjMw$kGde��[<X�n5kGd�T

V
��[]\5\5c$d$Rr��[]X�n5kOw�TWduR

pc
��d�\`RWV�Tmc�jMd$R�[<^`RWd�pmybYtTWVO[]\`R�jM�_X�[MjMw�kOde��[<X�n`kGd�T

U
��[]\5\5c$d$R�VO\`��[<X�n5kGw�TWduR

L
¤�[<st¥§y1pmY]VORWd�X#^5kOY]\`��d�j�ª �`\oX�[MjMw$kGdgVO\`��[<X�n`kGd�T

D(P,Q)
�¢VOy]d$pWs<d�\`��d±jMd � �5kOkG^>Y]��x-¥§¤+d�VO^5kOd�p3d�\-TWpmdSjMd$�M �X�duRU�5pmd$R+jMd n5pm[]^`Y]^5VOkGVGTWcuR��

D(p, q)
�ujMVOy]d�pms]d$\`��d

d�\-TmpWdejMd$�M !jMd$\`RUVGTWcuR
p
d�T
q
�

��[Zy
(X,Y )

~F[ZyZYtpmVOY]\`��d�d�\-TWpmdgkGduR�ybY]pWVlYt^`kGduRrYtkOc$YZTm[]VOpWduR
X
d�T
Y��[Zy

φ(X,Y )
~F[ZybY]pWVlYt\>��drd�\-TmpWd�kGduR yZYtpmVOY]^5kOd$RSY]kGcuYZTm[]VOpWduR

X
d�T
Y
kO[]p�RWÀ-�5d}klYekO[]V )q[]VO\-TWd¢duRqT�VG\>jMd� Mc�d�n`YtpFkGd

n`Y]pmY]X�w�TWpmd
φ

α(F ,G)
~F[1d�����VOd�\-T}jMdeX�c�klYt\5s<d$Y]\`��d���[]pWTWdgd�\-TmpWdekOd$R�TmpWVO^5�`R F d�T G ��[�� F , G ⊂ A � Yby]du� (Ω,A, P )d$RWn`Y<��dfn5pW[<^`Yt^`VGkOVORWc��

β(F ,G)
~F[1d�����VOd�\-T�jMd

β− X�c�klYt\5s<d$Y]\`��d�d�\-TmpWd�kOd$RgTmpWVO^5�`R F d�T G �8[�� F , G ⊂ A � Yby]du� (Ω,A, P )d$RWn`Y<��dfn5pW[<^`Yt^`VGkOVORWc��
φ(F ,G)

~F[1d�����VOd�\-T�jMd
φ− X�c�klYt\5s<d$Y]\`��d���[<pUTmd�d$\-TWpmd�kOd$R!TWpmVO^5�`R F d�T G �8RW[]�`RU¥´TWpmVG^5�>R!jMd A � [��

(Ω,A, P )
d$RUTr�5\_d$RWn`Y]��dgn5pW[<^`Yt^`VGkOVORWc��

σ(U) � pmVO^5��d�\5s<d�\`jMpmc�d�n`Y]p±kOYfyZYtpmVlYt^5kOdrYtkOc$YZTm[]VOpWd U �8jMc��`\5VOd¢RW�5p±k@ª d$RWn`Y<��drn5pm[]^`Y]^5VOkGVlRUc$d
(Ω,A, P )

�
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y3L Y`L ° YtpmVlYt^5kOdfY]kGcuYZTm[]VOpWd
�qL j�L p ¿5[<\`��TmVG[<\oj5depWc$n`YtpWTWVGTWVO[]\
V´L V´L j ��\`jMc$n>d$\`j5Y]\<T}d�TrVOjMd$\-TWVlÀ<�`d�X�d�\-T¢jMVlRqTmpWVO^5�5c
¯}�W~ ¯}\_��\M��[<pWX%YtTWVO[]\_~FpmVGTWd�pmVO[]\ �8��pmVGTWw�pmdej�ª ¯}xZYtVOx]d��
¦��W~ ¦�Yba]duRUVlYt\���\5��[]pmX�YtTWVO[]\D~FpWVGTWd$pWVO[]\
¯¢~F� ¯}\>YtkOa1RWdgd�\D~F[]X�n&[<RmYt\-TWduRF��\>jMc�n&d�\`j`Yt\-TWduR
� ¿:� � pmY]\`Rq��[<pWX�c$dfjMde¿`[]�5pmVGd$p}�¢VlRm��pmw�TWd

� ��������
��

iDi�~�Y i�[MjMw$kGdejMd�iDY]pWx<[Zy�~�Y]���5c
iDi�~�Yt¥§¦�� i�[MjMw$kGdejMd�iDY]pWx<[Zy�~�Y]���5ce³�¦�pW�5VGTr��\`jMc$n>d$\`j5Yt\-T
~�i�~�Y ~F�`YZ�l\5dejMd�i�Ytpmx][Zy�~�Y]���5c
~�i�~�Yt¥§¦���~F�`YZ�l\5dejMd�i�Ytpmx][Zy�~�Y]���5ce³�¦�pW�`V�Tr��\`jMc$n>d$\`j5Y]\<T
~�i�~F[ ~F�`YZ�l\5dejMd�i�Ytpmx][Zy�~F[]�5n`kGd
�1���+° °±d$��TWd$�5p}¯}kOc$YtTW[]VOpmd �Mn5�5c�pmVlÀ<�`d�X�d�\-Tr��\1ybY]pWVlYt\-T�� �Mn5�5d�pmVl��YtkOkOa���\1ybY]pWVlYt\-T��}Yt\>jM[]X °±du��Tm[]p �
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¤+Y�RWd�s<X�d�\-TmYtTWVO[]\ j�ª VGX%Yts<d$ReduRqT�kGd�TWp�YtVGTWd�X�d$\<T�À<�`VF��[<\`RWVORUTWd�³_p�Y]RmRWd�X¡^`kGd$pekGduR�n5VG Md�klR¡j�ª �5\5d!VGX%Yts<d
d�\��$[]\5duRg�5[]X�[]s<w�\5duRfd�\ �MTWVOkOVORmYt\-T�kOd���[]\-Tmd�\1�vj5d���d��5 -¥���V´L�¤�d%pmc$RW�5kGTmYtTej�ª �5\`d�RUd$s]X�d�\-TmYtTWVO[]\vd$RUT¡YtkO[]p�R
�5\5d��$YtpWTWd%À-�5VS��[]\`RUTWVGTW�5d%�`\vpmc$RW�5X�c�jMd%k´ª VOX%Yts<d�VO\5VGTWVlYtkOd%d�T¡À-�5V d$\v�8Y]��VOkOV�Tmd%k@ª Yt\`Y]kGaMRWd � ^5VOd�\ À-��ª d�kOkGd%\`d
��[<pWpmd$RWn&[]\`jMd�n`Y]RFTm[]� )q[<�5pmR�³#�5\5dgpmc$YtkOVGTWcfn5�1a1RWVlÀ<�`d]L`~Fd�TWTWde\5[]TWVO[]\!j�ª �5[<X�[]s]c$\5c�VGTWcgjMc$n>d$\`j�^`VGd$\oR��5prjMd$R
��pmVGTWw�pmd$R:À-�5V1[]\-T±c�Tmcr���5[]VlRUVlRBn>[<�5p:kOYf��[<\`RUTWpm�`��TmVG[<\#jMd�klYf�$YtpWTWd � d�T±VGkMd� 1VlRUTWd�d$RmRUd$\<TmVGd$kGkOd�X�d$\<T±jMd$�M ��8YtX�VOkGkOd$R
jMd#X�c�TW�5[MjMduR¢jMd�RUd$s]X�d�\-T�YZTWVO[]\�� « ��� �&kGduR}X�c�Tm�5[MjMd$R�n`Ytp�pWdu���5d�p����5dejMd¡��pW[<\<TmVGw$pWduRrd�TfkGduR}X�c�Tm�5[MjMd$R�n`Y]p
pmd$���5d$pm���5dgjMdgpmc�s]VO[]\>R�L
¤�duR¡X�c�TW�5[MjMduR�n`Ytp�pWdu���5d�p����5dojMd���pm[]\-TmVGw$pWduR#jMc�TWd$pWX�VO\5d�\-T�kGduR���[]\-TW[<�5p�R#jMduR���[]\`d$R#�5[]X�[]s<w�\5duR¡d$\

RWd¡^`Y<RWY]\<T¢RW�5pfkGduR �`�>��TW�>YZTWVO[]\>R�jMd#k@ª VO\<Tmd�\`RWVGTWc#j5d¡k´ª VOX%Yts]d<L &±Ytp�d� Md�X�n5kOd � k´ª �MTmVGkOVlRWYtTWVO[]\�j�ª c$À-�`YtTWVO[]\`R�Yt�M 
jMc$pWVOy]c$d$R�n`YtpWTWVOd�kOkOd$R�n&d�pmX�d�T�jMd_�8YtVOpmd�c�y][<kG�`d�p%��duR%��[]\-Tm[]�5p�R�jMdDRU[<pUTmd�³ jMc�Tmd�pmX�VO\5d$p%kGduR%���`Yt\5s<d�X�d�\-T�R
^5pm�`RmÀ<�`d$R¢j5�Ds]p�Y]jMVOd�\-T}d�TfjM[<\`�ekOd$R��$[]\5duR�L&��Y]\`R}kOd#�$Y]R�jMd¡klY%X�[]pmn5�5[<kG[<s]VOdfX%YtTW�5c$X�YtTWVlÀ-�5d � kGd#��[]\>��d�n5T
jMd�kOVGs<\5d%jMd�n`YtpWTmY]s]d#j5d$Rgd$Y]�M  � jMc��`\`VGd�³!n`YtpWTWVOpej�ª �5\5d�jMVlRqT�Yt\`��d � n&d�pmX�d�T¡jMd%jMc�Tmd�pmX�VG\5d$pejMVGpmd$��TWd$X�d$\-T
kOd$R���pm[]\-TWVOw�pmd$RrjMduR���[<\5d$R�pmd$���5d$pm���`c�d$R$L
��d�X%Yt\5VOw�pmd�jM�`Y]kGd � k@ª Ytn`n5pW[M���5den>Ytp}pmd$���5d$pm���`dgj5d�pWc$s]VO[]\`Rr��[]\`RWVlRqTmd¡³�pWd$s]pm[]�5n&d�p}j5d$Rrn5VG Md�klR}n5pmc$RWd�\5¥

TmY]\-Tej5d$Re��Y]pmY<��Tmc�pmVORUTWVlÀ-�5d$R¢n5pW[M���5duR � d�Te³okOd��5peYtTUTWpmVO^5�5d�pg�5\`d%c�TWVlÀ-�5d�TWTWd<L���k R�ª Yts<V�TejMd�k@ª Yt\`s]kOd�j�ª YZTWTmY<À<�`d
���5[<VORWV+j5Y]\`R¢��d�TUTmdeTW�`w$RWd]L &SkG�`R�n5pmc$��VORWc�X�d�\-T � \5[tTmpWd#��Y]j5pWd�jMd�TWp�YbybY]VGk+d$RUT¢kGd#��Y]j5pWden5pm[]^>Yt^5VOkGVlRUTWden5pm[]n&[<RWc
n`Y]p 	fd�X%Yt\_d�T 	fd$X%Yt\��¾ht� �+d�T¢¦�duRWY]s
� �t­!�´L`¤Sª VljMc$dg��[]\`j5Y]X�d�\-TmY]kGdejMd���d�TUTmd�Ytn5n`pW[M���5dfd$RUT¢jMd���[<\`RWVOjMc$pWd$p
klY�RUd$s]X�d�\-TmYtTWVO[]\ j�ª �5\5d�VOX%Yts<d���[]X�X�d%k´ª duRqTmVGX%YZTmVG[<\ ^`Yba]cuRUVOd�\`\5d%j�ª �`\ n5pW[M��d$RmRU�`ReY]kGcuYZTm[]VOpWd �8³DybY]kGd$�5p�R
jMVlRW��pWw�TWduR �:³gn`Y]pUTmVGp j�ª �5\%n`pW[M��duRWRW�`RB[]^>RUd$pWy<c]Lt¤+YeRWd�s<X�d�\-TmYtTWVO[]\�d$RUTSYtkO[]p�R±j5Yt\`R±��d¢��[<\-TWd� 1Tmd��`\%n5pW[<^5kOw�X�d
jMd���klY]RmRUVG�>�$YZTWVO[]\#jM[]\-T:�5\5d�n`YtpWTWVl���`kOY]pWVGTWcFd$RUTBk´ª VOX�n>[<pUT�Yt\`��d�j5dFklY�j5c�n&d�\`j5Y]\`��d�RWn`YZTmVOY]kGd�jMd$RB[<^`RUd$pWyZYtTWVO[]\`R$L
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n&[<RmRUVO^5VOkGVGTWcuR j�ª �5\5drn`Y]pUTSjMd}�$Ytkl���5kOd�p �8d� 5Y]��TWd$X�d$\-T:[<�%Ytn5n5pm[b MVGX%YtTWVOy]d�X�d$\<T ��kOd$R n5pW[<^`Yt^`VGkOV�Tmc$R±Ygn&[<RUTWd$pWVO[]pmV
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Y = (Yn)1≤n≤N
VO\`jMc$n>d$\`j5Yt\-Tmd$R�d�T�VljMd$\<TmV�¥
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K
� � [�� Xn

d$RUTfklYo��klY]RmRUd�jMd#k´ª []^`RWd�pmyZYZTWVO[]\
Yn
L � []�`Rf\5[]TW[]\>RYtkO[]p�R�n>[<�5p�TW[<�MT

k ∈ X , πk = P (Xn = k)
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f(yn, θk)
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(Xn)1≤n≤N
RU[<\-T¢�5\5d����`Yb� \5d¡jMd#iDYtpmx][Zy�j5d¡kO[]VARUTmYtTWVO[]\5\>YtVOpWd

π = (π1 . . . πK)
′ L>¤AY%kO[]V:jM��n5pm[1��d$RmRU�>R

Y
duRqT¢Y]kG[<pmR���[]X�n5kOw�TWd$X�d�\-T}RUn&c$��V��`c$ded�\_p�Y )q[]�5TmYt\-T�kGduR��1a-n&[tTm�5w$RWd$RrRW�5VOyZYt\-TWduR �
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� kOY�kO[]V�jMd Yn ��[]\`j5V�TmVG[<\5\5d�kOkOd�X�d�\-T}³ (Xn)1≤n≤N
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kGduR�X�d�TUT�Yt\-T}d�\o[1d��5y1pmd��

~Fd$R�jMd$�M �À-�5d$RUTWVO[]\`R�RW[]\-TFX�[tTmVGy<c�duR � d�\-TWpmd�Y]�MTWpmd$R � n>Ytp�kGdgjMc�y<d�kO[]n5n&d�X�d$\<T�jMdfn5pW[M��c$jM�5pmd$RFjMdgRUd$s]X�d�\-TmYt¥
TWVO[]\_n5pmd�\>Yt\-T�d$\���[]X�nMTmdekGduR�n5pm[]n5pmVGc�TWcuR�RWn&c$��VG�>À-�5duR}jMd$RrRWVOs]\`Y]�M �p�Y]j5Y]p$L
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Z = (Zn)1≤n≤N = (Xn, Yn)1≤n≤Nd$RUT��`\5d#���`YZ�l\`d¡jMd¡iDY]pWx<[Zy!RUTmYtTWVO[]\5\`Y]VGpmded�Tf\5[]\�n`kG�`RfRWd��5kOd�X�d�\-TfkGd�n`pW[M��duRWRW�`R
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jMVOpWdu��TmdFjM��n`pW[M��duRWRW�`R )q[]VO\<T:��[<pWpmd$RWn>[<\`je³}k´ª �-a1n&[tTm�5w$RWdFjMd����`Yb� \5dSj5d�iDY]pWx<[Zy¢��[<�5n5kOd � X�[1j5w�kOdFpmc$��d�X�X�d�\-T
VO\<TmpW[MjM�`V�T�n`Ytp & VOd$� ��a1\`RWx-V�j5Y]\`R �GN �Z« �§L�& VOd$� �$a1\`RUx1V3Y¡X�[<\<TmpWcfÀ-�5d�klY#X�Y]pWx<[Zy1VOY]\5V�Tmc}jM�on5pW[M��d$RmRU�`RF��[<�5n5kOd
Z
duRqT��`\5d���[<\`jMVGTWVO[]\ RU� �%RmYt\-Tmd�n&[]�`p¡Yby][<VGpgklY_X�Y]pWx<[Zy1VOY]\5V�Tmc�Yon&[<RUTWd$pWVO[]pmV jM� n5pm[1��d$RmRU�>R
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YtVO\`RWV À<�`d

k´ª d� 1VlRUTWd�\>��d¡jMd¡n5pW[M��c$jM�5pmd$R}pWcu���5p�RUVOy]duRrjMd¡�$Ytkl���5k+j5d$R}n`pW[<^`Yt^5VOkOV�Tmc$R}Y%n&[<RUTWd$pWVO[]pmV´L&~Fd$��V+n&d�pmX�d�T�jMdeTmpmY]\`RU¥
n&[<RWd�p�Yt�M H���`YZ�l\`d$R���[]�`n5kGduR#TW[]�>R¡kOd$R#TWp�YtVGTWd$X�d�\-TmR��UpmY]n5VOj5d$R
��j5d$R����`Yb� \5duR#jMd�iDY]pWx<[Zy��$Y]���5c$d$R#^`Y]RWc�duR
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Y1, Y2
� X%Y]VORSd�kOkGd�\�ª duRqT�n5kO�`R \5cu��duRWRmYtVOpWd$X�d�\-T c�s-YtkOd}³

∑
k,l pklf(y1, θk)f(y2, θl)

�8[��
pkl
d$RUT:klY�n5pW[<^`Yt^`VGkOV�Tmc

P (X1 = k,X2 = l)
��LZP \#TW[<�MTWd�s]c$\5c�p�YtkOVGTWc � d$kGkOdFduRqT

c�s-YtkOd¡³ ∑
k,l pklf(y1, y2, θkl)

d�Tfk@ª �MTmVGkOVORmYZTmVG[<\�jMd�jMd�\>RUVGTWcuR¢^5VOyZYtpmVGc$d$R
f(y1, y2, θkl) 6= f(y1, θk)f(y2, θl)n&d�pmX�d�T�YtkO[]p�R}jMd#jMc$��pWVOpWd#jMd$R���Y]R¢j5Yt\`R¢kGduRWÀ-�5d$kGkOd$R}kGduR}[]^>RUd$pWyZYZTmVG[<\`Rr\5d#RU[<\<T�n`Y]RrVO\`jMc$n>d$\`j5Y]\<Tmd$Rf��[<\`jMVG¥
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Y � X�Y]VOR¡Yt�`RmRUV j�ª cu��pmVGpmd�d� Mn5kOVO��V�Tmd�X�d�\-T�klYjMd$\`RUVGTWc�j5d$Rr[<^`RUd$pWyZYtTWVO[]\`RFd�T¢jM��n`pW[M��duRWRW�`R���\`c$��duRWRmYtVOpmdfj5Y]\`RrkOde��Y]j5pWdg^`Yba<c$RWVGd$\ ��L>~FdfTWp�YbyZYtVOk���[<\`RqTmV�Tm�5d �
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��[<\`jMVGTWVO[]\5\`d�kOkGd � pWd$n5pmc$RWd�\-TWc$d%n`YtpekOd$R#��[]n`�5kGduR�LA¤ ª VG\-TWc$p�"�T¡jMd$R#��[<n5�5kOd$ReduRqT¡jMd�n>d$pWX�d�TWTWpmd��5\5d%X�d$VGkOkGd$�5pmd
X�[MjMc�kOVORmYZTmVG[<\�jMdekOY%RUTWpm�`��TW�5pmd�jMd�jMc$n>d$\`j5Yt\>��d¡jMduR}jM[<\5\5c�duRr[]^>RUd$pWy<c�d$R��8\5[tT�YtX�X�d�\-T}k@ª Yt�5TW[M��[ZyZYtpmVlYt\`��d��
d�Te\5[<�`RgX�[]\-TWpm[]\>R�kOd$R��8Y]VG^5kOd$RmRWd$R � \5[]\�pWd$X�Y]pmÀ-�5c$d$R
)q�`RmÀ-��ª ³!n5pmc$RWd�\-T � j5d$Re���`YZ�l\5duRgjMd%iDYtpmx][Zy_��Y<���5c�duR
RW�5p}��d�T¢Y]RWn>du��TU¥§kl³5L
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¤ ª VO\<TmpW[MjM�>��TWVO[]\vjMd�kOY_jMc$n>d$\`j5Yt\>��d���[]\>jMV�TmVG[<\5\5d$kGkOd%j5Yt\`RfkOd$RfX�[MjMw�kOd$RgjMd%iDY]pWx<[Zyo�$Y]���5cuR�\+ª duRqTen`Y<R
�5\5d#\5[]�`y]d$Y]�MTWc � d�T�VOk:d$RUTf��klY]RmRWVOÀ-�5d � n&[]�5pfkOY!jMd$Rm��pmVOnMTWVO[]\DjMd�n5�5c$\5[]X�w$\5d$R¢n>[-RWRWc$j5Y]\-TfjMduR�jMa1\`Y]X�VOÀ-�5duR
��[<X�n5kGd� Md$R � jMdeRU�5n`n>[-RUd$p}À<�`dfkOden5pm[M��d$RmRW�`R�jMd$R�[<^`RUd$pWyZYtTWVO[]\`R�d$RUTr�5\5d����`YZ�l\`dgj5dgi�Ytpmx][Zy���[<\`jMVGTWVO[]\5\`d�kG¥
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RWd�s<c�\5c$pmY]kGVlRWd�\-T�³o��d$RgX�[MjMw�kOd$R%� �]{ � � � �´L+¦�VOd�\ À-�5d���duRgX�[MjMw$kGduR�RW[]VOd�\-T�Yt�`RmRUV j5d$R����`YZ�l\`d$RejMd%iDY]pWx<[Zy
��[<�5n5kOd � kOdfX�[MjMw$kGdeÀ-�5df\5[]�`Rrj5c�y]d$kG[<n5n&[]\`R�R�ª d�\_jMVlRqTmVG\`s]�5d���[]\`j`YtX�d�\-TmY]kGd$X�d�\-Trn`Ytp�k@ª �`RmYts<dfjMduRr��[<n5�5kOd$R �
d�T}n>YtprklY���[]\5\>YtVlRWRmYt\`��dfj5dfklY�kG[<V �8RUTmYtTWVO[]\5\>YtVOpWd��SjMd

Yn
L

� \ Yt�5TWpmdoY<RUn&d$��T�jMd_klYvX�[MjMc$kGVlRmYZTWVO[]\ n`Ytp%���`YZ�l\`dojMd�iDY]pWx<[Zyv�$Y]���5c$do��[]\`RWVlRqTmd!d$\ kOd����5[]VG Hj�ª �5\
X�[MjMw�kOd�n`Y]pmY]X�c�TWpmVlÀ<�`d

f(yn, θk)
Y]j5Y]nMTWc�n>[<�5p�pmd�n5pmc$RWd�\-Tmd�p�klY/jMd$\`RUVGTWcvjMd

Yn
��[<\`jMVGTWVO[]\5\5d$kGkOd�X�d$\<To³

Xn = k
L��fYt\`RokOd���Y<jMpmd�jMdvkOY ��klY]RmRUVG�>��YtTWVO[]\ jMd jM[]\`\5c�duR�X¡�`k�TmVGyZYtpmVOc�d$R!d�T�jMd�kOY RUd$s]X�d�\-TmYtTWVO[]\ jMd

RWVGs<\`Yt�M od�Tgj�ª VOX%Yts<d$R � kOd�X�[1j5w�kOd¡s<Y]�`RmRUVOd�\_pmd$RUTWd�kOd¡X�[MjMw�kOd�kOd¡n5kO�`R��MTWVOkOVORWc � X�"$X�d#RWVBj�ª Yt�5TWpmd$RrX�[MjMw�kOd$R
n`Y]pmY]X�c�TWpmVOÀ-�5duR¡[<\-T�c�TWco�MTWVOkGVlRWc$R�j5Yt\>R�j5V �3c�pmd�\-TWduR�Ytn5n5kOVl��YZTmVG[<\`R
�GNu­]{��§L � [<�`R�\5[]�`R�RW[]X�X�d$R#VG\-Tmc�pmd$RmRUcuR³�k´ª �MTWVOkGVlRmYZTWVO[]\ ��d�Tfk´ª duRqTmVGX%YtTWVO[]\ ��jMd�X�[MjMw$kGduRfn5kG�>R�pmc$Y]kGVlRUTWd$R¢[]�v��Ytn>Yt^5kOd$R�j�ª VO\-TWc$s]pmd�pf�5\5d���[]\`\`YtVlRWRmYt\>��d
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Yt�5  X�[MjMw�kOd$R%d$kGkOVOnMTWVlÀ-�5d$R�Y]n5n&d�kOc$R �U°±d$��TWd��`p�¯}kOc$YtTW[]VOpmd$R �1n5�`c�pmVOÀ-�5d$X�d$\-T���\-yZY]pWVlYt\-TmR
�od�T�À-�5V�RW[]\-T�jMd$R
X�[MjMw�kOd$Rgn`Y]pUTmVO���5kOVGw$pWd$X�d$\-Tfn&d�pWTWVO\5d�\-T�Rgn>[<�5pepWd$n5pmc$RWd�\-TWd$p�kOd$ReRWVGs<\`Yt�5 DpmY<j5YtpuL&¤Sª �5TWVOkGVlRWYtTWVO[]\ jMd�kOYokO[]V �
j5Y]\`R:kGdr��[]\-TWd� -Tmd�j5drkOYfRUd$s]X�d�\-T�YZTWVO[]\#\5[]\5¥§RW�5n&d�pmy-VlRWc�d�d$RUT:pmd�\>jM�5d�n>[-RWRWVO^5kGd�n`Y]p:kGdrjMc$y]d�kO[]n`n>d$X�d$\-T±j�ª �5\`d
X�c�Tm�5[MjMd�j�ª d$RUTWVOX%YZTWVO[]\ n>Ytp¡X%Yt 1VOX¡�`X jMd�y-p�YtVlRWd�X¡^`kOY]\`��d<L � []�>R�VO\<TmpW[MjM�`VORW[]\`R�n>[<�5p�klY�n5pmd�X�VGw$pWd���[<VORkOd$R���[]n5�5kOd$Rej`Yt\`RgkOd���[<\<Tmd� 1TWd%jMd%klY�RWd�s]X�d$\<T�YZTmVG[<\vjMd%jM[<\5\5c$d$ReX#�5k�TmVGyZY]pWVOc�duR � ��d�À<�`V \5[]�>Rgn>d$pWX�d�T¡j5d
jMc��`\5VOp¢jMde\5[<�5y]duYt�M �X�[MjMw$kGduRrX¡�5kGTWVOyZYtpmVGcuR�d�T¢\`[]�`R�X�[]\-TmpW[<\`R�d�\_n`Y]pUTmVO���5kGVOd�p¢k@ª VG\-Tmc�p "�T¢jMduRrkG[<VOR�s-YtX�X%Y
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¤ ª d$RUTWVOX%YZTmVG[<\�jMd$RAn`Ytp�YtX�w�TWpmd$R�jMduRA���>Yb� \5d$RAjMdFiDY]pWx<[Zy��$Y]���5c$d$R �@YtVO\`RUV1À-�5dFj5d$RAn5pW[M��d$RmRU�`R+X%Ytpmx][Zy1VGd$\`R
³v���`Yt\5s<d�X�d�\-T%jMd_pWc$s]VOX�d�X%Ytpmx][Zy1VOd�\ ��d$RUT��8Y]V�Tmd_kGdon5kO�`R%RU[<�5y]d$\-T#n`Y]p�klYvX�c�TW�`[1j5d_j5� X%YZ MVOX¡�5X j5d
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R��5pWd � jMd!\5[]pmX%YtkOV�Tmc%d�T#j�ª d����$Y]��VGTWc!Y]RWa-X�nMTm[tTmVOÀ-�5d �ON$­ � � �]© � �5N � �]{ � � ���§LAiDY]kGs<pWc%klY���[<X�n`kGd� 1VGTWc!jMd�klY
y1pmY]VORWd�X#^5klYt\`��dFjMd}��d$R:X�[MjMw�kOd$R � kGduR:n>[<VG\-T�R±RqT�YZTWVO[]\`\`YtVOpWduR:jMd�kOYfkO[]st¥§y1pmY]VORWd�X#^5klYt\`��dSRU[<\-T±�$Ytkl���5kOc$R:s<pD�<��d�³
jMduR}X�c�Tm�5[MjMd$R�pWcu���5p�RWVGy<d$R �&k@ª YtkOs][<pWVGTW�5X�dePSRWn&c�p�Yt\`��d�¥�iDYZ MVOX�VlRmYZTWVO[]\ �������	��¸�¶§ºt¶@¼8·�
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TWVO[]\o\1�5X�c�pmVOÀ-�5dgÀ-�5V�n&d��5y<d�\-T���[]pWTWd�X�d$\<TrkOVGX�VGTWd$prk@ª Ytn5n`kGVl��Y]^5VGkOVGTWcejMd$R�n5pm[M��cujM�5pmd$R�jMdeRUd$s]X�d�\-T�YZTWVO[]\!\5[]\5¥
RW�5n>d$pWy1VlRUc$d]L � [<�`Rfn5pW[<n>[-RU[<\`R¢Y]kG[<pmR��5\5d�\5[<�5y]d$kGkOd¡X�c�Tm�5[MjMd�j�ª duRqTmVGX%YtTWVO[]\�j5d$Rfn`Ytp�YtX�w�TWpmd$R¢j5d#X�[MjMw�kOd$R³�jM[<\5\5c$d$R}X%Y]\`À-�`Yt\-TWduR � ^`Y]RWc�duR}RU�`p¢kOd$Rr��[<\`��TmVG[<\`R}duRqTmVGX%Y]\<Tmd$R��8VG\-TmpW[MjM�5VGTWduR}n`Y]p 	f[Mj5Y]X¡^&d%�¾ht{ � ��L3¤ ª d$RU¥
TWVOX%YZTmd��5prduRqT¢jMc�TWd$pWX�VO\5ce³�n`YtpWTWVOprj�ª �`\ocu���`Yt\-TmVGkOkG[<\

y = (y1, . . . , yN )
d$\_pWcuRU[<kGyZYt\-T��5\5decuÀ<�>YZTWVO[]\_jMdgklY

��[]pmX�d
g(y, θ) = 0

L
g
d$RUTg�5\5d�����[<\`��TmVG[<\Dd$RUTWVOX%Yt\-TWdL�#jMc�n&d�\`j`Yt\-Tgj5d$R�n`Ytp�YtX�w�TmpWduR}d�TgjMduRf[]^`RWd�pmyZYZTWVO[]\>R �

À-�5V � RU[<�`Rg��d�pWTmY]VG\`d$Rg��[<\`jMVGTWVO[]\`R � jM[]\`\5d�j5d$Rgd$RUTWVOX%YZTmd��5p�Rg��[]\1y<d�pms]d�\-T�R�L3¤ ª VG\-Tmc�p "�TejMd%��d$RgX�c�TW�5[MjMduRgd$RUT
jMd�n&d�pmX�d�TWTWpmd�jMd����5[<VORWVGpeklY_��[<pWX�d�jMd%klY_��[]\>��TWVO[]\

g � \5[]TmY]X�X�d$\<T¡RmY���[<X�n5kGd� MV�Tmc � jMd�X�Y]\5VOw�pmd%pWd$kOYtTWVG¥y]d$X�d�\-TfVO\`jMc$n>d$\`j5Y]\<Tmd�j5d#klY�kO[]s]¥´y1p�YtVlRUd$X¡^5klYt\>��dejM�vX�[MjMw$kGd<L3P \�jMc$y]d$kG[<n5n`Yt\-Tf�5\5d�VOjMc$d#n`pW[<n>[-RUc$d¡n`Y]p
� d$aMjMd�d�T�i�[<pUTm[]\ � {<­ � � \5[]�>R%X�[]\-TWpm[]\`R�À-��ª VGk�d$RUT�n>[-RWRWVO^5kGd�jMdD��[]\`RUTWpm�5VOpWd�jMd�X%Y]\5VGw$pWd_s<c�\5c$pmY]kGd_jMd$R



Nb�
��[]\>��TWVO[]\>R¡duRqTmVGX%Yt\-Tmd$R¡j5d�X�[MjMw�kOd$R�³�jM[<\5\5c$d$R�X%Y]\`À-�`Yt\-TWduR �@��[]X�X�d�kOd$R����`YZ�l\5duR¡jMd_iDY]pWx<[Zy���Y<���5c�duR
[]����[]�5n5kOd$R ��³�n`Y]pUTmVGp}jMduR���[]\>��TWVO[]\>Rrd$RUTWVOX%Yt\-TWduRrRUn&c$��V��`c$d$Rrn&[]�`p}�5\�X�[MjMw�kOd���[<X�n`kGd�T$L � []�`Rrn`pW[<n>[-RU[<\`R�5\���Y<jMpmd¢Tm�5c�[<pWVlÀ-�5d�n&[]�`prk@ª c�Tm�`jMd�jMdgkOd��5p�R�n5pm[]n5pmVGc�TWcuR � À-�5V�\5[<�`R�n>d$pWX�d�Trj5depmY<RWRWd�X#^5kGd$p�j`Yt\`R�kOdgX�"$X�d
��[]pmX%YtkOVORWX�d_n5kG�>RUVOd��5p�R�d$RUTWVOX%YZTmd��5p�R%d�T�X�c�TW�5[MjMduR�jMdD��Y]kO���5k}d� 1VlRUTmYt\-Tmd$R�n&[]�5p�kOd$R�X�[MjMw$kGduR�³ jM[]\`\5c�duR
VO\`��[<X�n`kGw�TWd$R$L+PS\ d �3d�T � klY�jMc�Tmd�pmX�VO\`YtTWVO[]\/jMd�k´ª d$RUTWVOX�YtTWd$�5p¡³�n`Y]pUTmVGp#jMd%��[]\>��TWVO[]\>R�d$RUTWVOX%Yt\-TWduR�Yt^&[]�5TWVGT
³!�5\�n5pm[]^`kGw$X�d�jMd�pWdu���5d�p����5d¡j5d#p�Y]��VG\5duR � RWVGX�VOkOY]VGpmd#³o��d$kG�5V±jM��X%YZ MVGX#�5XzjMd�y1pmY]VORWd�X#^5kOY]\`��d � d�Tfn&[]�5p
kOd$À-�5d�k:\5[<�`Rfn5pm[]n&[<RW[]\`R��5\ YtkOs][]pmVGTW�5X�d¡VGTWc$pmYtTWVG�Ss]c$\5c�p�YtkOVlRWY]\<T�PSi � Ytn`n>d$kGc�PSRUTWVOX%YZTWVO[]\ ~F[]\`j5V�TmVG[<\5\5d�kOkOd
�§TWc$pmYtTWVOy]d<L � []�`R�jM[<\5\5[<\`R�jMd$R���[<\`jMVGTWVO[]\`R�s<c�\5c$pmY]kGduRFRW[]�`R�kOd$RmÀ-�5d�kOkGduR���d�T}Y]kGs<[]pmV�Tm�5X�d¢n&d��MT�"�TWpmdfjMc��`\5V�d�T
��[<\1y]d�pms]d<L � []�>R±d�\�jMcujM�5VlRU[<\`R jMduR YtkOs][<pWVGTW�`X�duR:[]pmVGs<VG\>Yt�M #j�ª duRqTmVGX%YZTmVG[<\%jMd¢���`YZ�l\5duR jMd}iDY]pWx<[Zy���Y<���5c�duRX¡�`k�TmVGyZYtpmVOc�d$R}d�T�jMd#���`Yb� \5d$Rrj5d¡iDYtpmx][Zy!��[]�`n5kGduR � d�T¢pmd$RUTmY]\<Trn`Y]pUTmVO���5kOVGw$pWd$X�d$\-T¢RUVOX�n5kGduR �8\5d�\5cu��d$RmRWV�T�Yt\-T
Yt�>���5\5dgn5pm[M��cujM�5pmdgj�ª [<nMTWVOX�VORmYZTmVG[<\!\1�5X�c�pmVlÀ<�`dfX#�5kGTWVljMVGX�d$\`RUVO[]\`\5d�kOkGd���L
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¯ n`Y]pUTmVGp�jMd�k´ª VO\-TWd�\>RUVGTWc � jM�DRWn>du��TmpWd���[]n5n`kGd$p¢d�TfjMd�klY�n>[<kOY]pWVlRWYtTWVO[]\�jM�DRWVGs<\`Ytk+pWd���� � �`\�pmY<j5Ytprn&d��MT
��[]�`pW\5VOprjMd$R�VO\M��[<pWX%YZTmVG[<\`RFpWduRUn&d$��TWVOy]d�X�d$\<TrRW�5prkOY#pmc��`du��TWVOy1V�Tmc�c$kGd�TWpm[]X%Yts<\5c�TmVOÀ-�5d � kOY#y1V�Tmd$RmRUdfd�TrklY�RUTWpm�`��¥
TW�`pWdDn`�-aMRWVOÀ-�5d�jMdDk´ª d$\-y1VOpW[<\5\5d$X�d$\-T$L�~FduR�VO\M��[]pmX%YZTWVO[]\>R%c�T�Yt\-T!Y]�$À-�5VORWd$R+�qkOVGs<\5d�n`Y]p�kOVGs<\5d���kG[<pmR�jMdDklY
pm[tTmYtTWVO[]\/jMd!k@ª Yt\-Tmd�\5\5d!j�ª �`\Hp�Y]j5Y]p�y]d$VGkOkGd � \5[<�`R�n`pW[<n>[-RU[<\`R�jMdo��[]\>RqTmpW�5VOpmd�jMd$R�YtkOs][<pWVGTW�`X�duR�jMdo��YtpWTW[]¥
s]p�Ytn`�5VGdoYt�MTm[]X%YZTmVOÀ-�5d_j5Y]\`R���d_��[]\-Tmd� 1TWd � d$\ �5TWVOkGVlRWY]\-T�kOd$R�X�c�Tm�5[MjMd$R%jMc$y]d$kG[<n5n>c$d$R#n5kO�`R��`Yt�5TmR$L � []�`RVO\<Tmc�s<pW[<\`Rr\5[]TmYtX�X�d�\-TfkOY�n5pW[<n5pmVGc�TWc¡jMd�jMc�n&d�\>j5Yt\`��d#RWn`YZTmVOY]kGd#jMd¡k´ª VO\-TWd$\`RUVGTWc�pmd
���`d ��pmd�X%Ytp�À-�5c�d¡d�T�c�TW�M¥
jMVOc�d}j5Y]\`R��ONu� � � N$­t« � �Bn`Y]p jMd$R±X�[MjMw$kGduR±jMdriDYtpmx][Zy���[]�5n5kOd$R±Yby<d$����[<n5�5kOd$R$Lt�¢drn5kO�`R � \5[]�>R:n5pW[<n>[-RU[<\`R:jMd$R
X�[MjMd$RrjMdgpmd�n5pmc$RWd�\-T�YZTWVO[]\�n`Ytp�YtX�c�TmpWVlÀ-�5d�j5dfk´ª VG\M��[<pWX%YtTWVO[]\_�¢[<n5n5kOd�p�[]�on>[<kOY]pWVOX�c�TmpWVlÀ-�5d � À-�5V�RWdfn`p�"�TWdg³
jMduReX�c�TW�`[1j5d$R�jMd!RUd$s]X�d�\-TmYtTWVO[]\v^`Yba]cuRUVOd�\`\5d]L � []�`Rg�MTmVGkOVlRU[<\`R�YtkO[]p�RejMduRekG[<VOR¡jMd�RqT�YZTmVORUTWVlÀ-�5d�jMVOpWdu��TWVO[]\5¥\5d$kGkOd�n>[<�5p%X�[MjMc�kOVORWd�p%kOd$R%j5d�\`RWV�Tmc$R

f(yn, θk)
d�T%n5pW[<n>[-RUd$p%jMd�\5[]�`y]d�kOkOd$R�X�c�Tm�5[MjMd$R�j5d_RWd�s<X�d�\-TmYtTWVO[]\

\5[<\M¥§RW�5n&d�pmy1VORWc�d � À-�5de\`[]�`R�VOkGkO�`RUTWpm[]\`RrRW�5p}jM[<\5\5c$d$RrRWVGX#�5kGc$d$R�d�T�pmc�d$kGkOd$R$L

� ���1� � � ���  "� ��� ��� � � ��� � ��� �F 

�fYt\`R#kGdo���`Ytn`V�TmpWdDN � \`[]�`R#n5pmc$RWd�\-TW[<\`RekOd$R#X�[MjMw$kGduR#j5doiDY]pWx<[Zy���[<�5n5kOd$R � d�T�jMc$X�[]\-TWpm[]\`R¡kGduR¡n`pW[]¥
n5pmVGc�TWcuR�À-�5V�)q�`RUTWVG�`d$\<T�kGd$�5p¡d$X�n5kG[<V n&[]�5p#kOY�RWd�s<X�d$\-TmYZTmVG[<\ ^`Yba]cuRUVOd�\5\`d]L � []�`Re\`[]�`R#��[]\>��d�\-TmpW[<\`ReYtkO[]p�RRW�5p#kOd$R#n5pm[]n5pmVOc�TWcuR¡jMduR#���>Yb� \5d$R#��[]�`n5kGduR � d�T�\5[]�>R¡VO\-TWpm[1j5�5VORW[]\>R��5\5d�Tqa1n>[<kG[<s]VOd�jMd�X�[MjMw$kGduR#À-�5do\5[]�>R
�MTmVGkOVORW[]\>R���[]\`RUTmY]X�X�d$\<T�n`Ytp�kOY�RW�5VGTWd ��~F�`YZ�l\`d#jMd�iDYtpmx][Zyo~�Y<���5c�d#³�¦�pW�`V�T¢��\>jMc�n&d�\`j`Yt\-T��§~�i�~�YZ¥�¦�� �
n&[]�5p±kOd$R±���`YZ�l\`d$R±jMdriDY]pWx<[Zy���Y]���`c�d$R:��kOY<RWRWVOÀ-�5duR � ~F�`YZ�l\`d�j5d}iDYtpmx][Zy¡~�Y]���`c�d��´~�i�~�Y �Bn>[<�5p±kGduR±���`Yb� \5duR
jMd�iDYtpmx][ZyD~F[]�`n5kGd#n>[<�5pgkGduRWÀ-�5d$kGkOd$R�kOd#n5pm[M��duRWRW�`Rf��Y]���`c¡d$RUTgkG�5V±Y]�`RWRWVBX�Y]pWx<[Zy1VGd$\ � d�Tfd$\M�`\ ~F�>Yb� \5d�j5d
iDY]pWx<[Zy�~F[<�5n5kOd �´~�i�~F[ ��j5Yt\`R�kOd���Y<R�s]c$\5c�p�Ytk´L
¤�de���`Y]n5VGTWpmd �¡TWp�YtVGTWdgjMdgk´ª VO\M��c�pmd�\>��dejMd$R¢~�iv~�Y#d�Trn>d$�MT¢RUdgjMcu��[]X�n&[<RWd�p�d�\_jMd$�M !RW[]�`RU¥´n>YtpWTWVOd$R$L-¤AY#n`pWd�¥
X�VGw$pWd}TWp�YtVGTWd¢jMduR X�c�Tm�5[MjMd$RSd�TF��[]\`j5V�TmVG[<\`R pmd$À-�5VlRUduR±n&[]�5pFkOY���[]\1y]d$pWs<d�\`��drjMd}k´ª duRqTmVGX%YZTmd��5p�jM�%X%YZ MVOX¡�5X
jMd%y1p�YtVlRUd$X¡^5klYt\`��d�j5d$R����`YZ�l\`d$RejMd�iDY]pWx<[ZyD��Y<���5c�duRe��klY]RmRUVlÀ-�5d$Rgd�T¡jMd$Ren`pW[M��duRWRW�`RgjMd�i�Ytpmx][Zy�³����`Yt\5¥
s]d$X�d�\-T¡jMd�pmc�s<VGX�d$RgX%Y]pWx<[Zy-VOd�\>R � YtVO\`RWVSÀ-�5d�jMduR�d$RUTWVOX%YZTmd��5p�RejM� \5[<X¡^5pmd�jMd���klY]RmRWd$R$L � []�>R¡Yt^&[]p�jM[<\`Rc�s-YtkOd�X�d�\-T�kGduR%Y]RWn>du��T�R��$Ytkl���5klYZTm[]VOpWduR#j5doklY jMc�Tmd�pmX�VG\`YtTWVO[]\ jM� X%Yt 1VOX¡�`XÁjMd_kOYvy1p�YtVlRUd$X¡^5klYt\`��d!Yby<d$�
kOd$R�YtkOs][]pmVGTW�5X�d$R¡PSi d�T�µ&¶§·u¸�¹5ºb»�¶´¼8¸�¥§PSi L �fYt\>R¡klY�RWd$��[]\`jMdoRU[<�`RU¥´n`Y]pUTmVGd � \5[<�`R#d� Mn>[-RU[<\`R�kOd$R���[]\`��d�nMT�R
jMd%^`Y<RUd�jMd%klY!TW�5c$[]pmVGd%jMduRf��[]\`��TWVO[]\`RgduRqTmVGX%Yt\-Tmd$R � d�T�\5[<�`RgVG\-TmpW[MjM�5VlRW[]\`RfklY_X�c�TW�5[MjMd%jMd���[]\`RUTWpm�`��TWVO[]\
jMde��[<\`��TmVG[<\`R}duRqTmVGX%Y]\<Tmd$Rrn>Ytp}n5pm[ )qdu��TmVG[<\�L � [<�`R¢Y]^>[<pmj5[]\`RrY]kG[<pmRrkOd�n5pm[]^`kGw$X�d�j5d�kOY�jMc�Tmd�pmX�VO\`YtTWVO[]\�jMd$Rp�Y]��VO\5duR¢jMduR�cuÀ-�`YZTmVG[<\`R�Y]VG\>RUVB[]^MTmd�\1�5duR¢d�Tf\5[<�`R�n5pW[<n>[-RU[<\`R}k´ª YtkOs][]pmVGTW�5X�d¡j�ª PSRUTWVOX%YZTWVO[]\ ~F[]\`j5V�TmVG[<\5\5d�kOkOd
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�§TWc$pmYtTWVOy]d���P�~F� ��L � []�`R}��[]\`��kG�`[]\`R�n`Y]prk@ª Ytn5n`kGVl��YtTWVO[]\_jMdgk@ª P�~F�r³�jMV �3c�pmd�\-Tmd$R���[]\>��TWVO[]\>R�d$RUTWVOX�Y]\-TWd$R$L�fYt\`R�kGdv���`Ytn5VGTWpmdD� � \5[<�`R�n5pmc$RWd�\-Tm[]\`R�j5V �3c�pmd�\-TmR�X�[1j5w�kOd$R�n>Ytp�YtX�c�TmpWVlÀ-�5d$R�j5d�jMd�\>RUVGTWcuR�X#�5k�TmVGyZY]pWVOc�duR
f(yn, θk)

d�TFkGd$�5pmR n5pW[<n5pmVGc�TWc$R:kOd$R n5kG�>R±VGX�n&[]pWTmY]\<Tmd$R$L � [<�`R jM[<\5\5[<\`R:kGduRSY]kGs<[]pmV�Tm�5X�d$R:j�ª d$RUTWVOX�YtTWVO[]\%[<^MTWd�¥\1�`R�RU[<V�T�n`Ytp�YtkOs][]pmVGTW�5X�d}PSi � RW[]VGTFn>Ytp�YtkOs][]pmVGTW�5X�d}P�~F� j`Yt\`RFkGdf��Y<jMpWdfjMd$R����`YZ�l\5duRSjMdfiDYtpmx][Zy���Y<���5c�duR
��klY]RmRWVOÀ-�5duR � d�T}VOkOkG�`RUTWpm[]\>R�kGduR�pWcuRU�5kGTmYtTmRrRW�5p}jM[<\5\5c�duR�pWc$d�kOkGduR�d�T¢RWVGX#�5kOc�d$R$L
�fYt\`R�kOd����`Ytn`V�TmpWdg« � \`[]�`RrjMcu��pmVGy<[]\`R�k´ª �5TWVOkGVlRWYtTWVO[]\�jMduR¢~�i�~F[�n>[<�5prkOY%RWd�s<X�d�\-TmYtTWVO[]\!j5den5pW[M��d$RmRU�`R�RUTmYt¥
TWVO[]\`\`YtVOpWduR � d�T�k@ª VO\<TmpW[MjM�>��TWVO[]\ jMduR���[<n5�5kOd$Rgn&[]�5peklYopWd$n5pWcuRUd$\-TmYZTmVG[<\�jMd%klY�jMc$n>d$\`j5Yt\>��d%��[<\`jMVGTWVO[]\5\5d$kGkOd]L
� [<�`R�c�TW�`j5VG[<\`R�duRWRWd�\-TWVOd�kOkOd�X�d�\-T�kOd���Y<R�jMd$R�~�i�~�YD³_[<^`RUd$pWyZYtTWVO[]\`R�Rm��Y]kOY]VGpmd$R � d�T#\5[]�`R�X�[<\-TWpm[]\`Rek´ª VG\M¥
�`�5d$\`��dojMd�klY�j5c�n&d�\`j5Y]\`��do��[<\`jMVGTWVO[]\5\5d$kGkOd�d$\/X�[1j5c�kOVORmYZTmVG[<\/d�T�d�\HRWd�s<X�d$\-TmYZTmVG[<\�L � []�`R#jMc�y<d�kO[]n5n&[]\>RYtkO[]p�Rrk´ª duRqTmVGX%YtTWVO[]\DjMduR¢n`Y]pmY]X�w�TWpmd$R�n&[]�`p¢kOd$Re~�i�~�Y%d�Te~�i�~F[!³%n>YtpWTWVOp¢jMd���[<\`��TmVG[<\`R}duRqTmVGX%Y]\<Tmd$R¢^5VGd$\
���5[<VORWVGduR � d�T�X�[<\-TWpm[]\`R RW�5p�jM[]\`\5c�duR pmc�d�kOkOd$R klY���[]\`RUTWpm�`��TmVG[<\�jMd��$YtpWTWduRSjMd�k@ª d�\1y1VGpm[]\`\5d�X�d�\-TSp�Y]j`YtpS³en>YtpW¥
TWVOp¢jMdgk´ª VO\-TWd$\`RUVGTWc<L
�fYt\`R±kOdr���`Ytn`V�TmpWd}� � \5[]�`R:n`pWcuRUd$\<Tm[]\`RBkOd$R±n`pWVO\`��VOn&d$R±n5�1aMRWVOÀ-�5duRBj5��p�Y]j`Ytp � kGduRBTWp�YtVGTWd�X�d$\<T�R±À-�5V`RW[]\-T±d �3d$��¥
TW�`c$R}RW�5p�kGd�RWVOs]\`Y]k � d�T�klY�RqTmpW�>��TW�`pWdejMduR}jM[]\`\5c�duR�À-�5de\`[]�`RrRWd�s<X�d$\-TW[]\>RFd �&du��TmVGy<d�X�d�\-T$L � []�>RrjMc$��pWVOy][<\`RkOd�RWn&d$��TmpWdr��[]n5n`kGd$p±d�T k´ª d$kGkOVGn>RUdrjMdrn&[]klYtpmVORmYZTmVG[<\#Y]�M 5À<�`d�klRA\`[]�`R:\5[<�`R:VO\<Tmc�pmd$RmRU[<\`RBn>[<�5p ��Y]pmY<��Tmc�pmVORWd�pAk@ª d�\M¥
y1VGpm[]\`\5d�X�d�\-TfpmY<j5Ytp � d�Tf\`[]�`RgjM[<\5\5[]\>R�kOd$RfX�[MjMd$RgjMd�pmd�n5pmc$RWd�\-TmYtTWVO[]\Dd�TfkOd$RfX�[MjMw�kOd$Rf�MTmVGkOVlRUcuR�n&[]�`pfkOd$R
RWd�s]X�d$\<Tmd�puL � []�`R�VOkGkO�`RUTWpm[]\`RFkOd$R�n5pm[1��c$jM�`pWduRFjMdeRWd�s<X�d$\-TmYZTmVG[<\�\5[<\M¥§RW�5n&d�pmy1VORWc�d¢RW�5prjMduR�j5[]\5\5c$d$R�pmc�d�kOkOd$R$LP \���[]\`��kG�>RUVO[]\ � \5[]�`R¢n5pm[]n&[<RW[]\`R}j5d$R}n&d�p�RWn>du��TWVOy]duR}jMd#pWdu���5d�p����5dej5Yt\>R}kOd�n5pm[]kO[]\5s<d�X�d�\-T¢jMduR¢À-�5d$RUTWVO[]\>R
[]�`y]d�pWTWduR�j5Yt\`Rr��d�TWTWdgTW�`w$RWd]L

~Fd�TWTWd�TW�`w$RWd�duRqTekOd�kGVOd�� jMd�pWd$\`��[<\-TWpmd#jMduRejM[]X%YtVO\5duRfj5��TmpmY]V�Tmd�X�d�\-T�j�ª VGX%Yts<d � jMd�klYoRUTmYtTWVlRqTmVOÀ-�5d�d�T
jM� TmpmY]V�Tmd�X�d�\-T�jM� RWVGs<\`Ytkrp�Y]j`Ytp � d�T!��[]\`RUTWVGTW�5d��`\ TWp�YbybY]VGk}j5d�X�YtTW�5c$X%YZTWVlÀ-�5d$R�Ytn5n5kOVlÀ<�`c�d$R$L P \ d �&d�T �
jMduR�n5pm[]^5kOw�X�duRen5p�YZTWVlÀ-�5d$R�pWd$\`��[<\<TmpWcuRed�\ VOX%Yts<d%d�T#d$\ pmY<j5Ytp#RU[<\<T�kOd�X�[tTmd��5p�jM�/jMc$y]d�kO[]n`n>d$X�d$\-T#jMd$R
\5[<�5y]duYt�M �X�[1j5w�kOd$R�d�TrjMd$R�X�c�Tm�5[MjMd$R�n5pmc$RWd�\-Tmc�d$RSVO��V@L`~Fd�TWp�YbyZYtVOk&R$ª duRqT�Ytn5n`�5a]cfYtkO[]p�RSRW�5prjMd�\`[]X¡^`pWd$�`RUduR
RWVGX#�5kOYtTWVO[]\`R�d�T���[]\5��pW[<\<T�YZTmVG[<\`R�Yt�M HjM[<\5\5c$d$R�pmc�d�kOkOd$R � jM[]\-T%\5[]�>R�d� Mn>[-RU[<\`R�VO��VrkGduR�pWcuRU�`k�T�YZTmR�kOd$R�n`kG�`R
n`Y]pWklYt\-TmR$L � []TWpmd%[]^�)qdu��TmV���d$RUT¡YtkO[]p�RejMd���[]�`pW\5VOp��5\ d� 1n&[<RWc�jMduR�À-�5d$RUTWVO[]\`ReRWn&c$��VG�>À-�5duR�À-�5d%\5[]�>R�Yby][<\`Rd��`d$R�³eTWp�YtVGTWd$p�j`Yt\`RF���`Y]���5\�jMdg��duRFjM[<X%YtVO\5d$RFjMd¢Tmd�kOkGdfRU[<pUTmd�À-�5d�\5[<R���[<\<TmpWVO^5�MTmVG[<\`RSRW[]VOd�\-T�d� Mn5kO[]VGTmYt^`kGduR
n`Y]p jMd$R±n`pmYtTWVl��VOd�\`R:VlRWRW�`R j5d}��d$R±j5V �3c�pmd�\-TmR �5[]pmV �$[]\`R$L � [<�`R±p�Ytn5n&d�kO[]\`R:n>Ytp ��[<\`RWc$À-�5d�\-T±d� Mn5kOVl��VGTWd�X�d$\<T kOd$RjMc��`\5VGTWVO[]\`R�d�T�kGduR�pWcuRU�5kGTmYtTmRSd$RmRUd$\<TmVGd$kOR�jMduRSX�c�Tm�5[MjMd$R���kOY<RWRWVOÀ-�5duRSjMdg���`Y<���5\�j5d���duR�jM[]X%YtVO\5duR � RU[<V�Trj5Yt\>R
kOd���[]pmn`RAj5dFklY}Tm�5w$RWd�kG�5VG¥§X�"$X�d � RU[<V�T:j5Yt\>RAkOd$R:Y]\5\5d� MduR�Lb��Y]\`R:��duRAjMd$pW\`VGw$pWduR � \5[]�>RAp�Ytn`n>d$kG[<\`R+kOd$R:��[]\`��d�nMT�R
��klY]RmRWVOÀ-�5duR�d�\�TWp�YtVGTWd�X�d$\<T:jM�¡RWVGs<\`Ytk1jMdFy]d$��TWd$�5pmRAYtkOc$YtTW[]VOpmd$R���[]X�n5kOd� Md$RA��VOpm���5kOY]VGpmd$R � d�TAp�Ytn5n&d�kO[]\>R�kOd$RAkGVOd�\`R
d�\-TmpWd�kOd$RejMV��&c$pWd$\-TWd$Rgn>Ytp�YtX�c�TmpWVlRWYtTWVO[]\`R�jMd$R�n5pW[M��d$RmRU�`RfRUTmYZTmVG[<\5\`Y]VGpmd$Rfd�T�kOd$ReY]kGs<[]pmV�Tm�5X�d$R��MTWVOkOVORWc$Rgn&[]�5p
kOd$R}�$Ytkl���5kOd�puL5P \M�>\ � \5[<�`Rrn5pmc$RWd�\-Tm[]\`R�p�Ytn5VljMd$X�d$\-T}kGduRrn5pm[]n5pmVGc�TWcuR�d$RmRUd$\<TmVGd$kGkOd$R¢jMd����`Yb� \5duR}jMd�iDY]pWx<[Zy�³
d$RWn`Y<��dej�ª c�TmYtTrs]c�\`c�p�Ytk � d�T}À-�5d�klÀ-�5d$Rrpmc$RW�5kGTmYtTmR�RU�`prkGd$�5p¢��[<X�n>[<pUTmd�X�d�\-T}Y]RWa1X�n5TW[tTmVOÀ-�5d<L
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� [<�`R�pmY]n5n&d�kO[]\`R�Vl��VrkOd$R�n5pmVG\`��VGn&d$R%À-�5V���[<\`jMd$\<T%k´ª Y]\`YtkOaMRUd!^`Yba]cuRUVOd�\`\5doj5d$R�VGX%Y]s]d$R�d�T�\`[tTmY]X�X�d$\-TkOdv��[]\`��d�nMT!��[]\`j5Y]X�d�\-TmY]kfjMdv���`YtX�n`R!X%Ytpmx][Zy1VOd�\`R � YtVO\`RWVeÀ<�`d���d$kG�`Vgj5d����`Y]X�n>R�X%Ytpmx][Zy1VOd�\`R���Y]���`c$R$L
� [<�`R�VO\-TWpm[MjM�5VlRU[<\`R¡Y]kG[<pmRekOd$R#X�[MjMw�kOd$R#jMd!iDY]pWx<[Zy���[]�5n5kOd$R �GNu�5N �rÀ-�5VFd$\HRW[]\-T¡�5\5d!s]c$\5c�p�YtkOVORmYZTmVG[<\ � d�T
\5[<�`R�pmY]n5n&d�kO[]\`R � j5Yt\>R��5\ ��Y]j5pWd_s]c$\5c�p�Ytk � kOYvn5pm[]n`pWVOc�Tmc_À-�5V¢X�[]TWVOy]d_kOd��5p%c�TW�`jMd �SkOYvX%Ytpmx][Zy1VlYt\5VGTWcoY
n&[<RUTWd�pmVO[]pmV@L &±Ytp%klY RU�`V�Tmd � \5[<�`R�c�Tm�`jMVO[]\`R�n`YtpWTWVl���5kOVOw�pmd�X�d�\-T%kGduR%���`Yb� \5duR%jMdDiDYtpmx][Zy ��[]�5n5kOd$R �ON �t«!�¢d�T
\5[<�`RgpWdujMc�X�[<\<TmpW[<\`RfkGduRgn5pm[1��c$jM�`pWduR�pmc$���5p�RUVOy]duRfj5d���Ytkl���`k jMd$Rgn5pm[]^>Yt^5VOkGVGTWcuReYon>[-RqTmd�pmVG[<pWV � s]c�\`c�p�YtkOVORmYt\-T
kOd$R¡Y]kGs<[]pmV�Tm�5X�d$ReÀ-�5VF[]\-T�pWd$\`jM�5duRekOd$R¡���>Yb� \5d$R�j5d�iDYtpmx][ZyD�$Y]���5c$d$R�RWV n&[]n5�`kOY]VGpmd$R$LB~Fd$��VSn&d�pmX�d�TUTmpmY�j5d
n5pm[]n&[<RWd�p¢j5d$RrTmpmY]V�Tmd�X�d�\-T�RJ�UpmY]n5VOj5d$R
�gX%YtkOs]pmc�klY���[<X�n5kGd� MV�Tmc¡Y]�$��pm�5d¡jM�DX�[MjMw$kGd<L>P \�jMd�pm\5VOd�p¢kOVOd�� � \5[]�>R
p�Ytn5n&d�kO[]\`RBklYejMc��>\5V�TmVG[<\�j5d$R±X�[MjMw�kOd$RBTmpWVOn5kOd�T�R��GN �t� � N �t{��`n&[]�`p±kGduRWÀ-�5d$kGkOd$R:kOd$RBTmpmY]V�Tmd�X�d�\-TmR:^>Yba]c$RWVOd�\`R:RW[]\-T
d�\>��[]pmdgd�\1y1VORmYts<d$Y]^5kGduR�d�\_d� Mn5kO[]VGTmY]\<T}klY�X%Ytpmx][Zy1VlYt\5VGTWcgj�ª �5\_n5pW[M��d$RmRU�`R�n`kG�`R¢s]p�Yt\`j �5\5[<�`R}jM[<\5\5[<\`RrjMd$R
d� Md$X�n`kGduR}jMd¡��d$RrX�[MjMw�kOd$R¢��d¡À-�5V�n&d�pmX�d�T�j5d�X�[]\-TWpmd�p}À-�5d �Uk´ª Y]n5n5pm[1���`d�TmpWVOn5kOd�T��gpmc��5\`V�T�j`Yt\`Rr�`\�X�"$X�d
��Y<jMpmdfn`kG�`RWVOd��5p�R�s]c$\5c�p�YtkOVORmYZTmVG[<\`R�jMc�)U³�n5pm[]n&[<RWc�duR�j5d$RrX�[MjMw�kOd$Rrj5d�iDYtpmx][Zy%��Y<���5c$R���kOY<RWRWVOÀ-�5duR�L
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� [<�`R�n5pWcuRUd$\-TW[]\>R¢j5Y]\`R���d�TWTWd�RUdu��TWVO[]\�kGd�n`Ytp�Y]j5VGs<X�d#jMd#klY�RWd�s<X�d�\-TmYtTWVO[]\�^`Yba<c$RWVGd$\5\5d#j�ª VOX%Yts]duR �3kOdX�[MjMw�kOd�RqTm[M���`Y]RUTWVlÀ-�5d�d�T�kOd$Rgpmw�s]kOd$Rej5d�jMc$��VORWVG[<\�^>Yba]c$RWVOd�\5\5d�À-�5d%\5[<�`Re�MTmVGkOVORW[]\>Rgn>[<�5p�klYo��[]\`RUTWpm�`��TWVO[]\
j�ª �5\5d��$YtpWTW[]s<pmY]n5�5VOd�jMduR���[<\5d$R��5[<X�[]s]w$\5d$R�j�ª �5\5deVOX%Yts<d]L

� \`d�VGX%Y]s]d
y
duRqT¡klY_pmc$YtkOVlRWYtTWVO[]\ j�ª �5\5d�yZYtpmVlYt^5kOd�YtkOc$YtTW[]VOpmd

YS
jMc��`\5VOd!RW�5p��5\ duRUn>Y]��d%n`pW[<^`Yt^5VOkOVORWc

(Ω,A, P )
L
S
duRqTf�5\Dd$\`RUd$X¡^5kOd��>\5VBj�ª VO\`jMVl��d � j5d#��Y]pmj5VG\`Y]k |S| d�T�pmd�n`pWcuRUd$\<Tmd�k´ª d$\`RUd$X¡^5kOd¡jMduR¢n`V� Md�klR ��[]�RWV�Tmd$R ��À-�5V<��[]\`RUTWVGTW�`d�\-TAk´ª VOX%Yts<d]L

YS = (Ys)s∈S
d$RUTA�`\5d �8Y]X�VOkOkGd�jMdSyZYtpmVlYt^5kOd YtkOc$YtTW[]VOpmd

Ys : (Ω,A, P ) −→
(Y ,B(Y)) � [�� Y d$RUTS�5\�duRUn>Y]��d}TW[]n&[]kO[]s<VOÀ-�5d ��d�T B(Y)

j5c$RWVGs<\5d}klYeTWpmVO^5��jMduRS^&[]pmc�kOVGd$\`RSRW�5p Y ��LM�fYt\`RSkGduRYtn`n5kGVl��YtTWVO[]\`RrÀ-�5dg\5[<�`R�TWp�YtVGTW[<\`R � Y n>d$�MT�"�TmpWd �
�
k@ª d$RWn`Y]��d�d$�`��kOVljMVGd$\ � d []� � d � d ≥ 1

��X�duRU�5pmdgX¡�5kGTWVl��Y]nMTWd$�5pr[]�_X#�5k�TmVORWn&d$��TmpmY]kGd�� �
� kOY�RWn5�5w�pmdg�5\5VGTWc�jMd�� d \5[]TWc$d � d−1 =

{
y = (y1, . . . yd) ∈

� d ∣∣∣∣‖y‖ =
(∑d

i=1 y
2
i

)1/2
} ��pmd�n5pmc$RWd�\5¥

NZh
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TmYZTmVG[<\!n>YtpWTWVOd�kOkGdejMdek´ª VO\M��[<pWX%YZTmVG[<\o��[]n`n5kGd$pr[]�on>[<kOY]pWVOX�c�TmpWVlÀ-�5d���L
P \ Tm[]�MTmd�s]c$\5c�p�YtkOVGTWc � YS

duRqT�Ytn5n&d�kOc��5\/���`Y]X�n/YtkOc$YZTm[]VOpWd��$L��1V
A
duRqT¡�`\/RU[<�`Rq¥§d�\>RUd$X¡^5kOd�jMd

S � \5[]�`R\5[]TW[]\>R
YA = (Ys)s∈A

klY�yZY]pWVlYt^5kOd_YtkOc$YZTm[]VOpWdoX%Ytpms]VO\`YtkOdod�T
yA = (ys)s∈A

RWYvpmc$YtkOVlRWYtTWVO[]\�L±¤�[<pmRmÀ-�5d
S = [1..N ]

�@Yby]d$�
N ≥ 1

� � YS
��\5[]TWc�Y]kG[<pmR

YN
��X�[1j5c�kOVORWd�YtkO[]p�Rg�5\HRWVOs]\`Y]k �5\5VljMVOX�d$\`RWVG[<\5\5d�k�d�T#d$RUT

Ytn`n>d$kGc$df�`\5d����`Yb� \5d<L
�1d$s]X�d�\-TWd$p:k@ª VGX%Y]s]d

y � �tª d$RUT±d$RUTWVOX�d�p:kOYfpmc$Y]kGVlRWYtTWVO[]\¡j�ª �5\`drVGX%Yts<d X = (Xs)s∈S
jMc��`\5VOd�RW�5p

(Ω,A, P )d�T}jM[<\-T�k´ª d$RWn`Y]��dfjMduR�yZYtkOd��5p�R X duRqTr�5\od$RWn`Y<��dgjMVORm��pmd�T}jMde�$Ytp�jMVG\>Ytk
K ≥ 2 � À-�5dgk´ª [<\!VljMd$\<TmV��>dg³ [1..K]

L
~Fd�TWTWd�pWcuYtkOVORmYZTmVG[<\

x
d$RUT�Ytn`n>d$kGc$dJ�qpmc$Y]kGVGTWc}TWd�pmp�YtVO\ ��L � [<�`R \5[]TW[<\`R µ �5\`d¢X�d$RW�5pmd�jMd�pWc���c�pmd�\`��d¢jMc��>\5VGdfRU�`p

(Y ,B(Y)) � δ klY¢X�d$RW�5pmdFjMd���[<X�nMTmY]s]dSRW�5p (X ,B(X )) � d�TB\5[<�`RBRU�5n`n>[-RU[<\`RAÀ-�5d�klY}kO[]V1jMd (XS ,YS)
Y]jMX�d�T

�5\5dgjMd$\`RUVGTWc
p(x,y)

pmd�klYZTWVOy]d$X�d�\-TF³#kOY¡X�duRU�`pWd�n5pW[MjM�`V�T
(δ ⊗ µ)

|S| L-¤+d$R�jMd$\`RUVGTWcuRFj5d$R�kG[<VOR�jMd
XS

d�T
YSRW[]\-T¡\5[]TWc�duR�pmd$RWn>du��TmVGy<d�X�d�\-T

p(x)
d�T
p(y)

L:P \ RqT�YZTmVORUTWVlÀ-�5d�^`Yba<c$RWVGd$\5\5d � kGduR¡jMd$\`RWV�Tmc$R p(x) � p(y|x)
d�T

p(y)
RW[]\-T¢��klY]RmRUVlÀ-�5d�X�d$\<T}Y]n5n>d$kGc$d$R��8pWduRUn&d$��TWVOy]d$X�d$\-T ��kO[]V+Y�n5pmVO[]pmV � y1p�YtVlRUd$X¡^5klYt\>��dfd�T}kO[]V+j�ª []^>RUd$pWyZYZTmVG[<\

��[<��y-p�YtVlRWd�X¡^`kOY]\`��d�VO\<Tmc�s<pWc$d���L]P \M�`\ � kOYgkO[]V>Ygn>[-RqTmd�pmVG[<pWV p(x|y)
RWd¢jMc$j5�5V�T�jMd$R j5d�\`RWV�Tmc$R±n`pWcu��c$j5d�\-TWduR±n`Ytp

klY¡��[<pWX#�5kOdgj5d�¦�Yba<d$R

p(x|y) =
p(y|x)p(x)

p(y)

� �5LGN��
∝ p(y|x)p(x)

� �ML � �
¤ ª d$RUTWVOX%YZTmVG[<\�jMd

XS
³rn`Y]pUTmVGp+j5d

YS
d$RUT+d �3d$��TW�5c$d n`Y]p+k´ª Y]n5n5kOVO�$YZTWVO[]\ej�ª �5\5dFpWw$s]kOd jMdSjMcu��VlRUVO[]\g^`Yba<c$RWVGd$\5\5d<L

~Fd�kOkOd�¥���VMd$RUT ��[<\`RqTmpW�`V�Tmd�³fn`Y]pUTmVGp±j�ª �5\5d���[<\`��TmVG[<\�j5d}��[ �5T
L : X |S|×X |S| −→ �:L]¤Sª duRqTmVGX%YZTmd��5p±^>Yba]c$RWVOd�\

jMd
XS

��[<pWpmd$RWn>[<\`j5Y]\<T�Yt�_��[ �MT
L
d$RUT}kOY#��[]\>��TWVO[]\

y 7→ x̂(y)
À-�5V�X�VG\`VGX�VlRUdekOd���[ �MTrX�[Za<d�\ � V´L d]L

x̂ = arg min
T

E [L(XS ,T(YS))]

[��
T
jMcu��pmV�Tgk@ª d�\>RUd$X¡^5kOd#jMduR}��[<\`��TmVG[<\`R¢X�duRU�5p�Yt^`kGduR¢d�T�VO\<Tmc�s<pmY]^5kGduR¢jMd Y |S| j5Y]\`R X |S| L3P \�TWp�YtVGTWd$X�d$\-T

jMdek´ª VOX%Yts<dfd�T}jM��RUVOs]\`Y]k � kOd$R���[<\`��TmVG[<\`R}jMdgn&d�pWTWdekOd$R�n5kO�`R}��[]�5p�YtX�X�d�\-T��MTWVOkOVORWc�duR}RU[<\-T

∀x = (xs)s∈S ,x
′
= (x

′

s)s∈S ∈ X |S|, L1(x,x
′
) = 1{x6=x

′}

L2(x,x
′
) =

∑

s∈S
1xs 6=x′

s

¤ ª d$RUTWVOX%YZTmd��5pF[]^MTmd�\1�%Yby]d$��klYg��[<\`��TmVG[<\
L1
duRqTSkOd¢iDYt MVGX#�5X ¯ &B[-RqTmd�pmVG[<pWV �@iD¯�& � d�TFYen&[]�5pFd� Mn5pmd$RmRUVO[]\

x̂ 
���� (y) = arg max
x∈X |S|

p(x|y)
� �ML � �

¤ ª d$RUTWVOX%YZTmd��5p [<^MTWd$\1��Yby<d$�
L2
duRqT kOd}iDYt 1VOX¡�`X�Y &:[<RUTWd$pWVO[]pmVMjMd$R i�Ytpms]d$R��@i &Si �±d�TFYgn&[]�5pSd� Mn5pmd$RmRUVO[]\

x̂ 
���
 (y) = (x̂s, 
���
 (y))s∈S

∀s ∈ S, x̂s � 
���
 (y) = arg maxxs∈X p(xs|y)

� �5L « �

&±Ytp�klYrRU�`V�Tmd � \`[]�`R��5TWVOkGVlRUd$pW[<\`R3n5kO�`R�n>YtpWTWVl���5kOVGw$pWd$X�d�\-T�k@ª d$RUTWVOX%YZTWd$�5p+i &Fi�À<�`V]X�VG\`VGX�VlRUd � d�\eX�[Za]d$\5\5d �
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1
�Fd$RUT¢jM[<\`�gkGdeX�[MjMw$kGdgkOden5kG�>R}RUVOX�n5kOd�À<�`d

k´ª [<\�n5�5VlRWRWdr�8Y]VGpmd}n&[]�5pFTWd$\5VGp���[<X�n5TWd�j5d¢klY�jMc�n&d�\>j5Yt\`��d�RWn`YZTmVOY]kGd<L &:[]�`pSklY�pmc$YtkOVlRWYtTWVO[]\%jMd$RSc�T�Ytn&d$R���Ytkl���5¥
klYZTW[<VGpmd$R ��duRqTmVGX%YZTmVG[<\�d�T�RUd$s]X�d�\-T�YZTWVO[]\ � � \`[]�`RF�MTWVOkOVORW[]\`RFklY¡jMduRW��pWVOnMTWVO[]\���kOY<RWRWVlÀ<�`d}d�\%T�Yt\-T�À-�5d�n5pm[1��d$RmRU�>R
TWd$X�n>[<pWd$k � ��d�À<�`VBn&d�pmX�d�Tfk@ª �MTWVOkOVORmYZTmVG[<\�jMduR¢X�c�Tm�5[MjMd$R�pmc$���`pmRWVGy<d$Rrp�Ytn`VOjMduR�À-�5d#\5[]�>R�jMcu��pmVGy<[]\`R�j5Yt\>R}klY
RWd$��TmVG[<\oRW�5VOyZYt\-TWd<L
¿BVG\>YtkOd�X�d�\-T � kOd$R�X�[MjMw$kGduR��MTWVOkGVlRWc$Rr��klY]RmRWVOÀ-�5d$X�d$\-T�n&[]�5prklY�X�[1j5c�kOVORmYZTmVG[<\!jMduRrVGX%Y]s]d$R�d�Trj5d$RrRWVGs<\`Yt�M 

RW[]\-TrkGduR�X�[MjMw$kGduR}jMdeiDY]pWx<[Zy���Y]���`c$R � ��[<\`jMcuRrRU�5prkOd$R¢�#�1a1n&[tTW�`w$RWd$RrRW�5VGyZY]\<Tmd$R �
� k@ª VGX%Y]s]d XS

duRqT}�5\����`Y]X�n!X%Ytpmx][Zy1VOd�\�Yby<d$�
p(x) =

∏
c∈C ψc(xc)

�

� kGduR�[]^`RWd�pmyZYZTWVO[]\>R (Ys)s∈S
RW[]\-TrVO\`jMc�n&d�\>j5Yt\-TWduRr��[<\`jMVGTWVO[]\5\5d$kGkOd�X�d$\<T¢³

XS
�

� ∀s ∈ S, p(ys |x ) = p(ys |xs )
L

P \�p�YtVlRW[]\gjMd k´ª �1a1n>[]TW�5wuRUd j�ª VO\`jMc$n>d$\`j5Yt\>��d � \5[<�`R�Ytn`n>d$kGkOd�pm[]\`R+��d$R�X�[MjMw$kGduR �Wi�[MjMw�kOd$R+jMdSiDY]pWx<[Zy�~�Y]���5cuR
³�¦�pW�5VGT}��\`jMc$n>d$\`j5Y]\<T����@iDi�~�YZ¥�¦�� ��L5¤AY�j5d�\`RWV�Tmc�jM�_n5pm[1��d$RmRU�>R���[]�5n`kGd

ZS = (Xs, Ys)s∈S
d$RUT

p(z) = p(x)
∏

s∈S
p(ys |x )

=
∏

c∈C
ψ̃c(zc)

¤�duRg��[]\>��TWVO[]\>R
ψ̃c(z)

RW[]\-T�c�s-YtkOd$Re³
ψc(x)

RWV
c
\�ª d$RUT¡n`Y<Rg�5\/RWVG\5s<kGd�TW[<\ � RWVG\5[<\ \5[]�`R¡Yby][]\>R ψ̃{s}(z) =

ψ{s}(xs)p(ys |xs )
L�&±Y]p���[]\`RWc$À-�5d$\-T � kGdgn5pm[M��duRWRW�`R#)q[]VO\<T ZS

d$RUTrd�\`��[]pmd¢�5\_���`YtX�n_jMdgiDYtpmx][Zy�pmd�klYZTWVOy]d�¥
X�d�\-T}Yt�!X�"$X�dfRWaMRqTmw�X�dfj5d�y<[]VlRUVO\`Yts<d�À-�5dg��d$kG�5V�jMd

XS

LM¤�dgRU�`�$��wuR�j`Yt\`R�kOd$R�Ytn5n`kGVl��YtTWVO[]\`R�jMd$R�X�[MjMw�kOd$R
iDi�~�Yt¥§¦��gpmd�n&[<RWd�RU�5p#kGd��8YtVGT�À-�5d�k´ª Y�n5pmVG[<pWVFX�Y]pWx<[Zy1VGd$\�duRqT��U��[]\ )q�5s<�5c���Yt� n`pW[M��duRWRW�`R�j�ª [<^`RUd$pWyZYtTWVO[]\
p(y |x ) =

∏
s∈S p(ys |xs )

��kOYojMd�\>RUVGTWc�Y�n&[<RUTWd$pWVO[]pmV
p(x |y )

RUd#�8Y]��TW[]pmVlRUd#pWd$kOYtTWVOy]d�X�d$\<TeYt��X "�X�d�RWaMRq¥
TWw$X�d�j5d#y<[]VlRUVO\`Yts<d$R V À-�5d

p(x)
LA~Fd$��V:n>d$pWX�d�T�jMd���[<\5\`YZ�OTmpWd#kGduRfRWn&c$��VG�>�$YZTWVO[]\>R�kO[M��Y]kGduR�jMd

p(x |y ) � d�TjM[<\`��j�ª Ytn5n`kGVlÀ-�5d�p�kGduReTmd$���5\5VlÀ-�5d$R#jMd!RWVOX¡�5klYZTmVG[<\/jMd�Tqa1n&d!i�~�i�~ � \5[]TmYtX�X�d�\-T¡k´ª c$���`Y]\<TmVGkOkO[]\5\5d$�5p#j5d
	fVO^5^`R$L]��k5duRqT n&[<RmRUVO^5kOd}jMd}RWVGX#�5kGd$p kOd$R ���`Y]X�n`R±Ygn>[-RqTmd�pmVG[<pWV � d�TFn`YtpWTmY]\<T � j�ª d$RUTWVOX�d$p kOd$R±n5pm[]^>Yt^5VOkGVGTWcuR:X%YtpW¥
s]VO\`Y]kGduRFY#n>[-RqTmd�pmVG[<pWV��}n&[]�`p�kOdg��Ytkl���`k3j5�oi &Fi � []��j�ª d� 1n`kG[<pWd$pFklY¡n`pW[<^`Yt^5VOkOV�TmcfY¡n>[-RqTmd�pmVG[<pWV � \`[tTmY]X�X�d$\-T
n&[]�5peklY_jMc�Tmd�pmX�VO\`YtTWVO[]\ jMd%RU[<\�X%YZ MVOX¡�5X � �ON�«Mh � Nu�]Ã��´L���d%n5kO�`R � kGduRgX�c�TW�5[MjMduRei�~�i�~ n>d$�5y]d$\<T "�TWpmd
�MTmVGkOVORWc�duR�n>[<�5p�k@ª d$RUTWVOX%YZTWVO[]\ jMd�i�[MjMw�kOd$R�iDY]pWx<[Zy1VGd$\`R�~�Y<���5c$R�RU[<V�T�n&[]�5p��5\5d_duRqTmVGX%YZTmVG[<\Hn5kOd�VO\5d$X�d$\-T
^`Yba<c$RWVGd$\5\5d � RW[]VGTrn>[<�5p}kOdfX%Yt 1VOX¡�`X�jMdgy1pmY]VORWd�X#^5klYt\`��d � �¾htÃ �§L
¤�[<pmRmÀ-�5d

XS
duRqT��5\`d����`Yb� \5d�jMd�iDY]pWx<[Zy � \`[]�`Rg[<^MTWd$\5[]\`Rg�`\5d����`Yb� \5d�jMd�i�Ytpmx][Zy���Y<���5c�d%³_^5pm�5VGT

VO\`jMc�n&d�\>j5Yt\-T �´~�iv~�YZ¥�¦F� � � d�T}k´ª YtkOs][]pmVGTW�5X�dH�UYbyZYt\-TW¥§Y]pWpmVGw$pWdL� ��[]�	\�·����Sº%��7���,mº<¸ ���Sº%� 7 � y][]VOp}RWd$��TmVG[<\ �5L �5L � �
n&d�pmX�d�T�j5do�$Ytkl���5kOd�p�pmY]n5VljMd�X�d�\-T�d�T�d� 5Y]��TWd$X�d$\-T#klY�n5pm[]^>Yt^5VOkGVGTWcoY�n&[<RUTWd$pWVO[]pmV

p(x |y ) � ��[]\-TWp�YtVOpWd$X�d�\-TYt�5 o���`Y]X�n>R}X%Ytpmx][Zy1VOd�\`R�s]c$\5c�p�Yt�5 3L5��d¡n`kG�`R � VOk+duRqT�n>[-RWRWVG^`kGd�jMd#��Ytkl���`kGd$p}d� 5Y]��TWd$X�d$\-T}kGduR}n5pm[]^`Y]^5VOkGVGTWcuR
X%Ytpms]VO\`YtkOd$R

p(xn |y )
YtVO\`RWV>À-�5d

argmaxx p(x |y )
LM~Fd$kOYg��[<�5pm\5V�T�jM[]\`�¢jMd$R�YtkOs][<pWVGTW�5X�duR±jMd��$Ytkl���5k>pmY]n5VOj5d

jMduR:d$RUTWVOX�YtTWd$�5pmRB^`Yba<c$RWVGd$\`RB��klY]RmRUVlÀ-�5d$R �8j5Y]\`R:kOd��$Y]RB[�� X d$RUTB�>\5V ��L � [<�`R:pWdujMc�X�[<\<TmpW[<\`R � j5Y]\`RBkOYgRWd$��TWVO[]\RW�5VGyZY]\<Tmd � ��d$R�pmc$���`pmRWVG[<\`R�j5Yt\>R�kGd��$Y]jMpmdgn5kG�>R�s]c�\`c�p�Ytk�jMd$R¢���`Yb� \5d$R�jMd�i�Ytpmx][Zy%��[<�5n5kOd �´~�i�~F[ ��L
� �LE�4K:361C86 MK6
2/?�A#MK?*�@MK6�:�6��8A#?F&36
GH6�7L& (BE��@: ?
6
:'&)A#4K786
2!2'&):��8?F&'�8:36
2�C@6 �LE�4K2)4K7�A! �6
2
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� [<�`R p�Y]RmRWd�X¡^`kG[<\`R±j5Yt\>RS��d�TUTmd�RWd$��TmVG[<\%kGduR n5pm[]n`pWVOc�Tmc$R±��[<\`j5Y]X�d$\-TmYtkOd$RSjMd$RFX�[1j5w�kOd$RS��[]�5n`kGduRSÀ-�5d}k´ª [<\n&d��MT}TmpW[<�5y]d$p � RW[]�>R}jMd$R}��[]pmX�d$Rrn`Y]pU��[<VORrj5V �3c�pmd�\-TWduR}j5Y]\`R}kOd$R}Y]pUTmVO��kGduR �ON$�5N � N �t« � N �]© � �]� � N �]��� � d�T¢\5[]�>R
d�\�j5[]\5\5[<\`R±kOd$R j5c�X�[]\`RUTWp�YZTmVG[<\`R$L � [<�`R±X�d�TWTW[]\>R d�\%n>YtpWTWVl���5kOVGd$p±d�\%c$y-VljMd$\`��d}kOdrkOVGd$\%d�\-TWpmdrX%Ytpmx][Zy1VOY]\5VGTWcjM��n5pW[M��d$RmRU�`R���Y<���5c�d�TgkO[]V:��[]\>jMV�TmVG[<\5\5d$kGkOd#jMduR¢[<^`RWd�pmybYtTWVO[]\`R¢jMd#X%Y]\5VGw$pWd¡n5kG�>R�n`pWcu��VlRUd¡À-�5d�j5Yt\>R �ON �t«!�´L
� [<�`RgjM[]\`\5[]\`RgY]�`RWRWVBkGduRejMc�X�[]\>RqTmpmYtTWVO[]\`R ��\5[<\�d� 1VlRUTmYt\-Tmd$Rgj5Yt\>R�kOd$RgY]pUTmVO��kGduR¢n5pmc$��c$jMd$X�X�d$\-Tg��V�Tmc$R ��j5dk´ª Y]kGs<[]pmV�Tm�5X�dfjMde°�V�Tmd�pm^5V�n&[]�5prkOd$Rr���>Yb� \5d$Rr��[]�5n5kOd$RrY]VG\>RUV�À-�5d�jMdgklY�n5pm[]n5pmVGc�TWc �ML �MLON]L
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¤�[<pmRmÀ-�5d�kOd$Rg���`Y]X�n>R�Y]kGcuYZTW[<VGpmd$R�[]^>RUd$pWy<c
YS

d�T��$Y]���5c
XS

RU[<\-T�Tmd�klRfÀ-�5d�kOd#n5pm[M��duRWRW�`R�)q[]VO\<T
ZS =

(Xs, Ys)s∈S
RU[<V�T��5\ ���>YtX�nHjMdoiDYtpmx][Zy � \5[<�`R�jMVGpm[]\>R¡À-�5d XS , YS

��[]pmX�d�\-T#�5\ ���`YtX�nHj5d!iDY]pWx<[Zy
��[<�5n5kOd]L5�fYt\`R�kOde��Y<jMpWdgjMdgklY¡X�[MjMc�kOVlRWYtTWVO[]\ � RWV�\5[]�>RS�8Y]VORW[]\>RF�`\5VOÀ-�5d$X�d�\-T}k@ª �1a1n>[]TW�5wuRUdgjMdgX%Ytpmx][Zy1VOY]\5VGTWc
jMd

ZS
� \5[]�`Rrj5VGpm[]\`RrÀ-�5dg\5[<�`RrYby][<\`R��5\_X�[1j5w�kOdgj5d�iDYtpmx][Zy%��[<�5n5kOd]L

�gËZ7 "F7>?u6�2u687&0 '��l'��8���/RS'HTWU�!HV���'H&Q�_��� '?O !H��� �WT
��!HTW��� �W���
L�'HN�OQ���`!H�#O"� �
�
µ3·t¼ ¶

ZS = (Xs, Ys)s∈S +

�¸�¹5º�� ��7 � ��º%���<·%��� �;
GºZ¶´¼3� ��� ��
>¶J[ V º%
G·���» XS

��»�¶ + 
�¸�¹5º � ��7 � ��º%���<·%�
� �;
GºZ¶´¼3� ��� ��
>¶ [ V ¸�· 
 7Z¼ ¶´¼8· 
 
 �;
3
���� ��
`¶ [

YS
0

� B��%· 
`»�¶Z�Wºt¶@¼8·�
�0

p(xs
∣∣xS\s,y ) =

p(xs, ys
∣∣xS\s,yS\s )

p(ys
∣∣xS\s,yS\s )

∝ p(xs, ys |xVs ,yVs )

∝ p(xs |xVs , ys,yVs )

P \ pmd�yZY]\`���5d � XS
\�ª duRqTon5kO�`R�\`c$��duRWRmYtVOpmd�X�d�\-T�kO�5V�¥§X "�X�d�X%Y]pWx<[Zy-VOd�\ ��\`[]\M¥���[<\`jMVGTWVO[]\5\5d$kGkOd�X�d$\<To³

YS
� � n`Ytp���d�À-��ª VGk�\�ª d$RUT�À<�`d�kGdDn`pW[M��duRWRW�`R�X%Ytpms]VO\`Y]k�j�ª �5\ n`pW[M��duRWRW�`R�X%Ytpmx][Zy1VOd�\�L±��dDn5kO�`R � d�\ Tm[]�MTmd

s]c$\5c�p�YtkOVGTWcf\5[]�`RrYby<[]\`R
p(ys |x ) 6= p(ys |xs )

L
� [<�`R�n>[<�5y][<\`R���[]\>RqTmpW�5VOpmd!jMduR����>YtX�n`R���[<�5n5kOd$R#d�\ Y ��YtVO^5kGVlRmRWY]\<T�kGduR��-a1n&[tTm�5w$RWd$R�jMduR�i�i�~�YZ¥�¦���L

� [<�`RgjMc��>\5VORmRW[]\`RfkOd$Rgi�[MjMw�kOd$Rei�Ytpmx][Zy1VGd$\`Rf~�Y<���5c$R �8i�i�~�Y � (XS ,YS)
��[]X�X�d�c�T�Yt\-Tgj5d$Rfn5pm[1��d$RmRU�>R

n&[]�5p�kGduRWÀ-�5d$kGkOd$R
XS

duRqT��5\!���>YtX�n!jMdfiDYtpmx][Zy�pmd�klYZTWVOy]d$X�d�\-TF³#�5\!RWaMRqTmw�X�d�jMdfy][<VORWVO\`Yts<d V L1¤�duR�[]^`RWd�pW¥yZYZTmVG[<\`R:\5drRU[<\-T:n>Y]RA��[]p���c$X�d$\-T:VO\`jMc$n>d$\`j5Y]\<Tmd$R±��[]\`jMVGTWVO[]\`\5d�kOkGd$X�d�\-T ³
XS

d�T±�5\`drs]c�\`c�p�YtkOVORmYZTmVG[<\¡RUVOX�n5kOd
jMdfkOY#kO[]V���[<\`jMVGTWVO[]\5\5d$kGkOdgjMd

YS
d$RUT}jMdfRW�5n5n&[<RWd�prÀ-�5dg�tª d$RUT�Y]�`RmRUV3�5\o���`YtX�n�X%Y]pWx<[Zy-VOd�\%pmd�klYZTmVGy<d�X�d�\-T�³

V ��[]\`jMVGTWVO[]\`\5d�kOkGd$X�d�\-T�³ XS
�8jM[<\-T}kOY%jMd$\`RWV�Tmc¡R�ª c$��pWVGT¢RW[]�`R���[<pWX�dg�8Y<��TW[<pWVlRWc�d ∏

c∈C ψc,x(yc)
��L&��Y]\`R}��d

��Y<Rq¥§kl³ � \5[]�>RrYby][]\>R �

p(x,y) = p(y|x)p(x)

=
∏

c∈C
ψc,x(yc)

∏

c∈C
ψc(xc)

�1V}���`Y<À-�5d���[<\`��TmVG[<\
ψc,x(y)

\5d�jMc$n>d$\`j jMd
x
À-��ª ³DTmpmYby<d�p�R�kOd$R%��[-[<pmj5[]\5\5c$d$R�Ytn5n>YtpWTWd�\>Yt\-T�³

c
\5[]�`R
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Yt�`pW[<\`R�YtkO[]p�R

p(z) ∝
∏

c∈C
ψc(zc)

Yby]du�
ψc(zc) = ψc,x(yc)ψc(xc)

L>~F[]X�X�dfklY#kG[<V3j5d
ZS

RWd¢�8Y<��TW[<pWVlRWdfRWd�kO[]\!kGdeRWa1RUTWw$X�dfjMde��kGVlÀ-�5d$R C � �]ª duRqTjM[<\`�f�5\����`YtX�n_jMd�iDYtpmx][Zy�pmd�klYZTmVGy<d�X�d�\-T}³ V L
� \`d�X�c�TW�5[MjMd�s]c$\5c�p�YtkOdFj5d}��[]\>RqTmpW�`��TWVO[]\�jMdriDi�~�Y�n5pW[<n>[-RUc$d�j`Yt\`R �ONu��� �8s]c�\`c�p�YtkOVORmYt\-T:�5\5d�X�c�TW�`[1j5d

n5pm[]n&[<RWc�d¢j`Yt\`R � ©<� � �F��[<\`RWVORUTWd¢³#��[<\`RUVljMc$pWd$p �5\����`Y]X�n�X%Ytpmx][Zy1VGd$\
WS

pmd�klYZTWVOy]d$X�d�\-TF³ V � �`\�d�\`RWd�X#^5kOdjMd���kOVOÀ-�5duR
(ci)1≤i≤Q

��[<pWX%Yt\-TB�5\5dSn>YtpWTWVGTWVO[]\¡jMd
S
d�TB�5\5dF��[]\`��TWVO[]\

f
L �1V1kOYr��[]\`��TWVO[]\

f
RWdFjMcu��[<X�n&[<RWdFRWd�¥

kO[]\�kGduRB��kGVlÀ-�5d$R±RW[]�>RAklY���[]pmX�d
f(x,w) = (fi(xci ,wci))1≤i≤Q

� YtkO[]p�RBkGdr���`Y]X�n (XS ,YS = f(XS ,WS))d$RUTF�`\�iDi�~�Y`L � \�X�[Za<d�\%n5kO�`R�jMVOpWdu��TSduRqT�YtkO[]p�R jMd�RW�5n5n&[<RWd�p�À-�5d
p(z)

d$RUTF�5\5d�X�d$RW�5pWd�jMd 	fVO^5^`R�RUd$kG[<\
�5\�RWaMRqTmw�X�d�jMd#y][]VlRWVG\`Y]s]duRrY]j5Y]nMTWc<L>�fYt\`R���d¡�$Y]RU¥´kl³ � \`[]�`R¢\�ª Yby<[]\`R�n`kG�`R�klY�X�Y]pWx<[Zy1VOY]\5V�TmcejMd XS

� X%YtVlR
\5[<�`R}n&[]�5y<[]\`R¢���5[]VlRUVOp

p(y|x)
TWd$kBÀ-��ª VOk+pmd�n5pmc$RWd�\-TWde^`VGd$\�kOY%pmc$Y]kGVGTWc<L>�fYt\`R �GNu�5N � N�«!� � klY%jMd$\`RUVGTWc p(z) jM���[<�5n5kOd�Y�c�Tmc����5[]VlRUVOd�jMdgTmd�kOkGd¡RW[]pWTWdeÀ-�5deklY�kG[<V+��[<\`jMVGTWVO[]\5\`d�kOkGd�RW[]VGT}�5\D���`Y]X�nos<Y]�`RmRUVOd�\ � [<p}kGduR}���`Y]X�n>R

s<Y]�`RmRUVOd�\`R ��d$\#n>YtpWTWVl���5kOVGd$p:kGduRAX�[MjMw$kGduRB��[]\`j5V�TmVG[<\5\5d�klR:Yt�MTm[t¥§pWc$s]pmd$RmRUVG�8R �3pWduRqTmV�Tm�5d�\-T±^5VOd�\���d$pUT�YtVO\5d$R+TWd� -Tm�5pmd
jMduR�VGX%Yts<d$R � y][<VGp # VO\5x1kGd$p �GNb�tÃ��§L

"	# " # " � ����� � 
���� 
 � � �#� � 	 � � ��� ��
��

� [<�`RFTWp�YtVGTW[<\`R�j5Yt\`Rr��d�TWTWdgn`YtpWTWVOdejMd$R¢~�iv~F[�RUTmYtTWVO[]\5\`Y]VGpmd$R�d�Trj5dfkOd��`pmR�n5pm[]n`pWVOc�Tmc$RFd$RmRUd$\<TmVGd$kGkOd$R � \5[]¥TmY]X�X�d$\-TBkOd$RBn5pm[M��c$j5�5pWduR+jMdr�$Ytkl���5k1jMd$RBn5pm[]^>Yt^5VOkGVGTWcuRAY¢n>[-RqTmd�pmVG[<pWV´Lb¤+Y¢RUTmYtTWVO[]\5\>YtpmV�TmcS\�ª d$RUTBn>Y]RB\5c$��d$RmRWY]VGpmd
n&[]�5p c�TmY]^5kGVOpS��d$R jMd$pW\`VGw$pWduR � X%YtVlR±d$kGkOd}n&d�pmX�d�TSjMd¢RWVGX�n5kOVG�`d�p klYgn5pmc$RWd�\-TmYtTWVO[]\�jM�%X�[MjMw�kOdrd�TFj5drX�d�TUTmpWd}d$\
c�y1VljMd�\>��d}kOd$RFjMV �3c�pmd�\>��d$RSX%Y )qd��`pWduR Yby]du��kGduR�~�i�~�Y`L � [<�`RF�MTWVOkGVlRW[]\`RF��d$RSn5pm[]n5pmVGc�TWcuR±n>[<�5pSX�d�TUTWpmd}d$\�c�y1VG¥jMd$\`��d}kOd$RSkGVOd�\>RSd$\<TmpWdrX%Y]pWx<[Zy-VlYt\`V�Tmc�j5��n5pm[1��d$RmRU�>R

XN
� VO\`jMc$n>d$\`j5Yt\>��d���[]\`j5V�TmVG[<\5\5d�kOkOd¢jMd$RS[]^`RWd�pmyZYZTmVG[<\`R

d�TrX%Ytpmx][Zy1VlYt\5VGTWc�jM�!n`pW[M��duRWRW�`R���[<�5n5kOd]L`~Fd$R�n5pm[]n5pmVOc�TWcuR�[]\-T�c�TWcgn5pmc$RWd�\-TWc$d$R�j5Yt\>RFkOde��Y<RS[��!k´ª duRUn>Y]��dfjMd$R
c�T�YZT�R X d$RUTS�`\5V3j5Y]\`RSkOd$R�YtpWTWVl��kOd$R �GN �Z« � �t�!� � d�kOkGduRSpmd$RUTWd$\<T�c�s-YtkOd�X�d�\-TSyZYtklYt^`kGduRSkO[]p�RWÀ-�5d X d$RUTF�5\!d$RWn`Y]��d
À-�5d�kl��[<\`À-�5d�Yby]du�

δ
X�duRU�5pmd�jMdepmc���c$pWd$\`��d�RW�5p

(X ,B(X ))
L &±Y]p}��[]\>RUcuÀ<�`d�\-T � kOd$R�YtkOs][<pWVGTW�5X�duR�j5de�`kGTWp�Yts]d

n&[]�5p�k´ª duRqTmVGX%YZTmVG[<\ j�ª �5\ n5pm[M��d$RmRW�`R
XN

³�d$RWn`Y]��doj�ª c�T�YZT���[<\-TWVO\-� RW[]\-T�n&[<RmRWVG^5kOd$R �@j5Yt\`R��`\ ��[]\-TWd� -Tmd
s<Y]�`RmRUVOd�\ �GN �t© � � []�os]c$\5c�p�Ytk'�¾�Z«!�Ad�\_�MTWVOkOVORmYt\-TrkGdg�>k�TmpmY]s]dfn`YtpWTWVl���5klYtVOpmd���L

�1V
ZN = (XN ,YN )

duRqTD�`\5d ~�i�~F[ RUTmYtTWVO[]\5\`Y]VGpmd � d$kGkOd d$RUTDd�\-TmVGw$pWd$X�d$\-T�jMc��`\`VGd/n>Ytp�RmY jMd�\M¥
RWV�Tmc�jMd�TWp�Yt\`RWVGTWVO[]\ d�T�RmY/kO[]VgRqT�YZTWVO[]\`\`YtVOpWd � [<� jMd�X%Y]\5VGw$pWd�c$À-�5VOyZYtkOd�\-TWdDn>YtpokOY jMd�\`RWVGTWc p (z1, z2) =

p (x1, x2, y1, y2)
À-�5d�\5[<�`RrjMc$��[]X�n&[<RW[]\`R�d$\

p (x1, x2) p (y1, y2 |x1, x2 )
L � [<�`R}RW�5n5n&[<RW[]\`R}n`YtprklY%RU�`V�TmdÀ-�5dg\5[]�>R���[]\5\>YtVlRWRW[]\`RFklY¡kO[]V�jM�on5pm[M��d$RmRW�`R

ZN
n`Y]p�klY���[<\5\`YtVlRmRWY]\`��d¢j5dfklY�n5pm[]^`Y]^5VGkOVGTWc
)q[]VO\<Tmd

p(x1, x2)d�T¢j5dekOY�jMd$\`RUVGTWce��[]\`jMVGTWVO[]\`\5d�kOkGd
p (y1, y2 |x1, x2 ) � L¤+Y�jMd$\`RWV�Tmcgj5dgTWp�Yt\`RWV�TmVG[<\

p (z2 |z1 ) � pmd�klYZTmVGy<d�X�d�\-T}³�kOY�X�d$RW�5pmdfn`pW[MjM�5VGT δ ⊗ µ
R�ª c$��pWVGT

p (z2 |z1 ) =
p (x1, x2) p (y1, y2 |x1, x2 )∫

X p (x1, x2) p (y1 |x1, x2 ) δ(dx2)

[��
p (y1 |x1, x2 )

duRqT±klY�j5d�\`RWV�Tmc�X�Y]pWs<VG\>YtkOd!�Us<Yt�>���5d��SjMd
p (y1, y2 |x1, x2 )

��\5[]TWc�d�n`Y]pU��[<VOR
pg (y1 |x1, x2 )

��L
��deX�Y]\5VOw�pmdgRWa1X�c�TWpmVlÀ<�`d � \5[<�`R�\5[tTm[]\`R p(y2 |x1, x2 )

klY�X%Ytpms]VO\`YtkOd��WjMpm[]VGTWdL�gjMd
p (y1, y2 |x1, x2 )

��\5[]TWc$d
n`Y]pU��[<VOR

pd(y2 |x1, x2 )
��L3¤+Y�kG[<VBRUTmYtTWVO[]\5\`Y]VGpmd�Y�n&[]�`p�jMd$\`RUVGTWc

p(z1) =
∫
X p(x1, x2)pg(y1 |x1, x2 )δ(dx2)

�	� 6
?
4B6�2'& �8786 6��>&36
782)4KE�7 C86!M A C86
2)?
:'4K(@&34KE�7 %�A#I@4 & �86
MKMK6
GH6
7�& 9�A#4 &36 C86
2 ��
�� A ��
�� � ( E��8: MK6
2 + �86
MKMK6�2 7@E��82 ?
E�787�A#4K2)23E�782 M AC86
78234 & " C86 &3:)A#7@2)4 &34KE�7
p(x2 |x1 )

6F& M AJMKE�4�C � "�GH4K232)4KE�7
p (y1 |x1 )
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À-�5V�duRqT}Yt�>RWRWV�c�s-YtkOdf³
p(z2) =

∫
X p(x1, x2)pd(y2 |x1, x2 )δ(dx1)

�`��d$��V�X�[<\<TmpWdeÀ-�5dgkOd$RrjMd$\`RUVGTWcuRrX%Ytpms]VG¥
\`Y]kGduRFs-Yt�`���`d¢d�TrjMpm[]VGTWdgRU[<\-T�kOVGc$d$R$LM¯}VO\`RUV � kO[]p�RFjMdgklY#RWn&c$��VG�>�$YZTWVO[]\!j�ª �`\!X�[MjMw�kOdgn`Ytp�YtX�c�TWpmVOÀ-�5d}n&[]�`p�kOd$R
���`YZ�l\5duR���[]�`n5kGduRrRqT�YZTmVG[<\5\`YtVOpmd$R � \`[]�`R�jMd$y-pm[]\>R����`[]VlRUVOp��5\5dekO[]V )q[]VO\-TWd p (y1, y2 |x1, x2 )

pWduRUn&d$��TmYt\-T}��d�TUTmd
��[<\-TWp�YtVO\<Tmd]L � [<�`R}Y]^>[<pmjMd$pW[<\`R���d�T¢Y<RUn&d$��T}j5Yt\`R�kOd����`Y]n5V�TmpWdg«>L¤+YeRWVOX¡�5klYZTmVG[<\�jMd$R�~�i�~F[�d$RUTSn5kO�`R���[<X�n`kGVlÀ-�5c�d¢À-�5d���d�kOkOd¢jMd$R�~�i�~�Yed$\%pmY]VORW[]\%jMd�k@ª VG\-TmpWVl��YtTWVO[]\%jMd$R
n5pm[M��d$RmRW�`R

XN
d�T

YN
L5P \_d �3d�T � kOY�jMd$\`RWV�Tmc�jMdgTWp�Yt\`RWVGTWVO[]\_jMd ZN

RWdepmc�c$��pWVGT�d�\`��[]pmd �

p (x2, y2 |x1, y1 ) = p (y2 |x2, y1, x1 ) p (x2 |x1, y1 )
� �MLON]N��

�rd$X�Y]pmÀ-�5[<\`RDÀ-�5d kGduRv~�i�~�Yt¥§¦���RU[<\-T��5\Å��Y<RDn`Y]pUTmVO���5kOVGd$p�jMd ~�i�~F[ n&[]�5p�kGduRWÀ-�5d$kGkOd$R�\5[]�`R�Yby][<\`R
p (y1, y2 |x1, x2 ) = p (y1 |x1 ) p (y2 |x2 )

d�TAjM[<\`�BTWd$kGkOd$R+À<�`d
p (y1 |x1, x2 ) = p (y1 |x1 )

d�T
p (y2 |y1, x1, x2 ) =

p (y2 |x2 )
L

� \`dfpmc$Y]kGVlRmYZTWVO[]\
z = (z1, . . . , zN )

j�ª �5\`d����`Yb� \5dg��[]�`n5kGdeduRqTr[<^MTWd$\-�`d�jMdgkOY#�8Y ��[]\_RU�`VGyZYt\-Tmd��
N<L
x1
d$RUT�TWVOpWc�RWd�kO[]\

p(x1) =
∫
X p(x1, x2)δ(dx1)

d�T
y1
d$RUTrTWVOpmcgRWd�kO[]\okOdeX�c$kOY]\5s]d

∫
X p(x1, x

′
2)p(y1

∣∣∣x1, x
′
2 )δ(dx

′
2)

�

�5L�&B[<�5p�TW[<�MT
n ≤ N � xn duRqT�TmVGpmc�RUd$kG[<\!klY�kG[<V

p (xn |xn−1, yn−1 ) ∝ p(xn−1, xn)p(yn−1 |xn−1, xn ) = p(x1, x2)p(y1 |x1, x2 )
� �MLON � �

d�T
yn
d$RUTrTWVOpWceRWd�kO[]\okOY�jMd$\`RUVGTWc

p (yn |xn, yn−1, xn−1 ) =
p (y1, y2 |x1, x2 )

p (y1 |x1, x2 )

� �MLON$� �
P \ Tm[]�MTmd�s]c$\5c�p�YtkOVGTWc � VGkF\�ª duRqT�jM[]\`��n`Y]Ren&[<RmRWVG^5kOd�jMd!RUVOX¡�5kOd�p�j�ª Yt^&[]p�j�klYD���`YZ�l\`d (xn)1≤n≤N

j5Y]\`R¡RmY
TW[]TmY]kGVGTWc�n5�5VlRFjMd¢TWVOpWd$pFkOd$RF[]^>RUd$pWyZYZTmVG[<\`R

yn
RWd�kO[]\�k@ª c�T�YZT��$Y]���5c � [<���5\5dfjMd�\`RWVGTWc�j5d¢TmpmY]\`RUVGTWVO[]\�j5c�n&d�\`j5Y]\-T

jMduR�ybY]kGd$�5p�R
xn−1, xn

� ��[]X�X�dg��d�klY�n>d$�MT "�TmpWdgkOde��Y]R�n&[]�`prkGduR�~�i�~�Y5L
iDY]kGs<pWc��5\5dfn5kG�>R�s]p�Yt\`jMdf��[<X�n`kGd� 1VGTWcgj5Y]\`R�kOY�jMd$Rm��pmVOnMTWVO[]\ojMd$R���Y]pmY<��Tmc�pmVORUTWVlÀ-�5d$RSkG[M��Y]kGduRFj5d$R}~�i�~F[ �

\5[<�`R¡s-Ytp�jM[]\>R�kOd$R#n5pW[<n5pmVGc�TWc$R¡kGduR�n5kG�>R#��[]\5\1�5duR#jMduR�~�iv~�YZ¥�¦F� � ³�RmYby][<VGp¡kGduR���[<pWX#�5kGduR#j5d!pmc$���5pWpmd�\>��d
YbyZYt\-TU¥�YtpmpmVGw$pWd<L
�gËZ7 "BËZ68=-2$=v' � ' �@�H��� � �
� TWT �
& �`� '#V�'H&"�
µ3·t¼ ¶

ZN + 
 �Y� � � ·W0"@ ��»D7 ��
`»�¼ ¶$B�» p (yn |xn )
��¶
p (xn |yn )

�	� + � ��
`¶���¶Z� ��¸mº�
G¸ + 
CB ��» �`º%�D��B�¸ + ��»�¼8·�
º%�Zº 
>¶60

∀n ≥ 2,

p (yn |xn ) =
R
Y p(zn|zn−1 )p(yn−1|xn−1 )µ(dyn−1)

p(xn|xn−1 )

p (xn |yn ) =
R
X p(zn|zn−1 )p(xn−1|yn−1 )δ(dxn−1)

p(yn|yn−1 )

� �MLON�« �

� B��%· 
`»�¶Z�Wºt¶@¼8·�
�0

p (yn |xn ) =
p (yn, xn |xn−1 )

p (xn |xn−1 )

=

∫
Y p (yn, xn |yn−1,xn−1 ) p (yn−1 |xn−1 )µ(dyn−1)

p (xn |xn−1 )

=

∫
Y p (zn |zn−1 ) p (yn−1 |xn−1 )µ(dyn−1)

p (xn |xn−1 )
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&±YtprkOdgX�"$X�d���Ytkl���`k � \5[<�`Rr[<^MTWd$\5[]\`R�klY�pWcu���5pmpmd�\`��d�n&[]�5p p(xn |yn )

L

�gËZ7 "BËZ68=-2$=v' � ' � ' ��� � �
� TWT �
& �`� '#T
TW���
T �
µ3·t¼ ¶

ZN + 
 �K� � � ·
0�@ ��» 7 ��
`»�¼ ¶$B�» p (yn+1:N |xn, yn )
��¶
p (xn+1:N |xn, yn )

�
� + � ��
>¶ ��¶Z� ��¸�º�
G¸ + 
 B ��»
�`º%� ��B�¸ + ��»�¼8·�
vº�����¼15-� � 0

∀n ≤ N − 2,

p (yn+1:N |xn, yn ) =
∫
X p (yn+2:N |xn+1, yn+1 ) p (zn+1 |zn ) δ(dxn+1)

p (xn+1:N |xn, yn ) =
∫
X p (xn+2:N |xn+1, yn+1 ) p (zn+1 |zn )µ(dyn+1)

� �MLONu� �

� B��%· 
`»�¶Z�Wºt¶@¼8·�
�0

p (yn+1:N |xn, yn ) =

∫

X
p (yn+1:N , xn+1 |xn, yn ) δ(dxn+1)

=

∫

X
p (yn+2:N |xn+1, yn+1 ) p (yn+1, xn+1 |xn, yn ) δ(dxn+1)

� [<�`RrYby][<\`R�kOY�X "�X�depmc$���5pWpmd�\>��dfn>[<�5prkGduR�n5pm[]^`Y]^5VGkOVGTWc$R
p (yn+1:N |xn, yn )

L

~Fd$R}��[]pmX¡�5kOd$RfjMd#pWcu���5pmpWd$\`��den&d�pmX�d�TWTWd�\-TejMd¡pmd�TmpW[<�5y]d$p}kOd$R�s]p�Yt\`jMd$�5p�R}��klY]RmRUVlÀ-�5d$R¢VG\-TmpW[MjM�5VGTWduR}n&[]�5p
kOd��`k�TmpmY]s]d%d�T�kGd�kOVlRWRmYts<d�j5d$R����`YZ�l\`d$R�jMd�i�Ytpmx][ZyD��Y<���5c�duR�L�¤+d$R �Un5pm[]^`Y]^5VOkGVGTWcuReYbybY]\-T
�

(αn)1≤n≤N
RW[]\-T

jMc��`\5VOd$R}RW�5p X n`Ytp




α1(x1) = p(x1|y1)
∀n ≤ N − 1

αn+1(xn+1) =
∫
p (zn+1 |zn )αn(xn)δ(dxn)

� �MLON$Ã �

d�T_kOd$Ro��[]\>RqT�Yt\-TWduR!jMdv\5[<pWX%YtkOVlRWYtTWVO[]\ n>d$pWX�d�TUTWd$\-T�j5d���Y]kO���5kOd�pokOYHy-p�YtVlRWd�X¡^`kOY]\`��dDVO\-TWc$s]pmc�d
p(y)

L�¤+d$R
�Un5pW[<^`Yt^`VGkOV�Tmc$R}Y]pWpmVOw�pmd��

(βn)1≤n≤N
� jMc��`\`VGduR�j5Y]\`R}kOd#�$Y]Rg~�i�~�YZ¥�¦��Fn`Y]p p (yn+1:N |xn ) � RW[]\-T¢c$s<YtkOd$R¢³

p (yn+1:N |xn, yn )
d�T¢RU[<\-Tr�$Ytkl���5kOc�duR�pWcu���5p�RWVGy<d�X�d�\-TrRU�5p X n`Y]p




βN(xN ) = 1

∀n ≤ N − 1

βn(xn) =
∫
p (zn+1 |zn )βn+1(xn+1)δ(dxn+1)

� �MLONbh �

��*1./45Ëb��IB*�'��l'��8�����D��� '��_��!H& �
&"�_T`�9T � �W� TWT`�W& �`�
�?'HV*'H&"�D���K'HT
TW���
T �
@Aº ��B�¸ + ��� ��
3¸ ��º%����¼15;� � �5· + ��
���¸�º�
G¸ + 
�7 ��» � �W·W,�º
,�¼3
 ¼ ¶$B�»

βn
�
� + ¶¡»��=�Z·Z¼3��¸�· � � � + 
 �=��B�¸ + ��� ��
3¸ �º%�Zº 
>¶ �`· + � 
Gº�¸m¹`º���
 � Z̃N =

(
Z̃n

)
1≤n≤N �

·W,�¶���
 + � ��
 ¼�
H� �;��»�º 
>¶Y
��/»���
`» 7 �
ZN
0 @ � ���m·$¸ ��»m» + »¼�
#� �;��»-B ��»�¶�¶§· +�� · + ��» + 
 �H¸�¹5º���
 � 7 � ��º%���<·%� »�¶§ºt¶@¼8·�


&ºt¼3� �

�
> + ¼ ��»�¶_¸�· � ��
C5�¶���� ��
>¶o¸�· 
 
 + � �`º%� 
Gº

7 ��
5»�¼ ¶$B
p̃(z̃1, z̃2) = p(x̃2, x̃1)p (ỹ2, ỹ1 |x̃2, x̃1 )

0	�¡· + »%º��b·�
5»!º�
G·%��» p̃g (ỹ1 |x̃1, x̃2 ) = pd (ỹ1 |x̃2, x̃1 )
��¶

p̃d (ỹ2 |x̃1, x̃2 ) = pg (ỹ2 |x̃2, x̃1 )
0 � � � 
 + » �
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p (yn+1:N |xn, yn ) =
p (yn+1:N , xn, yn)

p (xn, yn)

=
p̃ (x̃N−n+1, ỹN−n+1)

p̃ (x̃N−n+1, ỹN−n+1)

� · + �¡¸mº�
G¸ + 
��-�K
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^
��¶ 7 �F7t¼3�$¼l»��;� �5º�� 
GºY
G·Z¼:»�¶�ºZ¶´¼8· 


3ºZ¼3� �F7 �

ZN
X§¼17 ��
>¶@¼1> + �D[!¸ �-
3
��F7 � Z̃N
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βn(xn) =
α̃N−n+1(xn)

p(xn, yn)

~F[]X�X�d�j5Y]\`R�kOd���Y<R¡jMduR�~�i�~�Yt¥§¦�� � kOd$R#jMd�\>RUVGTWcuR�X%Ytpms]VO\`YtkOd$ReYDn>[-RqTmd�pmVG[<pWV jMduR�n5pm[M��duRWRW�`R XN
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p(xn |y ) ∝ αn(xn)βn(xn)
� �MLON$© �
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`»�¶Z�Wºt¶@¼8·�
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p(xn |y ) ∝ p(xn,y)

∝ p(y1:n−1, zn, yn+1:N )

∝ p (y1:n−1 |zn ) p (yn+1:N |zn )
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klY����>Yb� \5d

ZN
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d�T�klYrjMd$\`RUVGTWc

p (y1, y2 |x1, x2 ) �YZ�>\ j�ª [<^MTWd$\5VGp¡�5\5d%X�d�VOkGkOd��`pWd���[]X�n5pmc��5d$\`RUVO[]\ jM� n`Y<RWRmYts<d�j5� X�[MjMw$kGd!~�iv~�YZ¥�¦F�fYt� X�[MjMw�kOd!~�i�~F[`L
&:[]�5pe��d�klY�\5[<�`RgjMc�X�[<\<TmpW[<\`RfÀ<�`d#klY�X%Y]pWx<[Zy-VlYt\`V�Tmc�n>d$�MT¡jMcu��[]�`kGd$pfjMd%jMd$�M ���[<\`jMVGTWVO[]\`Rfn5pm[M���5d$R � X%YtVlR
n`Y]p:j5d$R:X�c$�$Yt\5VlRUX�duRBj5V �3c�pmd�\-TmR$L &:[]�5p±��d�TUTmdrpmY]VORW[]\ � \5[<�`R:d� Mn5kOVl��VGTW[]\>RAkOd$R±j5c�X�[]\`RUTWp�YZTmVG[<\`R:j5Yt\>RAkOd$R±j5d��M 
��Y<R�L
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&ºZ¼3� � 0fµ&¼ p(y1 |x1, x2 ) = p (y1 |x1 )
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�0 � []�`R+Yby][]\>R>n>Ytp��1a1n>[]TW�5wuRUd ∀n, p (xn+1 |xn, yn ) = p(xn+1,xn,yn)

p(xn,yn) = p(yn|xn )p(xn,xn+1)
p(xn,yn)

�
RW[]VGT�d$\`��[<pWd

p (xn+1 |xn, yn ) = p (xn+1 |xn )
L>¯}VO\`RUV � klY�jMd�\`RWVGTWc�jMdfTWp�Yt\>RUVGTWVO[]\_jMd ZN

R�ª c$��pWVGT

p (xn+1, yn+1 |xn, yn ) = p (yn+1 |xn+1, yn, xn ) p (xn+1 |xn )
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p (x) =

∫

YN

p(z1)

N∏

n=2

p(zn|zn−1)µ(dy)

= p(x1)

N∏

n=2

p(xn|xn−1)

∫

YN

p(y1|x1)

N∏

n=2

p(yn|yn−1, xn−1, xn)µ(dy)

= p(x1)

N∏

n=2

p(xn|xn−1)
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&ºt¼3� � 01µ>¼ p(y2|x2, x1) = p(y2|x2)
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Z̃N =

(
Z̃n

)
1≤n≤N
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ZN
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y]c�pmVG�`d
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 p(y2|x2, x1) =

p(y2|x2)
¼�� ��
�¼1> + �F> + � ∀n ≤ N, p (yn |xn ) = p (yn |xn )

0
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p (y1, y2 |x1, x2 )
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À-�`Yt\-T�Yt�5 Dn5pW[<n5pmVGc�TWc$RgjMd

p(y1, y2|x1, x2)
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pd(y2|x1, x2)
d�T
pg(y1|x1, x2)
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p(y2|x1, x2) = p(y2|x2)
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p (y2 |x2, x1 ) = p (y1 |x2, x1 ) = p (yi |xi )
�5· + � i = 1, 2
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p(yn|x) = p(yn|xn)
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p (y2 |x2, x1 ) = p (y2 |x2 ) =⇒ ∀n, p (yn |x1:n ) = p (yn |xn )
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p̃(ỹn |x̃n )
��Y]pr\5[]�`RrYby<[]\`R

p̃ (ỹ2 |x̃2, x̃1 ) = p̃ (ỹ2 |x̃2 )
L>�¡ª Ytn5pmw$R�klY�n5pm[]n5pmVGc�TWc�� �5L �5L � � � \5[<�`RrYby][<\`R

p(yn|x) ∝ αn(yn)βn(yn)

∝ p (yn |xn ) p (yn |xn )

p (yn, xn)

��[]\`�

p(yn|x) = p (yn |xn )
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p (y2 |x ) p(x3:n |x2, x1 )µ(dx3:n) = p (y2 |x2 ) � d�TjM[<\`� ∀n, p(yn|x) = p(yn|xn) =⇒ p (y2 |x2, x1 ) = p (y1 |x2, x1 ) = p (yi |xi )
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p(yn|x) = p(yn|xn)
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p (y1, y2 |x1, x2 )
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p(yn|xn) =

K∑

x
′
n+1=1

p(x
′

n+1|xn)p(yn|xn, x
′

n+1)

d�T����`Y<À-�5do��[]X�n&[<RmYt\-TWd!pWd$n5pWcuRUd$\-TWd_jMV �3c�pmd�\-T%��[<X�n&[]pWTWd$X�d�\-T�j5c$��pmVOybY]\-T�k´ª VO\-TWd$pmY<��TWVO[]\ d�\-TWpmdokGduR%jMV �3c�¥
pmd�\-TWduR���kOY<RWRWd$R$L &:[]�5p�klY�X�[MjMc�kOVlRWYtTWVO[]\ j�ª �`\5d_VGX%Yts<d � ��du��V�n&d�pmX�d�T�j�ª VG\-TWc$s]pmd�p�jMd$R�X�[MjMw$kGduR�j5V �3c�pmd�\-TmR
n&[]�5prkOd$R �$[]\5duRF��pW[<\<TmVGw$pWduR�d�Trn&[]�5p}kOd$R��$[]\5duR��5[]X�[<s]w�\`d$R$L
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&:[]�5p¢kOY�RWVOX¡�5klYZTmVG[<\_j5d�kOY����`Yb� \5d¡Y�n&[<RUTWd$pWVO[]pmV�[]��kOd¡�$Ytkl���5kBjM�DiDYZ MVOX¡�5X�jMd
p (x |y ) � \`[]�`R�Yby][]\>R^&d$RW[]VO\DjMd#��[]\5\`YZ�OTmpWd¡kOY%kO[]V:jMd

XN
��[]\`j5V�TmVG[<\5\5d�kOkOd�X�d�\-Tf³

YN
L � []�`R�RWYby<[]\`R}À-�5d#�tª d$RUT��5\5d����`Yb� \5d¡j5diDY]pWx<[Zy�\`[]\M¥§�5[]X�[<s]w�\`dfjM[<\-T�\`[]�`R�n&[]�5y<[]\`Rr�$Ytkl���5kOd�p}j5VGpmd$��TWd�X�d$\<TrklY�jMd�\`RWVGTWc�jMdgTmpmY]\`RUVGTWVO[]\ �

∀n ≤ N − 1, p (xn+1|xn,y) =
p (yn+2:N , zn+1)

p (yn+1:N , zn)

=
p (yn+2:N |zn+1) p(zn+1)

p (yn+1:N |zn) p(zn)

=
p (yn+2:N |zn+1)

p (yn+1:N |zn)
p(zn+1|zn)

∝ p (yn+2:N |xn+1, yn+1) p(xn, xn+1)p(yn, yn+1|xn, xn+1)

�1[<V�T}d$\!\5[<pWX%Y]kGVlRWY]\-T

∀xn, xn+1, p (xn+1|xn,y) =
βn+1(xn+1)p(xn+1, xn)p(yn+1, yn|xn, xn+1)∫

βn+1(x
′
n+1)p(xn+1, x

′
n+1)p(yn+1, yn|xn, x′

n+1)δ(dx
′
n+1)

� �MLON${ �

&±Ytp}kOd�X "�X�d¡�$Ytkl���5k � \5[<�`R}n&[]�`y][]\>Rr[]^MTmd�\5VOp}�5\`d�d� Mn5pmd$RmRUVO[]\od� Mn5kOVl��VGTWd�n&[]�5p�kGduRrn5pm[]^`Y]^5VOkGVGTWcuR )q[]VO\-TWd$R¢Y
n&[<RUTWd�pmVO[]pmV �

p(xn, xn+1|y) ∝ p (yn+2:N |yn+1, xn+1, yn, xn,yn−1 ) p (xn+1, yn+1 |xn, yn,yn−1 ) p(xn,yn)

∝ βn+1(xn+1)p(xn+1, yn+1|xn, yn)p(xn,yn)

RW[]VGT�d$\_\5[]pmX%YtkOVORmYt\-T

∀xn, xn+1, p(xn, xn+1|y) =
αn(xn)p(yn+1, xn+1|yn, xn)βn+1(xn+1)∫ ∫

αn(x′
n)p(yn+1, x

′
n+1|yn, x′

n)βn+1(x
′
n+1)δ(dx

′
n)δ(dx

′
n+1)

� �ML �t­ �

¯}VO\`RWV � jMd�X�"$X�d�À-�5d¢kOd$RSn5pm[]^`Y]^5VGkOVGTWc$RSX%Ytpms]VO\`YtkOd$R Y�n>[-RqTmd�pmVG[<pWV`RWd��$Ytkl���5kOd¢jMVOpmd$��Tmd�X�d�\-T�n`YtpFkOYen`pW[<n5pWVOc�Tmc
� �5L �5L � � �

∀n, x̂n, 
���
 (y) = arg max
x

αn(x)βn(x)
� �ML �MN��

kOd$R�d� Mn5pmd$RmRUVO[]\`R � �MLON${ ��d�T�� �5L �]­ ��n&d�pmX�d�TUTmpW[<\-T�jMd#�$Ytkl���5kOd�pfjMVOpWdu��TWd$X�d�\-T�kOd$R¢n5pW[<^`Yt^`VGkOV�Tmc$R )q[]VO\<Tmd$R�VG\-Tmd�pW¥
y]d$\`Yt\-T�j`Yt\`R¢kOY�RWVOX¡�5klYZTmVG[<\_j5�Dn5pm[1��d$RmRU�>R}Y%n&[<RUTWd�pmVO[]pmV ��[<��k@ª d$RUTWVOX%YZTWVO[]\�jMd$R¢n`Ytp�YtX�w�TmpWduR � y<[]VOp�RWd$��TWVO[]\
�5L «`L � ��L
~F[]X�X�d¢k´ª d$RUTWVOX�YtTWd$�5pFi &Fi � k@ª d$RUTWVOX%YZTWd$�5p�iD¯�& j�ª �`\5de~�iv~F[¡n&d��MTrRUdf��Y]kO���5kGd$pSn`Y]pS�5\`d�d� -Tmd�\`RWVO[]\

jMd%k´ª Y]kGs<[]pmV�Tm�5X�d�j5d%°¢VGTWd�pm^5V �ON$�]«!�´L � []�>RejMc$��pWVOy][<\`Rg��d�T�Y]kGs<[]pmV�Tm�5X�d � jMc )U³!�5TWVOkGVlRUc�j`Yt\`R �¾�t� �FX�Y]VOReRmYt\>R
)q�`RUTWVG�>��YtTWVO[]\ � À-�5VMn&d�pmX�d�T±jMdr��Ytkl���`kGd$pBYby<d$� �`\5d���[]X�n5kOd� MVGTWc�n>[<kGa1\ �<X�VlYtkOd�kOYfRUcuÀ-�5d�\`��d�j5d$RBc�T�YZTmR:Yba-Yt\-T+klY
n5pm[]^`Y]^5VOkGVGTWcgj�ª [1�$���5pmpmd�\`��d�X%YZ MVOX¡�5X_LM��\5VGTWVlYtkOd�X�d$\<T � ��d�TrY]kGs<[]pmV�Tm�5X�dfY�c�TWcgn5pm[]n&[<RWc�n&[]�5p�kOd$R¢~�i�~�Yt¥§¦��
�8��d�TWTWd�n5pm[]n`pWVOc�Tmced$RUT¢n>d$pmj5�5den>[<�5p¢kOd$R¢���`YtX�n`R}j5d¡iDYtpmx][Zy��$Y]���5cuR � d�T¢klY�pWdu���5d�p����5dejM�DiD¯�& jM[<V�T�"�TWpmd
pmc$YtkOVlRUc$d¡n`Y]pgj5d$RfX�c�TW�`[1j5d$Rg[]n5TWVOX�VlRmYZTWVO[]\�TWd$kGkOd$ReÀ-�5d�kGd�pmd$���5V�TW¥§RWVOX¡�5kOc�� Ã � ��L � []�`Rfpmd$���5d$pm���5[<\`R�kOYoRU�`V�Tmd
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jMc��`\5VOden`Ytp
x̂ 
���� = (x̂n, 
���� )n≤N = argmax

XN
p(x |y )

¤+Y�RW[]kO�MTmVG[<\vpmd$���`d�p����5c�d�d$RUT#Yt�>RWRWV±kGd�X�Yt MVGX#�5X®jMd�kOY_n5pm[]^>Yt^5VOkGVGTWc )q[<VG\-Tmd
p(x,y)

L � [<�`ReVO\<TmpW[MjM�`VORW[]\`RYtkO[]p�R�kOY�À-�`Y]\<TmV�Tmc
∀n ≥ 2, δn(xn) = max

xn−1

p(xn,xn−1,yn)

d�T}\`[]�`R�\5[]TW[<\`R
δ1(x1) = p(x1, y1)

L
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δn

∀n ≤ N − 1, δn+1(xn+1) = max
xn

p(xn+1, yn+1 |xn, yn )δn(xn)
� �ML � � �

� B��%· 
`»�¶Z�Wºt¶@¼8·�
�0 � []�`R X�[<\-TWpm[]\`R±À-�5drklYgX%YZ MVGX�VlRWYtTWVO[]\�s]kO[]^>YtkOd�RW�5p XN n&d��MT "�TWpmd}jMc$��[]X�n&[<RWc�d�d�\%�5\`d
RW�`����d$RmRUVO[]\�jMdJ�Un>d�TWVGTWduR X%YZ MVOX�VlRmYZTWVO[]\>RF� � d�\��MTmVGkOVlRWY]\<TFkOYf�8Y<��TW[<pWVlRmYZTWVO[]\�jMd}klYg��[<\`��TmVG[<\�j5d}y1pmY]VORWd�X#^5kOY]\`��d<L
~F[]X�X�dg\5[]�>RrYby][]\>R

∀xn, xn+1, p(xn+1,xn,yn+1) = p(xn+1, yn+1 |xn, yn )p(xn,xn−1,yn)

¤�dgX%YZ MVOX�VORmYZTmVG[<\ojMd
p(xn+1,xn,yn+1)

d$\
xn
RWd�jMc$��[]X�n>[-RUdfd�\ �

max
xn

p(xn+1,xn,yn+1) = max
xn,xn−1

p(xn+1, yn+1 |xn, yn )p(xn,xn−1,yn)

RW[]VGT�d$\`��[<pWd

max
xn

p(xn+1,xn,yn+1) = max
xn

p(xn+1, yn+1 |xn, yn ) × δn(xn)
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δn
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�¼ ¶6B�» � ·Z¼�
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∀xn+1, ∀xn, p(xn+1,xn,yn+1) ≤ δn+1(xn+1)
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 :-·%��¼ ¶�¹ � �?7 ���+¼ ¶ �-�;,�¼ ��»�¶K> + �Y
�G · 
 �
� + ¶/7WB�¶ �-� ��¼�
 �;�» + ¸�¸ ��»�»�¼3� ��� ��
`¶ 
���»/B�¶�ºZ¶@»
x̂n, ����� (y)

��
 �`º%�W¸�· + �mº 
`¶ 
Gº!¸m¹`º���
 �F7 � �%º 
>¼15-� �/��B�¶Z�W·�:W�Wº
7 � 0
�gËZ7 "F7>?u6�2u687&0o'��l'��O�J� µ&¼

y
��»�¶�·W,�»��-���%B ��¶&»�¼	
3· + » 
&·t¶§·�
5» (x̂n, ����� (y))1≤n≤N = argmaxx∈XN p(x |y ) �º%
O·%��» 
&· + »eº��b·�
5»

x̂N, ����� (y) = arg max
x

δN (x)

��¶

x̂N−1, ����� (y) = arg max
xN−1

p(x̂N, ����� (y), yN |xN−1, yN−1 )δN−1(xN−1)

� B��%· 
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�0}¤AY}n5pmd�X�VOw�pmd�Y �%pWX%YZTmVG[<\�d$RUT:y-p�YtVOd�n`Ytp:jMc��>\5V�TmVG[<\�j5d
δN
Lt¤AY¢RWd$��[<\`jMd�Y �%pmX�YtTWVO[]\�n`pW[]¥

y1VGd$\-T+jMd klY�pWd$kOYtTWVO[]\gjMd pmc$���`pWpmd�\`��dAd$\-TWpmd±kGduR�y1pmY]VORWd�X#^5kOY]\`��duR3jM�en5pm[1��d$RmRU�>R
Zn
�
p(z) = p(zN |zN−1 )p(zN−1)

L
�1V
x̂N, 
���� (y)

d$RUT ��[]\`\-� � kOYfpmd$���5d$pm���5d�jMd�klY�yZY]kGd$�5p±³�k´ª VG\`RUTmY]\-T N−1
duRqT [<^MTWd$\-�`d�n>Ytp:kOYfX%YZ MVOX�VORmYZTmVG[<\
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RW�5VGyZY]\<Tmd���d�\_\5[]TmY]\<T

zN = (x̂N, 
���� (y), yN )
�

arg max
xN−1,xN−2

p(zN |zN−1 )p(zN−1) = arg max
xN−1

{p(x̂N, 
�� � (y), yN |xN−1, yN−1 )δN−1(xN−1)}

¤ ª YtkOs][<pWVGTW�`X�d}j5d¢°¢VGTWd$pW^`V&RWd¢jMc$pW[<�5kGd¢d�\�jMd$�M �TWd$X�n>R �-kGd���Ytkl���`k>pmc$���5pmRWVG��j5d$R ^&[]pm\5duRSRW�5n>c$pWVOd��`pWduR
δn
�

n5�5VlRrklY�jMc�Tmd�pmX�VO\`YtTWVO[]\opWcu���5p�RUVOy]d���pmc�TmpW[<s]p�Y]jMd�� jMduR
x̂n, 
�� �

L
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T����

∀x1 ∈ X , δ1(x1) = p(x1, y1)

∀n ≤ N, ∀xn ∈ X , δn(xn) = max
xn−1

{δn−1(xn−1) × p (xn, yn |xn−1, yn−1 )}
�¡· + »eº��b·�
5»#º�
G·%��»

x̂N, ����� = arg max
x

δN (x)

��¶

∀n ≤ N − 1, x̂n, ����� = arg max
xn

{δn(xn) × p (x̂n+1, ����� , yn+1 |xn, yn )}

~F[]X�X�d�j5Y]\`R}RmY�y]d�p�RWVG[<\o��kOY<RWRWVOÀ-�5d � kOY���[]X�n5kOd� MVGTWc�jMd#��d�T¢Y]kGs<[]pmV�Tm�5X�ded$RUT O(NK2)
�5kGd#��Ytkl���`k+jMd$R

N
��[]\`��TWVO[]\`R

δn
\`c$��duRWRWVGTWd

K2 X#�5k�TmVGn`kGVl��YtTWVO[]\`R$L ��k¢RW����T�d�\>RU�5VGTWdDj5dD���5d�p����5d�p N ��[]VlR%�5\ X%YZ MVOX¡�5X
n`Y]pWX�V

K
ybY]kGd$�5p�R�L � []�>R}n&[]�5y<[]\`R¢n5pW[<n>[-RUd$p¢jMduR}n5pm[M��c$j5�5pWduR}j�ª d$RUTWVOX%YZTWVO[]\�^`Yba]cuRUVOd�\5\`d�i &Si�d�TfiD¯�&

TWpmw$R}s]c�\`c�p�YtkOd$R�� � klY%jMV��&c$pWd$\`��d�d$\-TWpmdekGduRf~�i�~�Y%d�T¢kOd$R�~�i�~F[�n>[<pUTmd�\-T}�5\5VlÀ-�5d�X�d�\-TgRU�5p¢kGd¡�$Ytkl���5kAjMd�klY
X%YZTmpWVl��dejMdgTmpmY]\`RUVGTWVO[]\ojM�_n5pm[1��d$RmRU�>Rr��[]X�n5kOd�TuL
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ZN��[<� n&[]�5p
XN
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��[<�5n5kOd$R � n&[]�`p�kOd$RmÀ-�5d�kOkGduR¢VOk:pWduRqTmd¡n&[<RmRUVO^5kOd#jMd���Y]kO���5kOd�p �q�8Y]��VGkOd�X�d$\<T��¡kGduRfn5pW[<^`Yt^`VGkOV�Tmc$R p(x|y)
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S = [1..N ] � \5[<�`R¡j5VGpm[]\`R#À-�5d YN

duRqT��5\5do���`Yb� \5d�jMdoiDYtpmx][ZyDTWpmVGn5kOd�TuL±¤�d�n5pm[M��duRWRW�`R
UN

d$RUT
�5\�n5pW[M��d$RmRU�`R¢kOYtTWd$\<TfVG\`[]^`RWd�pmy]c�RWVGX�VOkOY]VGpmd#³

XN
� d�T�Tm[]�`R�kOd$R�n5pW[M��d$RmRU�`R¢X%Ytpms]VO\`Yt�M _RU[<\-TfjM[<\`��X%Ytpmx][]¥

y1VGd$\`Rr��[<\`jMVGTWVO[]\5\`d�kOkGd$X�d$\-TrY]�M !Y]�MTWpmd$R$LMP \_n`YtpWTWVl���`kGVOd�p � (UN ,XN )
d$RUT}X%Ytpmx][Zy1VGd$\���[<\`jMVGTWVO[]\5\`d�kOkGd$X�d$\-T

³
YN

�]\5[<�`R:n>[<�5y][<\`R±jM[<\`�r��Y]kO���5kGd$p kOd$R±n5pm[]^>Yt^5VOkGVGTWcuR
p (xn, un |y )

d�T
p (xn, un |y, xn−1, un−1 )

n`Ytp±kOd$R
pmc$���`pmRWVG[<\`R:YbyZYt\-T d�TFY]pWpmVOw�pmd]LZ¤+YejMd$\`RWV�Tmc

p (xn |y )
R�ª []^MTmVGd$\-TSYtkO[]p�R:d�\�VG\-Tmc�s]p�Yt\-T±klYejMd�\`RWVGTWc

p (xn, un |y ) ���dgÀ-�5V3d$RUTF�8Y]V�T��8Y]��VGkOd�X�d$\<T�kG[<pmRmÀ-�5d¢k´ª d$RWn`Y]��d U duRqT��`\5V � X�Y]VOR�jMd$y1VGd$\<T�^&d$Yt�>��[]�`n�n5kO�`R�jMV ����VGkOd�kO[]p�RmÀ<�`d Ud$RUT¢��[<\-TWVO\-�+L&~Fd�klY�\5c$��d$RmRUVGTWdeY]kG[<pmR�k´ª �5TWVOkGVlRWYtTWVO[]\�jMdeX�c�Tm�5[MjMd$R�jMd�RWVGX#�5kOYtTWVO[]\od�T�j�ª Y]n5n5pm[b 1VOX%YZTmVG[<\�TWd$kGkOd$R
À-�5dgkGduRrX�c�Tm�5[MjMd$Rri�~�iv~ [<�oi�[<\-TWd#~�YtpmkO[�RWc$À-�5d$\<TmVGd$k � Ã<­ � Nu�]©��§L

� \%X�[MjMw$kGd�TmpWVOn5kOd�TSn&d��MT�jM[]\`�¢RUdry<[]VOp ��[]X�X�dr�5\%X�[MjMw�kOd¢��[]�5n5kOd
((UN ,XN ) ,YN )

j5[]\-TSkOdrn5pW[M��d$RU¥
RW�`RA�$Y]���5c

(UN ,XN )
\`dF\5[<�`RAVG\-TWc$pWduRWRWdFÀ-�5dFn`YtpWTWVOd�kOkOd�X�d�\-T$L � [<�`RAn>[<�5y][<\`RAj5VGpmdFjMd�X%Yt\5VOw�pmdScuÀ-�5VGyZY]kGd$\<TmdÀ-��ª �5\�X�[MjMw�kOd�TmpWVOn5kOd�Tgd$RUT��5\�n5pm[1��d$RmRU�>RrX%Ytpmx][Zy1VGd$\�n`YtpWTWVOd�kOkOd�X�d�\-T �8[]�DVOX�n`YtpW�8YtVGTWd$X�d�\-T����r[]^>RUd$pWy<c�V@L d]L

VOk}d� MVlRqTmd��5\ n5pm[1��d$RmRU�>R�X�Y]pWx<[Zy1VGd$\
ZN

³ yZYtkOd��5p�R�j5Y]\`R��5\ d$RWn`Y<��d Z ��X#�5\5V�j�ª �5\`d_TWpmVG^5� B(Z)
��d�T

�5\5d¡��[]\`��TWVO[]\`R
ϕ
X�duRU�5p�Yt^`kGd�d�T�jMc�TWd�pmX�VG\`VORUTWd¡TWd�kOkOd$R¢À-�5d¡\5[]�`R¢[]^`RWd�pmy][<\`R ∀n, Yn = ϕ(Zn)

L&¤+d�X�[1j5w�kOd
TWpmVOn5kGd�T���[<pWpmd$RWn>[<\`j/Y]� �$Y]R�[�� \5[<�`R�n>[<�5y][<\`R#�8YtVOpWd_�5\`d_j5c$��[<X�n>[-RUVGTWVO[]\ �U�$YtpWTWcuRUVOd�\5\`d��!jMduR�ybY]pWVlYt^`kGduR
Zn = (Un, Xn, Yn)

d�TF[���kOY���[]\`��TWVO[]\
ϕ
��[]pmpWduRUn&[]\`j%³¡kOY¡n5pm[ )qd$��TWVO[]\

πY
RWd�kO[]\�klY¡j5d�pm\5VGw$pWdf��[1[]p�jM[<\5\5c�d<L

� []TWpmd¡[<^�)qd$��TWVG�Sd$RUTfj�ª d$RUTWVOX�d�pfkOY���[]\`��TWVO[]\ πX(Zn)
� [�� πX duRqTgklY�n5pm[ )qdu��TWVO[]\DRWd�kO[]\�kOY!jMd��M MVOw�X�d���[1[]pW¥

jM[<\5\5c�d<L<��\1y<d�p�RUd$X�d$\-T � �5\�n5pm[M��duRWRW�`R X%Y]pWx<[Zy-VOd�\ Zn ³�yZYtkOd��`pmR�j5Yt\>R Z TWd$kGkOdfÀ-�5d�\5[]�>RF\+ª [<^`RUd$pWy<[]\`RSÀ<�`d
ϕ(Zn)

� Yby<d$� ϕ : Z −→ Y �rRU�5p )qd$��TWVOy]d��¢n&d��5T "�TmpWd���[]\`RWVOj5c�pmc���[]X�X�d��5\ n5pW[M��d$RmRU�`RfTmpWVOn5kOd�TuL �1VS\`[]�`R
���5[<VORWVORmRW[]\`Rf�5\5d���[<\`��TmVG[<\

ϕ⊥ : Z −→ V �8RW�5p )qdu��TmVGy<d�� � TWd�kOkOd�À<�`d%kOYo��[<\`��TmVG[<\ z 7→ (ϕ(z), ϕ⊥(z))
�8jMd

Z −→ Y × V ��RW[]VGTe�5\5d%^5V )qd$��TWVO[]\���YtkO[]p�R Yn = ϕ(Zn)
RWd�p�Y��5\`d����>Yb� \5d%jMd%iDYtpmx][Zy � pWVOn5kOd�T$L#�MV \5[]�>Ry][<�5kO[]\`RrduRqTmVGX�d$p}�5\�n5pm[M��d$RmRW�`R

h(Zn)
� \5[<�`R}n&[<RW[]\>R Xn = h(Zn)

� d�TfYtkO[]p�R (ϕ⊥(Zn), Xn, Yn)
d$RUT¢�5\`d

���`YZ�l\5dejMd�i�Ytpmx][Zy3L
¤�duR�X�[MjMw$kGduRFTWpmVGn5kOd�T�R ��[<��X�[MjMw�kOd$R�X%Ytpmx][Zy1VOd�\`RSn`YtpWTWVOd�kOkOd�X�d�\-T�[]^`RWd�pmy]cuR � pmY<RWRWd�X#^5kGd$\-T�jMdgX¡�`k�TmVGn5kOd$R

d� 1Tmd�\`RWVG[<\`R�jMd$R�iDi�~�Y¡VG\-TWpm[MjM�5VGTmRFn>[<�5p�Y ��YtVO^5kGVOp�kGduRS�1a1n>[]TW�5wuRUduRFj5d$RFX�[MjMw$kGduRF��kOY<RWRWVlÀ<�`d$R �@iDi�~�Yt¥§¦�� ��L
¯}VO\`RWV � RWd�kO[]\ kOY jMc��`\5VGTWVO[]\ jM� n5pW[M��d$RmRU�`R�Y]�M MVGkOVOY]VGpmd UN

� \5[]�>R�RW[]X�X�d$R�d$\ X�d$RW�5pmdoj5dopmd�TmpW[<�5y]d$p�j5d
\5[<X¡^5pmd��M �X�[MjMw$kGduR�y1VlRWY]\<T�³_pmd�k5�]���5d$pekOY�RUTmYtTWVO[]\5\>YtpmV�Tmc ��klY_X�YtTWpmVO��d�jMd�TWp�Yt\>RUVGTWVO[]\ jM� n5pm[M��duRWRW�`R

XNc�y<[]kO�5d%d�\v��[<\`��TmVG[<\/jMd
Un

� {]{ � � � kOY_X%Y]pWx<[Zy-VlYt\`V�Tmc�jMd XN
�
Un

d$RUT¡kOd�TWd$X�n>R¡jMd�RWc�)q[<�5p¡j5Y]\`R����`Y<À-�5d
c�T�YZTed�Te\5d%RW�5VGT�n5kG�>Rg\5c$��d$RmRWY]VGpmd�X�d�\-Tf�5\5d�kG[<V±d� Mn&[]\5d$\<TmVGd$kGkOd �GN �<h � Ã<Ã � ©t«&� ��[]�vd�\>��[]pmd�k@ª VG\>jMc�n&d�\`j`Yt\`��d
��[<\`jMVGTWVO[]\5\`d�kOkGd �8kGd�n5pm[1��d$RmRU�>R

(YN ,UN )
duRqTS�`\5dg~�i�~�Yt¥§¦��:��[<\`jMVGTWVO[]\5\5d$kGkOd�X�d$\<T�³

XN
� �-h � ��L � \5d¢kOVlRqTmd

jMduR#jMV��3c�pmd�\-TWduR¡s<c�\5c$pmY]kGVlRWYtTWVO[]\`R¡jMd$R%~�i�~�YZ¥�¦��gd�T#kOd��`p#pmc�cu��pmV�Tm�5pWd!RU[<�`Re��[<pWX�d!j5d�X�[MjMw�kOd�TmpWVOn5kOd�T�d$RUT
�8YtVGTWd�j`Yt\`R �ON �]{��´L

� \%�$Y]R:n`Y]pUTmVO���5kGVOw�pmd�X�d$\<T±VO\-TWc�pmd$RmRmYt\-TBduRqTS��d�kO�5V5[���kOdrn5pm[M��d$RmRW�`R:Yt�M MVOkGVlYtVOpWd�duRqTS��[]\-TWVO\1� � ��Y]p ��d�klYgn&d�pW¥
X�d�T�jMd#��[]pmX¡�5kOd�pgjMduRgX�[MjMw$kGduRgRqT�YZTWVlRUTWVlÀ<�`d$Rg��[<X�n`kGd� 1duR¢d$\v��[]\`RWVljMc�p�Yt\-T�À-�5d%��d�RW[]\-Tgj5d$Rf[]^`RWd�pmyZYZTmVG[<\`R
n`Y]pUTmVGd$kGkOd$RrjMden`pW[M��duRWRW�`RrRWVGX�n5kOd$R$L5¯}VO\`RWV � RUV�kOd���[<�5n5kOd (Xn, Yn)n≥1

duRqT}�5\`d����`Yb� \5dejMd�iDY]pWx<[Zy � Y]kG[<pmR�kOd
n5pm[M��d$RmRW�`R

(Yn)n≥1
��[<\`jMVGTWVO[]\5\`d�kOkGd$X�d$\-Tf³

(Xn)n≥1
duRqTf�5\�n5pm[M��duRWRW�`R}X%Y]pWx<[Zy-VOd�\+L � \�X�[MjMw$kGd�RUVOX�n5kOd
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�"��� � � ��	������
� � ���F������� � �<�
jMd�n5pm[M��d$RmRW�`RfX�Y]pWx<[Zy1VGd$\�d$RUTgkOd�n5pm[1��d$RmRU�>RfY]�MTW[<pWc$s]pmd$RmRUVG� kOVG\5cuYtVOpWd�j�ª []p�jMpmd�N%À-�5d�\5[]�`Rfn&[]�5y<[]\`Rfcu��pmVGpmd
Yn+1 = a(Xn)Yn + σ(Xn)εn

��[]\>jMV�TmVG[<\5\5d$kGkOd�X�d�\-Tr³
XN

� (εn)n
c�TmYt\-T��5\�^`pW�5VGTr^5klYt\`��VG\>jMc�n&d�\`j`Yt\-T�j5d

(Xn)n≥1
� jMd}yZY]pWVlYt\`��d 1

L � []�`R±n&[]�`y][]\>R � Yt�`\%j�ª YtX�c�kOVG[<pWd$p±kGdrX�[MjMw$kGd � �MTmVGkOVORWd�pFjMd$R±X�[MjMw$kGduR ¯�� j�ª []p�jMpmd
p � À-�5df\5[]�>RSn&[]�5y<[]\`RSTW[<� )q[]�`pmRFc$��pWVOpWdfRU[<�`RS��[]pmX�dfX%YZTmpWVl��VOd�kOkGd Y̌n+1 = a(Xn)Y̌n + σ(Xn)εn

�8kGduR�[]^`RWd�pW¥
yZYZTmVG[<\`RFÀ-�5d¢\5[]�`R���[<\`RWVOjMc$pW[<\`R RW[]\-T�Y]kG[<pmR kGduRSy<d$��Tmd��5p�R

(Y̌n)n≥1
� d�T a(Xn)

d�T
σ(Xn)

RU[<\-TFjMd$RFX%YZTmpWVl��duR
jMc$n>d$\`j5Yt\-Tmd$R�jMd$R�c�TmYtTmR ��L`~Fd�n&d�\`j`Yt\-TrkOY#X�[1j5c�kOVORmYZTmVG[<\!Yt�5TW[t¥§pmc�s]pmd$RmRWVGy<drn>d$�MT}R�ª Yby]c$pWd$pSVO\`RU� �%RmYt\-Tmd�n&[]�5p
jMcu��pmVGpmdgkOY�pmVO���5duRWRWdgjM�_n5pW[M��d$RmRU�`R�d�T}\5[]�`R�n&[]�`y][]\>Rr��[]\>RUVljMc�pmd�p�À-��ª VGk�duRqT}n`kG�MT��tT¢jMdfTqa1n&d�¯��}iD¯ � V´L d<L

∀n, Yn −
p∑

k=1

ak(Xn)Yn−K = εn −
q∑

l=1

bl(Xn)εn−l
� �ML �t� �

Yby]du�
(εn)n∈ �

^5pW�`V�T�^`kOY]\`�tL ��p � Tm[]�MTDn5pm[M��duRWRW�`R�¯��¢iD¯ÁY<jMX�d�T�YtkO[]p�R_�5\5dHpWd$n5pWcuRUd$\-TmYZTmVG[<\ �Ud$RWn`Y]��d
j�ª c�T�YZTmR
� �





Ǔn+1,p = A(Xn)Ǔn,p + C(Xn)εn+1

Yn = B(Xn)Ǔn,p

� �ML �Z« �

Yby]du�
Ǔn,p = (Un . . . Un−p)

L1¯}VO\`RWV&RWV
Y
��[]\`jMVGTWVO[]\`\5d�kOkGd$X�d�\-T�³

X
d$RUTS�5\�n`pW[M��duRWRW�`R ¯��}iD¯ �8jMdfjMd�s<pWc$R

p � q ��[<\`RqT�Yt\-TmR � � Y]kG[<pmRg�]ª duRqT�Yt�>RWRWV±�5\ n5pm[1��d$RmRU�>R¢TmpWVOn5kOd�T�d$\ ��[]\`RWVljMc�p�Yt\-TgkGd�n5pm[M��d$RmRW�`R U
RqT�YZTmVG[<\5\`YtVOpmd

y]c$pWVG�>Y]\<T}klY�pmd�n5pmc$RWd�\-TmYtTWVO[]\ � �5L �t« ��L&¤�den5pm[M��duRWRW�`R
U
d$RUT¢�5\DX�[Za]d$\oj5d�yZYtpmVGd$p}d�T�j�ª Y]�5s]X�d�\-Tmd�p}klY���[<X�¥

n5kOd� MVGTWc}jMduR X�[MjMw�kOd$R±�5TWVOkGVlRUc$d$R±n&[]�`pSjMc$��pWVOpmd�klYejMa1\`Y]X�VlÀ-�5d}jMd
Y
��[<\`jMVGTWVO[]\5\5d$kGkOd�X�d$\<TS³

X
�tk@ª �MTmVGkOVORmYZTmVG[<\

jMdeX�[MjMw�kOdeiDi�~�Y�n5kO�`R�s<c�\5c$pmY]�M  ��\5[<\M¥§kGVO\5c$Y]VGpmd$R ��À-�5d�� �ML �Z« �Fd$RUTrj5[]\`�gd$\-y1VlRWY]s]duYt^5kOd��




Ǔn+1,p = f(Ǔn,p, εn+1, A(Xn))

Yn = h(Ǔn,p, ζn, B(Xn))

� �ML �]� �

Yby]du�
A,B

jMduRrn`Ytp�YtX�w�TWpmd$R�jMc�n&d�\`j`Yt\-T¢jMd$R�c�TmYtTmR}�$Y]���5c$d$R
X � d�T (ζn)

�5\o^5pW�`V�T}^5klYt\>�g\5[]pmX%YtkOVORWc]L
¤�duRSX�[MjMw$kGduR TmpWVOn5kOd�TmRFn&d�pmX�d�TUTmd�\-T�Y]�`RmRUV&�5\5d�X�[MjMc$kGVlRmYZTWVO[]\�n5kG�>RFpmc$Y]kGVlRUTWd¢jM�oRUVOs]\>Ytk`p�Y]j`Ytp � n5pmc$RWd�\-TWc$d

j5Y]\`R%� �<h � �t{ �§L � []�>R¡RmYby][]\>ReÀ<�`d�kOY��8YtX�VGkOkOd�jMd$R¡y]du��TWd$�5p�R�YtkOc$YtTW[]VOpmd$R�RWn5�5c$pWVlÀ-�5d�X�d�\-T�VO\1ybY]pWVlYt\-T�R ��y<[]VOpRWd$��TmVG[<\�«`L �MLON��BjM[]\`\5dr�5\5d}X�[MjMc$kGVlRWYtTWVO[]\�jMd$R TWp�YtVO\`R±j�ª []\`j5drd�\�Y]�$��[<pmj#Yby]d$��kOd$R j5[]\5\5c$d$R � «]«&�´L<��k5d$RUTSjM[]\>�
RW[]�5�`Y]V�T�Yt^5kOd%À-��ª �`\ X�[MjMw$kGd%X%Y]pWx<[Zy-VOd�\�n>[<�5p�klY�RUd$s]X�d�\-T�YZTWVO[]\ jMd�RWVGs<\`Yt�5 �RU[<V�T�d$\ Y]����[]p�j�Yby<d$����d�TUTmd
n5pm[]n5pmVOc�TWc<L �1[]VGT

(XN ,YN )
kOdgn5pW[M��d$RmRU�`R#)q[]VO\-T � Tmd�k�À-�5dgkGduR�[]^`RWd�pmyZYZTWVO[]\>RFRW[]VOd�\-TrjMd$R�y]du��Tmd��5p�R�YtkOc$YZTm[]VOpWduR

RWn5�5c�pmVlÀ<�`d�X�d�\-TFVO\1yZYtpmVOY]\<T�R j�ª c�X�VlRWRWVG[<\�jMd�X�[Za<d�\5\`d}\1�5kGkOd]L � []�`R�RWYby<[]\`RSÀ<�+ª VOk>d� MVORUTWdfYtkO[]p�R±�5\�TmpW[<VORWVOw�X�dn5pm[M��d$RmRW�`R
UN

� Ytn`n>d$kGcgTmd� 1TW�5pmd � Tmd�k+À-�5d

∀n ≤ N, Yn = U1/2
n εn

� �ML �tÃ �
Yby]du�

εn ∼ N(0,Σxn)
�8kGd�RWn>du��x1kGd�� � d�T Un jMd�jMd$\`RUVGTWc g(u, θxn)

L��MVS\5[<�`ReRU�`n5n>[-RU[<\`R�À-�5d%kOd$R���[]�5n`kGduR
(Un, εn)n

RU[<\<T�VG\`j5c�n&d�\`j5Y]\-TmRfkGduR}�5\>Rfj5d$RfYt�MTmpWduR¢��[<\`jMVGTWVO[]\5\`d�kOkGd$X�d$\-Tf³
X � d�TgÀ-�5d X

duRqTfX�Y]pWx<[Zy1VGd$\ �
YtkO[]p�R

(X,Y)
d$RUT��5\5d�~�i�~�YZ¥�¦���LF~Fd�n&d�\`j`Yt\-T � \5[<�`R%RmYby][]\>R�À-�5d_kOd$R���[<�5VGkOkOVOR%p�Y]j`Ytp ��V´L d<L kGduR%RUVOs]\>Yt�M 

pmc��`cu���5VGduR�n`YtprkOd$R}[]^`RUTmY<��kOd$R�\`YtTW�5pmd�kOkGduR ��RW[]\-T}��[<pWpmc�kOc$RrRWn`YtTWVlYtkOd�X�d�\-T���X "�X�d�d$\_d�\1y1VGpm[]\5\`d�X�d�\-Tr�5[]X�[]¥
s]w$\5d�� � d�T�À-�5d���d�TUTmd�jMc$n>d$\`j5Yt\>��d�duRqT�jM�5d!Y]� n5pm[1��d$RmRU�>RejMd�Tmd� 1TW�5pmd]L &:[]�5p#X�[MjMc$kGVlRWd�p¡��d�TUTmd!jMd$pW\`VGw$pWd �
\5[<�`RF�8YtVlRU[<\`RSk´ª �-a1n&[tTm�5w$RWdfÀ-�5d

U
d$RUT��5\5dg���`Yb� \5dgjMdfi�Ytpmx][Zy���[]\>jMV�TmVG[<\5\5d$kGkOd�X�d�\-Tr³

X
���`\5dg�-a1n&[tTm�5w$RWd

jMd}iDY]pWx<[Zy1VOY]\5V�Tmc�RWVOX�VOklYtVOpWd}YejMc )U³gc�Tmc}n5pm[]n&[<RWc�n&[]�`p kOYeRWVOX¡�5klYZTmVG[<\�j�ª �5\5d}TWd� 1Tm�5pWd}��[]pmpWc$kGc$drYby]d$��X%Ytpms]duR
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s<Y]X�X�Y#j5Yt\>R �ON$­]«!� � []��d$\`��[<pWdfj5Yt\>R �ONu�]� � ��LM¯}VO\`RWV � klY�Tmd� 1TW�`pWdg\�ª d$RUT�n>Y]R�[]^`RWd�pmyZYt^5kOd�j5VGpmd$��TWd�X�d$\<T � X%YtVlR
k´ª duRqT}n`Y]p�kGde^5VlYtVlRrjMdeklY#TWp�Yt\`RU��[]pmX%YZTWVO[]\ � �5L �]Ã ��L
¤ ª Y )q[<�MT�jMd�kOY�j5c�n&d�\`j5Y]\`��d�j`Yt\`RgklY!TWd� 1Tm�5pWd���[]X�n5kOVOÀ-�5d�kOd$Ren`pW[M��cujM�5pmd$RgjMd�RWd�s<X�d$\-TmYZTmVG[<\�d�T¡j�ª d$RU¥

TWVOX%YZTmVG[<\ � d$\ pmY]VORW[]\ jMdoRU[<\/��Y]pmY<��TWw$pWd%��[]\-TWVO\1��L+P \ d �3d�T � VOkF\+ª duRqT¡n>Y]R�n&[<RmRWVG^5kOd �8�5[]pmX�VOR#j5Yt\`R¡kGdo��Y<R
s<Y]�`RmRUVOd�\ �AjMd���Y]kO���5kGd$p±Yt\`Y]kGa-TWVlÀ-�5d�X�d$\<T:kOd$RBn5pm[]^`Y]^5VGkOVGTWc$RBYbyZYt\-T:d�T YtpmpWVOw�pmdSjMd

(xn, un)
Lti�YtkOs]pmc���d�klY � \5[]�>R

Yby][<\`RrX�[]\-TmpWc¡j`Yt\`R � �-h �Bs<pD�<��d�³��5\�YtkOs][<pWVGTW�`X�den`pW[<n>[-RUc�n>Ytp�&:d$pWd ��d�Tf°±d�pmX�Y<Ytx �GN �t­ � � d�T�n`Y]p¢�5\�YtkG¥
s][<pWVGTW�`X�dgj�ª c$���`Y]\-TWVOkGkO[]\5\>Yts]d�i�[]\-TWd�¥q~�Y]pWkO[#RWc$À-�5d$\-TWVOd�k�À-�5d�\`[]�`R�n&[]�5y<[]\`R���Y]kO���5kOd�p��5\5deYtn5n`pW[b MVOX�YtTWVO[]\
jMduRgn5pW[<^`Yt^`VGkOV�Tmc$RgYbyZYt\-T

αn(x, u)
d�T�Y]pWpmVGw$pWd

βn(x, u)
d�T¡j5[]\`��jMd�klYoj5d�\`RWV�Tmc�jMd�kGVlRmRWY]s]d

p(xn|yN )
L+��d

n5kO�`R � ��d$R�X�[MjMw$kGduRrRU[<\<T�n5kO�`R��>jMw$kGduRr³¡klY�pWcuYtkOV�Tmc � ��deÀ-�5V�n&d�pmX�d�T¢j�ª c�yZYtkO�5d$p�kOd$R�VOX�n`Y]��TmRrjMdgklY¡\`[]\M¥§n5pmVORWd
d�\���[]X�nMTWdejMdeklY���[<pWpmc�klYZTmVG[<\!j5Y]\`R�kGduR�TWp�YtVGTWd$X�d$\-TmR � �t{ �§L
¤�duR%jMd��5  d� Md$X�n`kGduR�n5pWcu��cujMd�\-TmR�X�[<\<TmpWd$\-T%À-�5d�kOd$R�X�[MjMw$kGduR�TWpmVGn`kGd�TmR%n&d�pmX�d�TUTmd�\-T!jMd�jMcu��pmVGpmd�jMd$R

RWV�Tm�`YZTmVG[<\`R¡��[]X�n5kOd� Md$R � Tm[]�MT�d�\/��[<\`RWd�pmybY]\-T�k@ª d� MVlRqTmd�\`��d!jMd�n`pW[M��cujM�5pmd$R¡pWcu���5p�RUVOy]duRgn>[<�5p¡kOd!�$Ytkl���5k�jMd$R
n5pm[]^`Y]^5VOkGVGTWcuR�Y�n&[<RUTWd$pWVO[]pmV@L1¤+Y�pmd$���5d$pm���`d�jMdgX�[MjMw�kOd$R�d$\`��[<pWdfn5kO�`R�s]c$\5c�p�Yt�M �n&[<RmRWc$j5Y]\<Tr��d�TUTmdfn`pW[<n5pWVOc�Tmc
Y���[]\`jM�`V�TF³�k@ª VG\-TmpW[MjM�`��TWVO[]\�jMduRSX�[MjMw$kGduR n`Y]pUTmVGd$kGkOd�X�d�\-TSX%Y]pWx<[Zy-VOd�\>R � n&[]�5pFkGduRWÀ-�5d$kGkOd$RSkOY�RWd��`kGd}n`pW[<n5pWVOc�Tmc
pmd$À-�5VlRUdgd$RUTrkOY�X%Ytpmx][Zy1VlYt\5VGTWcgY�n>[-RqTmd�pmVG[<pWV�jM�_n5pm[M��duRWRW�`R���Y<���5c � �ON �]Ã��´L

& kO�`Rrs<c�\5c$pmY]kGd$X�d$\-T � kOY#Tm�5c�[<pWVOdejMd$R�X�[MjMw�kOd$R�s<pmY]n5�5VlÀ-�5d$R���y<[]VOpr¤+Yt�`pWVGT��$d�\��GNu­]­ � ��X�[]\-TWpmdfÀ-�5deklY���Yt¥
n`Y<��VGTWc}³e��Y]kO���5kOd�p kOd$R±n`pW[<^`Yt^5VOkOV�Tmc$R±j�ª VG\-Tmc�p "�TFjMdrkO[]VlR±X#�5k�TmVGyZY]pWVOc�duR RUn&c$��V��>c�d$R n`YtpSj5d$R±kO[]VlR ��[<\`jMVGTWVO[]\5\`d�kOkGduR
TWVOd�\-T}Yt�!�8YtVGT}À-��ª VOk�RW[]VGT�n&[<RmRWVG^5kOdgjMdf�8Y]��Tm[]pmVORWd�p�klY¡n`pW[<^`Yt^5VOkOV�Tmc�)q[<VG\-TWdejMdgyZYtpmVlYt^5kOd$R�[]^>RUd$pWy<c�d$RF[]�o��Y<���5c�duR
RWd�kO[]\��5\%s]p�Ytn5�`d]LZ��k5duRqTSY]kG[<pmR:n&[<RmRUVO^5kOdrj5Yt\`RS��d�pWTmY]VG\>R±��Y]R��8kG[<pmRmÀ-�5drkOdrs]p�Ytn5�5d�\5d}n&[<RmRWw$jMd�n`Y<R jMdr^&[]�`��kGd��
j�ª c�Tmd�\`jMpmd�kGduR¢pmc$���5pmRWVO[]\`R�YbybY]\-TU¥�YtpmpWVOw�pmdgn>[<�5p�d �&du��Tm�5d�pfkOY!X%Ytpms]VO\`YtkOVlRWYtTWVO[]\ ��V´L d<L3kGd���Y]kO���5kBj5d$RfjMd�\`RWVGTWc$R
X%Ytpms]VO\`YtkOd$RAj�ª VG\-TWc$p�"�T � �Z�tª d$RUT±k@ª YtkOs][<pWVGTW�5X�d�jMdFn`pW[<n`Yts-YZTWVO[]\�j5d$R:��pm[Za<Y]\`��duR+jMd &:d$Ytpmk ��, �;
 ¼ �1\ � �W· �`º;:-ºZ¶´¼8· 
 �
À-�5VBn>d$pWX�d�TgjMd#�$Ytkl���5kOd�p�d� 5Y]��TWd$X�d$\-T¢kGduR¢n`pW[<^`Yt^5VOkOV�Tmc$R}Y�n>[-RqTmd�pmVG[<pWV´L&~Fd�TgYtkOs][<pWVGTW�5X�d¡Y�c�TWc#c�Tmd�\`jM�vYt�M 
s]p�Ytn`�5d$R¢n>[-RWRWc$j5Y]\-TfjMduR�^&[]�>��kOd$RfRU[<�`R¢kOd�\5[]X jMdP
G·u· ��49, �;
 ¼ �1\ � �W· �`·�:-ºZ¶´¼8· 
 � d�Tgn&d�pmX�d�Tgj5d�jM[<\5\5d$p��5\`d
d$RUTWVOX%YZTmVG[<\�jMd$RSn5pW[<^`Yt^`VGkOV�Tmc$R±pmd$���`d�p����5c�duR:d�\%VGTWc�p�Yt\-TSkOd}n5pm[M��duRWRW�`R jMd¢n5pW[<n`Yts-YZTmVG[<\�)q�`RmÀ-��ª ³���[<\-y<d�pms]d$\`��d
�ONu�]� �´L`¤AY���[<X�n5pWc$�5d�\>RUVO[]\_jM�DRW�`����w$Rrd$\�n5pmYtTWVlÀ-�5d�jMd���d�T�YtkOs][<pWVGTW�`X�dgduRqT¢kOd¡RW� )qd�TfY]��Tm�5d�kAjMd�\5[<X¡^5pmd��M 
jMc$y]d�kO[]n`n>d$X�d$\-TmR � �GNb�<h � { ���´L
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� [<�`ReYby][<\`Rfn5pmc$RWd�\-TWc%j5Y]\`ReklY!n>YtpWTWVOd%n5pWcu��cujMd�\-TWd�kOd$Repmw�s<kGduRgjMd�jMc$��VORWVO[]\ À-�5d�\5[]�`R��MTWVOkGVlRW[]\`Rgn&[]�5pRWd�s]X�d$\<Tmd�p��5\5dgVOX%Yts]df[]�!�5\_RUVOs]\`Y]k@L`~Fd$kGkOd$RU¥§��V�RU[<\-T�^`Y<RUc$d$R�RW�5p��5\5dgX�[1j5c�kOVORmYZTmVG[<\�n5pm[]^`Y]^5VOkGVlRqTmdfj5d$R�[]^5¥
RWd�pmybYtTWVO[]\`R¢d�TgjMd$R�c�T�YZTmRf��Y<���5c$R¢d�Tg�MTWVOkOVORWd�\-T�klY�kO[]V:jMd

XN
��[<\`jMVGTWVO[]\5\5d$kGkOd�X�d$\<TgYt�M _[]^>RUd$pWyZYZTmVG[<\`R

YN
L

�fYt\`RFkGdf��Y<jMpWd}j`Yt\`RFkGduÀ-�5d�k>\5[]�`RSTWp�YbyZYtVOkGkO[]\>R � kOd$R�jMd$\`RUVGTWcuRSY¡n>[-RqTmd�pmVG[<pWV p (x |y )
RW[]\-TSVO\`��[<\5\1�5d$RSd�T�\5[]�`R

jMd$y][]\>RFj�ª Yt^&[]p�j�kOd$R�duRqTmVGX�d$p�YbyZY]\<T�jMdgn>[<�5y][<VGp�RWd�s]X�d$\<Tmd�p��5\5dgRWc�pmVGdgj�ª []^`RWd�pmyZYZTWVO[]\>R
y
L�&:[<�5pr��d�TWTWdgp�YtVG¥

RW[]\ � \`[]�`Rf�8Y]VORW[]\`Rgk´ª �-a1n&[tTm�5w$RWd�À-�5d%kGd%n`pW[M��duRWRW�`R YN
��[<�

ZN
�fd$RUT¡RqT�YZTmVG[<\5\`YtVOpmd � d�T¡À-�5d%kOd$R¡jMd�\`RWVGTWc$R

p (y1, y2 |x1, x2 )
d�T
p (x1, x2)

Ytn`n`YtpWTWVOd�\5\`d�\-Tf³!jMd$RfX�[MjMw�kOd$R�n`Ytp�YtX�c�TWpmVOÀ-�5duR�L>��kBduRqTeYtkO[]p�R}n&[<RmRWVG^5kOd � d�T
�tª d$RUTSkOd}^5�MT�jMd¢��d�TUTmd¢n`Y]pUTmVGd � j�ª d$RUTWVOX�d$pF��d$R±n`Y]pmY]X�w�TWpmd$R±³�n`YtpWTWVOpSjMduR RUd$�5kOd$R [<^`RWd�pmybYtTWVO[]\`R y d�TFjMd���Ytkl���5¥kOd�p¢�`\Dd$RUTWVOX%YZTWd$�5p ��
 + : ��¼�
 �8n`Ytp�VG\ )qd$��TmVG[<\ ��jMd$R¢n5pW[<^`Yt^`VGkOV�Tmc$R�Y%n>[-RqTmd�pmVG[<pWVBj�ª Ytn5n`Y]pUTmd�\`Y]\`��d�Y]�M ���klY]RmRUduR
p̂(xn |y )

d$\v�5TWVOkGVlRWY]\-T#��duRed$RUTWVOX%YZTWVO[]\>R�jMd$R�n`Ytp�YtX�w�TmpWduR�L�¤AY�RUd$s]X�d�\-TmYtTWVO[]\vpWcuYtkOVORWc�d%Yby<d$��kGduRen5pm[]^`Y]^5VG¥
kOV�Tmc$R

(p̂(xn |y ))1≤n≤N
d$RUT�Ytn`n>d$kGc$d¡RUd$s]X�d�\-T�YZTWVO[]\o\5[<\M¥§RW�5n&d�pmy1VORWc�d � n`Ytp¢[]n5n&[<RWV�TmVG[<\�³%kOY%RWd�s<X�d�\-TmYtTWVO[]\

RW�5n>d$pWy1VlRUc$dgd �3d$��Tm�5c�d�Yby<d$��kGduR�y1pmY]VOR�n5pm[]^`Y]^5VOkGVGTWcuR�L
��kSn&d��5T�n`Y]pmYZ�OTmpWd�j5c�TW[<�5pm\5c�j5Y]\`R�kOd���Y<jMpmd�jMd�klYDRWd�s<X�d$\-TmYZTmVG[<\ j�ª �`\5d�VOX%Yts]d � j�ª d$RUTWVOX�d�p#kGduR¡n`Y]pmYt¥

X�w�TmpWduR jMd$R kG[<VOR j�ª c$X�VlRmRUVO[]\ � YtkO[]p�R±À<�`d}\5[]�>R±y][<�5kG[<\`R±RWVGX�n5kOd�X�d�\-TFYby<[]VOp:�5\%d$RUTWVOX%YZTWd$�5pSjMduR±n5pm[]^`Y]^5VOkGVGTWcuR
Y n&[<RUTWd�pmVO[]pmV@LF~Fd�TUTWd�Ytn5n5pm[M���5d�d$RUT�X�[tTmVGy<c�d�n`Y]p�kOY n&[<RmRWVG^5VOkOV�Tmc�j�ª �MTWVOkGVlRWd�p�kOd$R�\5[]X#^5pWd$�M H[<�MTWVOkOR!jMd�klY
RUTmYZTmVORUTWVlÀ-�5dfn`Ytp�YtX�c�TmpWVlÀ-�5d � d�T}jMdf^>c$\5c��&��VOd�prjMdfpWcuRU�5kGTmYtTmRSTW�5c$[]pmVOÀ-�5duRSn`�5VORmRmYt\-TmR ��n&[]�5p�k´ª duRqTmVGX%YtTWVO[]\ � \5[]¥
TmY]X�X�d$\-T�Y]� RW� )qd�T�jM� X�Yt MVGX#�5X jMdoy-p�YtVlRWd�X¡^`kOY]\`��d�� � «1���§L �¢don5kO�`R � klY�X�[MjMc$kGVlRWYtTWVO[]\ n`Ytp�YtX�c�TmpWVlÀ-�5d
jM[<\5\5d¡jMduR¢pmc$RW�5X�c$R¢��[]X�n`Y<��T�R¢jMduR¢��klY]RmRWd$R � n>d$pWX�d�TUTmY]\-TfjMd�kOd$R���Y]pmY<��TWc$pWVlRWd�puL>~Fd�n&d�\`j5Y]\-T � kGduR}pmc$RW�5k�T�YZT�R
jMduR%n5pm[1��c$jM�`pWduR%j�ª duRqTmVGX%YtTWVO[]\ RU[<\-T�³ X�Y]\5VOn5�5kOd�p�Yby<d$�on5pmc$��Y]�MTWVO[]\ � n`Ytp���d�À-�5dDk´ª duRqTmVGX%YtTWVO[]\ ��[<pWpmd$��TWd
jMduR¢n`Y]pmY]X�w�TWpmd$R¢\�ª Y]RmRU�5pmd�\-T¢n>Y]R¢��[]p���c�X�d$\<Tf�5\5d�d$RUTWVOX%YZTWVO[]\���[]pmpmd$��Tmd¡jMduR¢n5pm[]^>Yt^5VOkGVGTWcuR�Y�n>[-RqTmd�pmVG[<pWV´L`��k
d$RUT%jMV ����VGkOd�jMd!pmd�kOVOd�p�kOYvÀ-�`YtkOV�Tmc!d�T%kOY�yZYtpmVOY]^5VGkOVGTWc!j5d$R�d$RUTWVOX%YZTWd$�5p�R�j5d$R�n`Ytp�YtX�w�TWpmd$R�jMd$R�kO[]VlR#j�ª c�X�VlRq¥
RWVG[<\ � ³���d�kOkGduR}jMd$R¢d$RUTWVOX%YZTWd$�5p�R p̂(xn |y )

d�TfjMd$Rrpmw�s<kGduR}jMd¡RWd�s<X�d�\-TmYtTWVO[]\_À<�`V+kOd��5p¢RW[]\-T�Y<RWRW[M��VOc�duR�L�&:[]�`p
��d�TUTmd#p�YtVlRU[<\ � \5[]�`R�\5[<�`R¢VO\-TWc$pWduRWRWd�pm[]\`R�j5Yt\>R¢kOd$Rg���`Y]n5V�TmpWduR�RW�5VOyZYt\-TmR � ³�k@ª c$�$YtpWTfd$\-TWpmd�TmY]�M Dj�ª d�pmpWd$�5p�d$\
RWd�s]X�d$\<T�YZTmVG[<\!RW�5n>d$pWy1VlRUc$dgd�T}\5[<\M¥§RW�5n&d�pmy1VORWc�d<L

�1V>\5[]�`RSpWd$y]d$\5[]\`R±Y]�%n5pm[]^5kOw�X�d¢RUTmYtTWVlRqTmVOÀ-�5d¢j5d}k@ª d$RUTWVOX%YZTmVG[<\�j�ª �`\5dg~�i�~�Yt¥§¦�� ��[<��jMd¢X%Yt\`VGw$pWdrs<c�\5c�¥
p�YtkOd�j�ª �`\5d�~�i�~F[ � � ��d�kO�5V�¥���VBRU[<pUT}jM�D�$Y]jMpmd���klY]RmRWVOÀ-�5dejMd�k´ª d$RUTWVOX�YtTWVO[]\_n`Y]pmY]X�c�TWpmVOÀ-�5d � d�T¢R$ª VG\`Rm��pmVGT�j5Yt\>R
klY�n5pm[]^`kGc$X�YtTWVlÀ-�5d#jMd�k´ª duRqTmVGX%YtTWVO[]\�j5d$RfX�[1j5w�kOd$Rg³�jM[<\5\5c$d$RfX%Yt\`À-�`Y]\<Tmd$R ��[<�v³�ybY]pWVlYt^`kGd�kOYtTWd$\<Tmd�� � À-�5V
\�ª d$RUT�n`Y]ReRmYt\>Rgn>[-RUd$p�jMd$Ren`pW[<^5kGw$X�d$RfTW�`c�[]pmVlÀ<�`d$Rgd�T�n`pmYtTWVlÀ<�`d$RgVOX�n&[]pWTmY]\-TmR$L#�1VSjMd$n5�5VlRekGduRfTWp�YbyZYt�M �j5d

�-�
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¦�Yt�5X�d�T�&Bd�TWpmVGd��ON$� � � kOY#X�c�Tm�5[MjMdejM�!X%Yt 1VOX¡�`X jMdgy-p�YtVlRWd�X¡^`kOY]\`��d�d$RUT�klYtpms]d$X�d$\-TF�MTmVGkOVORWc�dgn&[]�5p�k´ª duRqTmV�¥
X%YZTmVG[<\!jMduRS\5[<X¡^5pmd��5 �X�[MjMw$kGduRFjMdgiDY]pWx<[Zy��$Y]���5cuR n5pm[]n&[<RWc$R�jMd�n`�5VOR�kOd$R�Yt\5\`c�d$R�Ã]­ � � ��d�\�ª d$RUT�À-��ª Y]RmRUd �
pmc$��d$X�X�d$\-T¢À<�+ª [<\<T}c�TWceX�[]\-TmpWc$d$R�kOd$R}^&[]\`\5d$Rrn`pW[<n5pWVOc�Tmc$RrjMd���d�T¢duRqTmVGX%YtTWd��`p}j5Yt\`R}�5\D��[<\<Tmd� 1TWdes<c�\5c$pmY]k
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RW[]�5y<d�\-T¡\5cu��d$RmRmYtVOpWd�n&[]�`p¡kOd!n5p�YZTmVO��VGd$\/j�ª Yby][]VOp�pmd$��[]�5p�R¡³�jMd$R�RUVOX¡�`kOYtTWVO[]\`R¡n>[<�5p�R$ª Y]RmRU�5pmd�p¡d�\HjMd$pW\`VGd$p
kOVGd$�ojMdgklY#�>Yt^5VOkOV�Tmcfd�T}jMdgk@ª VG\-Tmc�p "�T}jMd$R�n`pW[M��cujM�5pmd$R�n5pm[]n&[<RWc�duR�L &:[]�5pr��d�TUTmdepmY]VORW[]\ � k´ª c�TW�`jMd�j5dfklY�À<�>YtkOV�Tmc
jMduRgd$RUTWVOX�YtTWd$�5pmRfduRqT���[<X�n5kGc�TWc$d#n`Y]pg�5\5d�c�Tm�`jMd�jMd�klY�yZYtpmVlYt^5VOkGVGTWc�jMduRfTmYt�5 �j�ª d�pmpWd$�5p�d$\vRWd�s<X�d�\-TmYtTWVO[]\
\5[<\M¥§RW�5n&d�pmy1VORWc�d<L
� [<�`RfjMc$��pWVOy][<\`RrTm[]�MTgj�ª Y]^>[<pmjDkOY!RqTmpW�`��TW�5pmd¡s<c�\5c$pmY]kGd#jM��X�[MjMw�kOd¡n>Ytp�YtX�c�TmpWVlÀ-�5d¡jMd�~�i�~�YZ¥�¦��rÀ<�`d\5[<�`R+�5TWVOkGVlRU[<\`R:j5Yt\>R+kOd$R:Ytn`n5kGVl��YtTWVO[]\`R ��y<[]VOp:~F�`Y]n5VGTWpmd�� ��d�T:\5[<�`R:��[]X�X�d�\-Tm[]\`RAkGduR+�1a1n&[tTW�`w$RWd$RBjMd�¤+d�pm[]�M 

À-�5V s-Ytp�Yt\-TWVlRWRWd�\-TgkOY_��[]\`RWVORUTmY]\`��d%jMd%k´ª PSi�° n&[]�5p#��d�Tqa1n>d�j5d%X�[MjMw$kGd<L+�fYt\`Re�`\ RWd$��[]\`j�TWd$X�n`R � \5[]�>R
jMcu��pmVGy<[]\`RSkGdf��Y]RSn`YtpWTWVl���`kGVOd�p�jMdg~�iv~�Y�n&[]�5p�kGduÀ-�5d�k3�¢[<�`�}d�T�Y]k>[<\-TFX�[]\-TWpmc}klY¡��[]\1y]d$pWs<d�\`��d}jMd¢k´ª PFi�°¡L

�	# " #%$ � 
 � ��� ����
 � � � �������

¤�d�n5pW[M��d$RmRU�`R���Y]���`c
X = (Xn)n≥1

d$RUT��5\5dv���`Yb� \5d�j5d�iDYtpmx][Zy RqT�YZTWVO[]\`\`YtVOpWd � jM[<\<TokOY/X�YtTWpmVO��d
jMd�TWp�Yt\`RWV�TmVG[<\ d$RUT#\5[]TWc$d

A
L � []�`R#RU�5n`n>[-RU[<\`R¡À-��ª d�kOkGdoY]jMX�d�T#�5\5do�5\5VlÀ-�5d�kO[]V�RUTmYZTmVG[<\5\`Y]VGpmd π ∈ S [��

S =
{

(πi)1≤i≤K ∈ � K ∣∣∣∑K
i=1 πi = 1, 0 ≤ πi ≤ 1

} L
¤�d�n5pm[M��duRWRmRU�>Rfj5d$Re[<^`RUd$pWyZYtTWVO[]\`Rfd$RUTe\5[tTmc

Y = (Yn)n≥1
d�T�\5[]�>R�RU�`n5n>[-RU[<\`RgÀ-�5d����`Y]À-�5d%jMd$\`RWV�Tmc

p(y1 |x1 = k )
Y]n5n`YtpWTWVOd�\-T!³/�5\ X�[MjMw�kOdDn`Y]pmY]X�c�TWpmVOÀ-�5d {f(y, θk), θk ∈ Θk} , k = 1..K

L�¤�dDX�[MjMw$kGd
~�i�~�Yt¥§¦���d$RUT�n`Ytp�YtX�c�TWpmc�n`Ytp�kOd�y<d$��TWd��`p�jMdDn`Y]pmY]X�w�TWpmd$R

φ = (A, θ = (θk)1≤k≤K)
Ytn5n>YtpWTWd�\>Yt\-T�³

k´ª duRUn`Y<��d
Φ = SK×Θ1×· · ·×ΘK

L � []�`RARU�5n`n>[-RU[<\`R�À-�5d kOd$R+d$RWn`Y]��d$R Θk
RW[]\-T+jMduR�n`Y]pUTmVGduR+jMd�� dk , dk ≥ 1

L
�fYt\`R�klY¡À-�`Y]RWVG¥@Tm[tTmY]kGVGTWcfjMd$R�Ytn`n5kGVl��YtTWVO[]\`RSTWp�YtVGTWc$d$RFn`Ytp�klY#RW�5VGTWd � Tm[]�MTmd$RFkGduRFkO[]VlR�Ytn5n`Y]pUTmVGd$\5\5d$\<T�Yt�!X�"$X�d
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X�[MjMw�kOd�RqT�YZTmVORUTWVlÀ-�5dgVG\`j5d� Mcen`Ytp��5\_d$\`RUd$X¡^5kOd
Θ
L

~Fd�TWTWd�pmd$RUTWpmVO��TWVO[]\�RW�5pgkOd$R�Tqa1n>duRejMd$RgkO[]VlRgjMd%���`Y]À-�5d���klY]RmRUd�d$RUTgTWpmw$RfklYtpms]d�X�d$\<Tgpmc�n`Y]\`jM�5d�j5Yt\>R�kOd$R
Ytn`n5kGVl��YtTWVO[]\`R�d�T�Y n>[<�5p )q�`RUTWVG�>��YtTWVO[]\ jMdDRWVGX�n5kOVG�`d�p�klYvX�VORWd�d�\ [1d��5y1pmd_VG\M��[<pWX%YtTWVlÀ<�`dod�T�jMd_�8Y]��VGkOVGTWd�p
k´ª VO\-TWd�pmn5pmc�T�YZTWVO[]\ojMd$Rr��kOY<RWRWd$R ��VOk�RW����T¢jMde��[]X�n`Y]pWd$pFkOd$R�n`Y]pmY]X�w�TWpmd$RFd$RUTWVOX�c$R ��L&~Fd$n>d$\`j5Y]\<T � VGk�d� MVORUTWdgjMd$R
��Y<RB[���k@ª �MTWVOkOVORmYZTmVG[<\�jMd�Tqa1n&d$R±jMd�kO[]V5jMV��3c�pmd�\-TmR±Yf�5\5d�VO\-TWd�pmn5pmc�T�YZTWVO[]\#n5pmc$��VlRWd]L &±Ytp:d� Md$X�n`kGdrj5Y]\`R:kGdr�$Y]jMpmd
jMdgklY���kOY<RWRWVG�>��YtTWVO[]\!j5d�jM[]\5\`c�d$Rrj5VGpmd$��TWVO[]\5\5d$kGkOd$R � iD��¤AY]���5klYt\ ��y<[]VOp �GNu­]{�� � ���`Ytn`V�TmpWd�N]Ngd�TrkOd$R�pmc���c$pWd$\`��duR
³�k´ª VO\-TWc$pWVOd��5p �ejMcu��pmV�T#kGduR¡��klY]RmRWd$R�j�ª VO\<Tmc�p "�T�n`Ytp¡j5d$R�kO[]VlR¡j5d�°±[]\/iDVORWd$RU¥§¿BVlRU�`d�p �@��Ytp�Y]��TWc$pWVlRUc$d$Rgn`Y]p¡�5\`d
jMVOpWdu��TmVG[<\%X�[Za<d�\5\`drd�TS�5\���[1d�����VOd�\-TFjMd�jMVORWn&d�p�RUVO[]\ �±d�TSVO\-TWpm[1j5�5V�T��5\5d¢��kOY<RWRWd}Yby]du���5\5d}kO[]V>�5\5VG��[]pmX�d¢RU�`p
klYoRWn5�5w$pWd%��[]pmpWduRUn&[]\`j`Yt\-Tg³o�5\`d���klY]RmRUd �U^5pW�`V�T�jMd���[<\`j���L���kSR$ª Y]s]VGTej5d�RWVGTW�`YtTWVO[]\`Re[����`\5d%pWc��`d� MVO[]\ RU�`p
kOd���[]X�n&[]pWTWd$X�d$\-Tgn`�-aMRWVOÀ-�5d �@YtkOc$YtTW[]VOpmd���jMd$R���kOY<RWRWd$RgduRqTeTmpmY<jM�5VGTWd�d�\ Tmd�pmX�d�j5d����5[]VG �jMd%X�[MjMw�kOd$R$L+¤+d
X "�X�d±TmpmYbyZYtVOk]Yrc�TWc d �&du��Tm�5c d�\gTmc�kOc$jMc�TWdu��TWVO[]\ � n&[]�5pBjMc$��pWVOpWd±kOd$R+jMV �3c�pmd�\>��d$RAjMd �`�>��TW�>YZTWVO[]\>R+jMd k´ª VG\-TWd$\`RWV�Tmc
pmc�TWpm[MjMV��&�`RWc�d%RWd�kO[]\vkGduR ��[<\5d$Rgs<c�[]s<pmY]n5�5VlÀ-�5d$Rfj5Yt\>RejMd$RgVOX%Yts]duR �M¯�� �@�¢d$kGVOs]\5[<\ � � «<{ � ��LA¤�d$RgX�c$kOY]\5s]duR
s]c$\5c�p�YtkOVlRUcuR � c�Tm�`jMVOc$R%n>Ytp�	fVO[]p�j5Yt\`Yvd�T & VGdu� �$a-\>RUx1V¢j5Y]\`R � hZ© � � RW[]\-T�jMd$R�X�[MjMw$kGduR�j5Y]\`R�kGduRWÀ-�5d$kGkOd$R�k´ª Y
n5pmVG[<pWV�RW�5prkOdeTqa1n>d�j5dekG[<V�n>d$pUTmVG\`d�\-T}n>[<�5p¢���`Y<À-�5de��klY]RmRUdgd$RUT}^&d$Yt�>��[]�`noX�[<VG\`Rr��[]pWT �5n5kO�`RUVOd��`pmR�X�[MjMw�kOd$R
n`Y]pmY]X�c�TWpmVOÀ-�5duR#j5d!kO[]VlR�RU[<\<T�d�\ ��[<\`���5pmpmd�\`��d � d�T��tª d$RUT�kO[]p�R�jMdok@ª c�T�Ytn&d_j�ª duRqTmVGX%YZTmVG[<\ À-��ª d$RUT����`[]VlRUV�kOd
X�[MjMw�kOd!n>Ytp�YtX�c�TmpWVlÀ-�5d���[<kGklYt\-T�kGd!X�VOd��5 HYt�M /jM[<\5\5c�duR � s]p#�]��d�³��5\ ��pWVGTWw$pWd�j5dojMcu��VlRUVO[]\ ��^`Y<RUcoRU�5p�klY
jMVlRqT�Yt\`��d!jMd � [<kGX�[<s][]pm[Zy�n`Y]p#d� 1d$X�n5kGd���L:¤+Y�X�"$X�d�VljMc�d_Y�c�Tmcoj5c�y]d$kG[<n5n&c�j5Yt\>R � «<© � � d�\/�5TWVOkGVlRWY]\-T#kOd
RWa1RUTWw$X�d�jMd &:d$Ytp�RW[]\ � P � ��dfÀ-�5V&n>d$pWX�d�T�jMdgRWc�kOd$��TmVG[<\5\5d$pFkOd¢X�[MjMw�kOdfkGdfn5kO�`R�Y]j5Y]nMTWcf��[]\ )q[]VO\<Tmd�X�d�\-T�³�klYn5�`Y<RUd�j�ª d$RUTWVOX%YZTWVO[]\+L�¿AVO\`Y]kGd$X�d$\-T � Y duRqTe�5\vn5pm[1��d$RmRU�>RfRUTmYtTWVO[]\5\>YtVOpWd¡TWd�k À-�5d�klY!j5d�\`RWV�Tmc%jMd

Yn
RU[<V�TgkOd

X�c�klYt\5s<dgn`Ytp�YtX�c�TmpWVlÀ-�5d
p (yn, φ) =

K∑

k=1

πkf(yn, θk)
�8�`LGN��

d�TfjM[]\-T¢klY%RqTmpW�>��TW�`pWd�jMd#jMc�n&d�\`j`Yt\`��d�d$RUT�jMcu��pmV�Tmden`Ytp}klY%X%YZTmpWVl��d
A
L � []�`Rr\`[tTW[<\`R p (yn, φ)

klY�jMd$\`RWV�Tmc
jMd

Yn = (Y1, . . . , Yn)
c�s-YtkOdg³

p (yn, φ) =
∑

x1,...,xN

πx1f(y1, θx1)

N∏

i=2

axi−1xif(yi, θxi)
�8�`L � �

¤�d�X�[MjMw�kOd�~�i�~�Yt¥§¦���duRqT:jM[]\`�F�5\#n5pW[<kG[<\5s]d$X�d�\-TAYt�#��Y]RBjMc$n>d$\`j5Yt\-T±jM�¡X�[MjMw$kGd�RqT�YZTmVORUTWVlÀ-�5dFjMd�X�c�klYt\5s<d
�MTmVGkOVORWcen&[]�5prklY���klY]RmRUVG�>��YtTWVO[]\ojMd�jM[]\`\5c�duR�VG\`j5c�n&d�\`j5Y]\-TWd$R$L
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¤+Y¡jMc�X�[]\>RqTmpmYtTWVO[]\�jMdf¤�d$pW[<�M �jMd¢klY¡��[]\`RWVORUTmY]\`��d¢��[]pWTWd � jMd�k@ª PSi�° RW�5V�T�klY¡RUTWp�YZTWc$s]VOd}d�\�TWpm[]VlR c�TmYtn&d$RjMd # Ytklj � �ONu�t­!� �
N<L�~F[]\1y]d$pWs<d�\`��d�jMd¢kOYgkO[]s]¥´y1p�YtVlRUd$X¡^5klYt\`��dF\`[]pmX�Y]kGVlRWc�d 1

n log (p(Yn, φ))
y]d�p�R:�5\5d}��[]\`��TWVO[]\

λ(φ) � Pφ0n5pWduRWÀ-�5d�¥§R��5pmd�X�d�\-T��
φ0
d$RUT}kOdfy1p�YtV�n`Y]pmY]X�w�TWpmd�� �

�5Lr°¢c�pmVG�>��YtTWVO[]\!À-�5d���d�TWTWdg��[]\>��TWVO[]\okOVGX�VGTWd
λ
duRqT}�5\���[]\-TWp�Y]RUTWd � V´L d]L5y<c�pmV��`d

λ(φ) ≤ λ(φ0)
d�T (

λ(φ) = λ(φ0) =⇒ φ = φ0

)
;
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�`L�~F[]\1y]d$pWs<d�\`��d�jM�_X%YZ MVOX¡�5X£j5d 1

n log (p(Yn, φ))
y]d$pmR���d�kO�5V+jMd

λ � V´L d<L

lim
n→∞

Ytpms
max
φ

( 1

n
log (p(Yn, φ))

)
=
Y]pWs

max
φ

λ(φ)

� [<�`R%jMc$y]d�kO[]n`n>[<\`R�j5Yt\`R���d�TUTmdDRUdu��TmVG[<\HkOd$R��1a1n>[]TW�5wuRUduR%jMd�¤�d�pm[]�5 HÀ<�`Vrn>d$pWX�d�TWTWd$\<T�k´ª Yt^&[]�MTmVORmRUd$X�d�\-TjMd���dDn5klYt\ � d�\ jM[<\5\`Yt\-T � kG[<pmRmÀ-�5dD�tª d$RUT�kOd���Y<R � �5\5d�TmpmY<jM�`��TmVG[<\ n5pmYtTWVlÀ-�5dDjMdDklY n`YZTm�5[]kO[]s<VGdDÀ-�5d�kOd$R
�1a1n>[]TW�5wuRUduRr���5d�p����5d�\-Tr³�c�y1V�Tmd�p}n&[]�`prs<Ytp�Yt\-TmVGp�kGde^&[]\_��[<X�n>[<pUTmd�X�d�\-T}jMdek´ª PSiD°¡L
¤ ª Y]�$��[<X�n`kGVlRWRWd�X�d$\<T�jMd�k@ª c�T�Ytn&d/NDpmd�n&[<RWd_RW�5p!kOY n5pm[]n`pWVOc�TmcDj�ª d$pWs<[MjMVO��V�Tmc � jM� n`pW[M��duRWRW�`R

Y � YtVO\`RWVÀ-�5d¡RW�5p}k´ª d� MVORUTWd$\`��d¡j5d¡��d$pUT�YtVO\`R}X�[]X�d$\<T�R}À-�5V+n&d�pmX�d�TWTWd�\-Tgj�ª c�TWd$\`jMpmd�kOY�n5pW[<n5pmVGc�TWc�jMd¡��[]\1y]d$pWs<d�\`��dfY]�
n5pm[M��d$RmRW�`RrjMd�kO[]s]¥´y1p�YtVlRUd$X¡^5klYt\`��d

log p(Yn)
L&¤ ª d�pms][MjMVl��VGTWcejM��n5pm[M��d$RmRW�`R

Y
j5c$��[<�5kOd�jMd�k´ª d$pWs<[1j5VO��V�Tmc�jM�

n5pm[M��d$RmRW�`R���Y]���`c
X
�`n>[<�5p}��d$kOY � []\�RU�`n5n>[-RUdeÀ-�5deklY�X�YtTWpmVO��d A duRqT}VOpmpWcujM�`��TmVG^`kGd��8���qL`Yt\`\5d� Md¡~ ����d�À-�5VVOX�n`kGVlÀ-�5d}À-�5d�kGd�n5pm[M��d$RmRW�`R

X
duRqT±n&[<RWV�TmV��3pmc$���`pWpmd�\-T$LbP \�n`Y]pUTmVO���5kOVGd$p � ��d$kOYfVOX�n>[-RUdrÀ-�5d�kOYfkO[]VMRUTmYZTmVG[<\5\`Y]VGpmd

π
���`Ytpms]d�TW[<�`RrkOd$Rrc�TmYtTmR�� ∀k, πk > 0

� � d�TfjM[]\`�eÀ-�5dekOde\5[<X¡^5pmd�j�ª c�TmYtTmR K RW[]VGT¢��[<pWpmd$��T$L�&:[]�`p}Yby][]VOp�kOY
��[<\1y]d�pms]d$\`��d�n5pmd$RmÀ<�`d�¥�R �5pmdgjMdgkOY�kO[]s]¥´y1p�YtVlRUd$X¡^5klYt\`��d}\5[<pWX%YtkOVlRUc$d � ¤�d$pW[<�M �RU�`n5n>[-RUd�Y]�`RmRUV�À-�5d��

� ∀k ≤ K, Eφ0 [|log(f(Y1, θk))|] <∞ � [�� φ0
d$RUT}kGdey1p�YtV3n`Ytp�YtX�w�TWpmd �

� ∀θk ∈ Θk, ∃δ > 0, Eφ0

[
sup‖θk−θ′k‖<δ

(
log(f(Y1, θ

′

k))
)+
]
<∞ � [�� x+ = max(0, x)

L

¤ ª c�T�Ytn&d �¡��[<\`RUVlRUTWd�³¡X�[]\-TWpmd�p�À<�`d¢klY���[<\`��TmVG[<\�kGVOX�V�Tmd
λ
duRqT��5\5dgjMVOy]d�pms]d$\`��d�jMd � �5kOkO^`Y]��x-¥�¤�d�VO^5kOd�pFd�\-TWpmd

jMduR#kO[]VlR�jMdon5pW[M��d$RmRU�`R$L:¤+Y�n>[-RWRWVG^`VGkOV�Tmcoj5d_��[]\`��kG�`pWdoÀ<�`d
λ(φ) = λ(φ0) =⇒ φ = φ0

pWd$n>[-RUd_YtkO[]p�R
RW�5pek@ª VljMd�\-TWVG�>Y]^5VGkOVGTWc%jM�vX�[MjMw$kGd%n>Ytp�YtX�c�TmpWVlÀ-�5d � V@L d]L�k´ª VG\ )qdu��TmVGy1VGTWc�jMd%klY�n>Ytp�YtX�c�TmpWVlRWYtTWVO[]\���RWV p(y, φ) =

p(y, φ0)
n5pWduRWÀ-�5d�¥§R��5pmd�X�d�\-T:YtkO[]p�R

φ = φ0
�
p(y, φ0)

d$RUT±kOYfjMd$\`RUVGTWcrjM�#n5pm[1��d$RmRU�>R
Y
��Lt¤ ª VOjMd$\-TWVG�>Yt^5VOkOV�Tmc�j5d

klY}kO[]VMjM�¡n`pW[M��duRWRW�`R
Y
jMc$��[]�5kOdFjMd�k´ª VljMd�\-TmV��>Y]^5VOkGVGTWc�jM�¡X�c$kOY]\5s]d �8�5LON�� � s]p#�]��dF³}�5\#pWcuRU�5kGTmYtTBjMd � d�Vl���5d�p:RU�`pk´ª VljMd�\-TmV��>Y]^5VOkGVGTWc�jMd$R¢n5pW[MjM�`V�T�R¢jMd#X�c$kOY]\5s]d�j5d¡kO[]VlR �GN$«<© �§L3~Fd$n>d$\`j5Y]\<Tfk@ª VljMd�\-TWVG�>Y]^5VGkOVGTWc#j�ª �5\�X�c$kOY]\5s]d�\`d

n&d��MT�"�TWpmdgj5c��`\5VOdeÀ-��ª ³��5\`dfn&d�pmX¡�5TmYZTmVG[<\!n`pWwuR�j5d$Rr��klY]RmRWd$R � X%Y]VORr��d�TUTmdejMV �����5k�Tmcen>d$�MT�"�TmpWde��[]\-TW[<�5pW\`c�d
d�\#��[]\>RUVljMc�p�Yt\-T+klY}��[]\1y]d$pWs<d�\`��d jMdSk´ª PFi�° X�[MjM�5kO[}klY}pmd�klYZTmVG[<\�j�ª cuÀ-�5VGyZY]kGd$\`��d�jMdSn&d�pmX¡�MT�YZTmVG[<\`R+j�ª VO\`jMVl��d$R
jMduR�n`Ytp�YtX�w�TmpWduR�L1��k�duRqT¢j5[]\`�gRW�5n5n&[<RWcfk´ª VOjMd$\-TWVG�>Yt^5VOkOV�Tmcg��[]pWTWdejM�_X�[1j5w�kOd � jMc��`\5VOden`Ytp

K∑

k=1

πkf(y, θk) =

K∑

k=1

π
′

kf(y, θ
′

k) µ− n>R =⇒ ∀k ≤ K, πk = π
′

k

d�T
θk = θ

′

k
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P \M�>\ � kOYojMc�X�[<\`RqTmpmYtTWVO[]\�j5d#klY�TmpW[<VORWVOw�X�d¡c�TmYtn&d�pWd$n>[-RUd�jMd#X%Y]\5VGw$pWd#d$RmRUd$\-TWVOd�kOkGd�RU�5pgkOd$R�n5pm[]n5pmVGc�TWcuR
jMd���[]\-TWVO\1�5VGTWc%d�\

θ
j5d$R�jMd$\`RWV�Tmc$R

f(y, θ) � d�T#jMd���[]X�n`Y<��VGTWc�jMd%k´ª duRUn>Y]��d�j5d$R�n>Ytp�YtX�w�TmpWduR Φ
LAP \ d �3d�T �

k´ª d� 1VlRUTWd�\>��d�j�ª �5\ X%YZ MVOX¡�5X jMdDklY kO[]s]¥´y1p�YtVlRUd$X¡^5klYt\`��d
φ̂n

n&[]�5p�TW[]�5T
n
d$RUT�s<Y]pmY]\<TmVGd�RWV¢kOd$R!jMd�\`RWVGTWc$R

jMduRgkG[<VORej�ª c�X�VlRWRWVO[]\ ��d�T¡jM[]\`��klYoy-p�YtVlRWd�X¡^`kOY]\`��d��¢RW[]\-T���[<\<TmVG\1�5duRgd�T¡À-�5d�k´ª duRUn`Y<��d%jMduRgn`Ytp�YtX�w�TmpWduRfd$RUT
��[<X�n`Y]��T��tLZ¤AY¢\5cu��duRWRWV�Tmc�j5d�k´ª �-a1n&[tTm�5w$RWd�j5d���[]X�n`Y]��V�TmcFduRqT±VOkGkO�`RUTWpmc�d�n`Ytp:k´ª d� Md�X�n5kOd���kOY<RWRWVOÀ-�5d �8jM[<\5\5c�n`Y]p
�r[<^>d$pUT�j`Yt\`R �ON$�1h � �¢j�ª �5\�X�c�klYt\5s<d�jMd�kO[]VlRr\5[]pmX%YtkOd$R � n`Ytp�YtX�c�TWpmc�d$R�n>Ytp}kOd$R¢X�[Za<d�\5\`d$R�d�T�kGduR}yZYtpmVOY]\`��duR
(mi, σ

2
i )
L �1V3\5[]�>RSn5pmd�\`[]\`R

Θ =
� × � +∗ � klY�y1p�YtVlRUd$X¡^5klYt\>��d¢�$Ytkl���5kOc�dfYby]d$�¢�5\�cu���`Yt\-TmVGkOkG[<\ (y1, . . . , yN )\�ª d$RUT#n`Y<R¡^&[]pm\5c$d!RW�5n>c$pWVOd��`pWd$X�d$\-T � ��d!À-�5dok@ª []\Hn>d$�MT�y<[]VOp¡d$\/n5pmd�\`Y]\<T#n>[<�5p m1 = y1

d�T#d$\/�8YtVlRmYt\-T
TWd$\`jMpmd

σ2
1

y]d�p�R
0
L>��kAd$RUTfjM[<\`�e\5cu��d$RmRmYtVOpWd�j5Y]\`Rf��d¡�$Y]R¢j5d¡^&[]pm\5d�p}d�TfjMd¡��d�pmX�d�p¢k´ª d$RWn`Y]��d¡jMd$R�yZYtpmVOY]\`��duR

d�\�d� 5��kO�`Yt\-T
0
L&�¢deX "�X�d�n&[]�`p}kGduRrn5pm[]n&[]pWTWVO[]\`R � VOk��8Yt�5T�RUdekOVOX�VGTWd$p¢³��5\D��[]X�n`Y]��TJ�qkO[]VO\ ��jMd$R}^>[<pmj5R}j5�

RWVGX�n5kOd� Md S n5�5VlRmÀ<�`d%\5[]�`R¡��[]\>RUVljMc�pm[]\>Rfj5d$R�X�c$kOY]\5s]duRejM[]\-T�kOd$Ren5pm[]n&[]pWTWVO[]\>RfRW[]\-TeTm[]�MTmd$R�RUTWpmVO��TWd$X�d$\-T
n&[<RWV�TmVGy<d$R$L>¯}VO\`RWV � d�\�Tm[]�MTmd�pmVGs<�5d��5p � klY%pmd$���5d$pm���5dejM��X�Yt MVGX#�5X�j5d�kOY�kG[<st¥§y-p�YtVlRWd�X¡^`kOY]\`��dgjM[]VGTfRWde�8Y]VGpmd
RW[]�`R}��[]\-TWp�YtVO\-TWd�j�ª Ytn`n`YtpWTWd$\`Yt\`��de³%�5\D��[<X�n`Y]��T¢��[]\1y<d�\`Y]^5kGd$X�d�\-T¢jMc��>\5VARWd�kO[]\_kOdeTqa1n>d¡j5d�X�[1j5w�kOd]L`PS\
n5p�YZTmVOÀ-�5d � ��d�TWTWdgX%YZ MVOX�VlRmYZTWVO[]\od$RUT��8YtVGTWdeRmYt\`Rr��[]\-TWp�YtVO\-TWd � d�T�kOd$R1�WRW[]kO�MTWVO[]\`Rrj5VGy<d�pms]d�\-Tmd$R
��RU[<\<T�c$�$YtpWTWc$d$R$L

�	# " #�� � � � �H � 
����"��� � �
 �! � � 
 ����� � � �� � � ��
 � � ��� ��
�� � � � �

¤�duR�TWdu���5\5VlÀ<�`d$R}jMd�j5c�X�[]\`RUTWp�YZTmVG[<\!�5TWVOkGVlRUc$d$Rrn>Ytp}i�d$y]d�k �GN<N ��� � d�T}s<c�\5c$pmY]kGVlRWc�d$R�n`Y]p}�¢[<�`�gd�TfiDYZTmVOY<R
[]\-Tgn>d$pWX�VlR�j5d¡TmpmY]V�Tmd�pfkGd���Y<R�jMduRfX�[MjMw$kGduR�~�i�~�YZ¥�¦��r\5[]\M¥�RUTmYZTmVG[<\5\`Y]VGpmd$R��8V@L d]L

P (X1) 6= π
� � YtVO\`RWVBÀ-�5d

��d$kG�`VA[���k@ª d$RWn`Y]��d¡j�ª c�T�YZTmR�d$RUTfRWd��`kGd$X�d$\-T���[<X�n>Y]��TuL�~Fd�TUTmd¡s]c$\5c�p�YtkOVlRWYtTWVO[]\�)q�`RqTmV��>d�jM[<\`�ek´ª �5TWVOkGVlRWYtTWVO[]\�j5d
k´ª duRqTmVGX%YZTmd��5p#jM� X�Yt MVGX#�5X®jMd%y1p�YtVlRUd$X¡^5klYt\>��d�j5Yt\`R�kGduReX�[1j5w�kOd$Re³_d$RWn`Y<��d$Rej�ª c�TmYZT�R���[<\-TWVO\-�>R � ��d$pWX�c$R
d�Tg^&[]pm\5c$R �8RWVB\`[]�`RfRU[<X�X�duR¢j5Y]\`R � d �rd�Tfn>Y]RfRUd$�5kGd$X�d�\-T¢�`\`VOR$L+~Fd�n&d�\`j5Y]\-T � kGduR¢X�[MjMw�kOd$Rf��[<�5p�YtX�X�d�\-T
�MTmVGkOVORWc$RSd�\�RUTmYtTWVlRqTmVOÀ-�5d¢d�TSTmpmY]V�Tmd�X�d�\-TFj5��RUVOs]\`Y]k �8\5[tT�YtX�X�d�\-TFj5Y]\`R kOd���[]\-TWd� -Tmd}jM�%�`kGTWp�Yts<d}jMd � Y]kGX%Y]\ �
[]\-T}jMduRrd$RWn`Y]��d$R�j�ª c�T�YZTmR}\5[]\M¥§^&[]pm\5c�duR � ��deÀ-�5V�kOVOX�VGTWdeklY�n>[<pUTmc�dgn5p�YZTmVOÀ-�5dejMd���d$R�pmc$RW�5k�T�YZT�R�L
¤�duR±��[<\`RUVlRUTmYt\>��d$RA��[<pUTmd�d�T±�8YtVO^5kOd}jMd�k@ª PSi�° [<\-T:n`��"�TWpmd�X�[<\-TWpmc�d$R:n&[]�`p±kGduR:n5pW[M��d$RmRU�`R±Y]�MTW[<pWc$s]pmd$RmRUVG�8R

³�^`Y]Rm���`kGd$X�d$\-T �8y][<VGpr��[]�`� � i�[]�5kOVO\5d$R�d�T��raMjMd�\ � �¾�t{&� � � À-�5V�\�ª Ytn5n>YtpWTWVOd�\5\5d$\-T�n5kO�`R}³�klY���klY]RmRUdgjMd$R�n`pW[]¥
��duRWRW�`R�~�iv~�YZ¥�¦F� �`kOd�n5pm[M��duRWRW�`R}jMduR}[<^`RUd$pWyZYtTWVO[]\`R�duRqT¢�`\5d¡���`YZ�l\5d#jMd¡iDY]pWx<[Zy���[<\`jMVGTWVO[]\5\5d$kGkOd�X�d$\<T¢Y]�
n5pm[M��d$RmRW�`R±jMd$R c�TmYtTmR$L-~Fd$R X�[MjMw$kGduR RW[]\-T �MTWVOkOVORWc$R±d$\-TWpmd}Yt�MTmpWduR:d�\%c$��[]\5[<X�c�TWpmVOd � ©<� � � Y]VG\>RUV`À-��ª d�\���[]\-TWp��]kOd
Y]j`YtnMT�YZTWVG� � Ã5N � � d�T}d�\�RW�5VGy1V�jMdeX�[<�5y]d$X�d$\-T � �]Ã!�´L5��klR}RW[]\-Trn`Ytp�YtX�c�TWpmc$R�jMdgkOY�X%Y]\5VGw$pWdgRW�5VGyZY]\<Tmd��5kOdfn`pW[]¥
��duRWRW�`R

X
d$RUT��5\`dg���>Yb� \5d�jMdgiDY]pWx<[Zy#�5[<X�[]s]w$\5d � jMdejMd$\`RUVGTWcgjMd�TWp�Yt\`RWVGTWVO[]\ qφ � d�T Y

d$RUT��`\5df���>Yb� \5dfj5d
iDY]pWx<[Zy �8jMdgT�YtVOkGkOd�jMdeX�c�X�[]VOpmdfc$s<Y]kGde³

s
����[]\>jMV�TmVG[<\5\5d$kGkOd�X�d�\-T¢³

X � jMd�jMd�\>RUVGTWc�jMdgTmpmY]\`RWV�TmVG[<\ �8�5[]X�[t¥s]w$\5d��
gφ(ys+1 |ys, xs+1 )

\5d}jMc$n>d$\`j5Y]\<T�À<�`d}jMdrk@ª c�T�YZTS��[]�5p�Yt\-T$Lt¤AYgjMd�\`RWVGTWc¢jMd
YN

��[<\`jMVGTWVO[]\5\`d�kOkGd$X�d$\-T
Yt�5 �yZYtkOd��5p�R�VG\`V�TmVOY]kGduR

y−s+1:0 = (y0, . . . , y−s+1)
R�ª c$��pWVGT �

pφ(y|y−s+1:0) =

∫
· · ·
∫
p(x1)gφ(y1 |y−s+1:0, x1 )

∏
qφ(xN−1, xN )

∏
gφ(yN |yN−s:N−1, xN )δ(dx)

� \`depWd$n5pWcuRUd$\-TmYZTmVG[<\�RUTW[M���`Y]RUTWVlÀ-�5dgjMd���dfTqa1n>dejMdgX�[MjMw�kOded� MVlRqTmdgn>[<�5p�kGdeX�[MjMw�kOdeYt�MTm[]pmc�s<pWduRWRWV���kOVO\5c$Y]VGpmd
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Yn =

s∑

k=1

ak(Xn, φ)Yn−k + σ(Xn)εn
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)q[]VO\-T

Z
d�T�jM�vn5pm[1��d$RmRU�>R

Y%n&[<RUTWd$pWVO[]pmV
(Xn |YN )n≥1
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Z = (X,Y)
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



H0 : K = p

H1 : K = p+ 1
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D(P,Q) =

∫

Ω

log

(
dP

dQ
(ω)

)
P (dω)

µ>¼
p

��¶
q
»�·�
`¶A7 � + ��7 ��
`»�¼ ¶$B�» � �-
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`¶A[ + 
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D(p, q) =

∫
log

(
p

q
(y)

)
p(y)µ(dy)

P±T�Yt\-T�jM[]\`\5cDjMd$R�[]^`RWd�pmyZYZTmVG[<\`R
y � k´ª [<^�)qd$��TWVG��jM� ��pmV�Tmw�pmd�¯}�W~£d$RUT�jMd����5[<VORWVOp%n`YtpmX�V

M
X�[MjMw�kOd$R

n`Y]pmY]X�c�TWpmVOÀ-�5duR P(Φi) = {Pφ, φ ∈ Φi} , i = 1..M � kOden5kO�`Rrn5pm[M���5dejMd P0
Yt��RWd�\`Rrj5dekOY%jMVOy]d$pWs<d�\`��dfj5d

� �5kOkG^>Y]��x-¥§¤+d�VO^5kOd�puL &B[<�5pF���>Y]À-�5d}X�[MjMw�kOd P(Φi)
� k´ª PSiD° φi(y)

duRqT�kGd¢n>[<VG\-T�À-�5V>X�VG\5VOX�VORWd¢klY�jMVOy]d$pWs<d�\`��d
jMd � �5kOkG^>Y]��x�[<^`RUd$pWy<c�d<L &:[]�`p��8YtVOpWdgkOdg���`[]VG !jM�_X�[1j5w�kOdgY]�!y1��jMduRrjM[]\5\`c�d$R � \5[<�`Rr��[<X�n>Ytpm[]\`R�jM[]\>��kOd$R
jMVOy]d$pWs<d�\`��d$R:d�\-TmpWd

P0
d�TSkOd}n>[<VG\-TSkOd}n5kO�`RFn5pm[1���`d

Pφi(y)
Yt��RWd�VO\�jMd¢���`Y<À<�`d}X�[1j5w�kOd P(Φi)

L1¤+YeÀ-�`Yt\-TmV�Tmc
j�ª VG\-Tmc�p "�T!duRqT�YtkO[]p�R�klY/X�[Za<d�\5\5d�jMd�klYHjMVOy]d$pWs<d�\`��dDd�\-TmpWd

P0
d�T

Pφi(y)
L¢~Fd�kOkGd�¥§��VfYHn>[<�5pod� Mn5pmd$RmRUVO[]\

EP0,Y

[
D(P0, Pφi(Y))

]

EP0,eY

[
log(P0(Ỹ ))

]
−EP0,Y

[
EP0,eY

[
log(Pφi(Y)(Ỹ ))

]] �8�`L � �
¤�d�n5pmd�X�VOd�pfTWd$pWX�d%jMd�k@ª PSÀ&L �8�`L � �¢duRqTg�5\5d%��[]\`RUTmY]\<Tmd � d�TgVOk RU����T�jMd%��[<X�n`Ytpmd�pfkGd�RWd$��[<\`j�Tmd�pmX�d#n&[]�5p
���`Y<À<�`d�X�[MjMw$kGd P(Φi)

L � [<�`R%n&[]�5y<[]\`R�d$RUTWVOX�d$p���d_Tmd�pmX�dD³ n`YtpWTWVOp�jMd y
n`Y]p

log( P0(y)
Pφ(y)(y))

jM[]\-T�klY
X�[Za]d$\5\5d:d$RUT

EP0,Y

[
log( P0(Y)

Pφi(y)(Y) )
] Lb~Fd�T�duRqTmVGX%YtTWd��`p�d$RUT+^5VlYtVlRUc:n`Y]pm��d À-�5d±kGduR�À-�`Yt\-TmV�Tmc$R

EP0,Y

[
log(Pφ(Y)(Y))

]

d�T
EP0,Y

[
EP0,eY

[
log(Pφ(Y)(Ỹ ))

]] RW[]\-TSjMV��3c�pmd�\-TWduR�L]¯¢xZYtVOx]drYgX�VOR±d$\%c�y1VljMd�\`��d}��dr^5VlYtVlR Y<RUa1X�nMTW[]TWVlÀ-�5d
B
�

EP0,Y

[
log(Pφ(Y)(Y))

]
= EP0,Y

[
EP0,eY

[
log(Pφ(Y)(Ỹ ))

]]
+B
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EP0,Y

[
D(P0, Pφi(Y))

] \�ª d$RUT+n`Y]R�kOYrÀ-�`Y]\<TmV�Tmc
log(Pφ(y)(y)) �X%YtVlR�kOY�À-�`Y]\<TmV�Tmc

log(Pφ(y)(y)) −B
L

� \`d!Ytn`n5pW[b MVOX%YZTWVO[]\/Y<RUa1X�nMTm[tTWVlÀ-�5d!Y]�/n5pmd�X�VOd�p¡[<pmj5pWd�j5d
B
d$RUT |Φi| � kGdo\5[]X#^5pmd�jMdon`Ytp�YtX�w�TmpWduRkOVG^5pmd$R�duRqTmVGX�cuRrj5Yt\`R}kGdgX�[MjMw�kOd

Φi
L`¤+d���pmV�Tmw�pmdfj�ª ¯¢xbY]VGx<de³�X�Yt MVGX�VlRUd$p�duRqT¢j5[]\`�

AICi = log(Pφi(y)(y)) − |Φi|
�8�`L Ã �

�	#�� # " � � �F � � 
 ��� �

¤�d!��pmV�Tmw�pmd�¦��W~ ����º%4 ��»�¼8º�
 � 
 \�·%� �%ºZ¶´¼8· 
 �Q��¼ ¶��;��¼8· 
 ��Ytn5n>Ytp�Yb�lT¡kG[<pmR#jMd�k´ª c�TW�>jMd!jM� ��[<X�n&[]pWTWd$X�d�\-T
Y]RWa1X�nMTW[]TWVlÀ<�`d�j5� pmY]n5n>[<pUT�jMd�¦�Yba<d$Rfn>[<�5peklY�jMc�Tmd�pmX�VO\`YtTWVO[]\ jM� X�d�VOkGkOd��5p¡X�[MjMw$kGd P(Φi), i = 1..M

L
¤�d%n&[]VO\-T¡jMd�jMc$n`YtpWT � ^>Yba]c$RWVOd�\ � d$RUT¡jMd���[]\`RWVOj5c�pmd�peÀ-�5d%kGd�Tqa1n&d�jMd�X�[MjMw�kOd%d$RUT�kO�5VSYt�>RWRWV±�5\5d%yZYtpmVlYt^5kOd
YtkOc$YtTW[<VGpmd}À-�5V`duRqTSduRqTmVGX�c$d¢n`Y]pSiD¯�&:L �1[<�`R±k´ª �1a1n>[]TW�5wuRUd�j�ª �`\5V���[<pWX�VGTWcfjMd}klYekG[<V>Yen`pWVO[]pmV`RW�5pSkOd$RSX�[MjMw$kGduR �
��d$kOY¡��[]\>jM�5VGT�³���[]X�n`Ytpmd�p±kOd$RSn5pm[]^`Y]^5VGkOVGTWc$R

P (y |P(Φi) )
L-¤+d$R VO\-TWc$s]p�YtkOd$R jMc��`\5VlRWRmYt\-TSkOd$RSy1pmY]VORWd�X#^5kOY]\`��duR

VO\<Tmc�s<pWc$d$R
P (y |P(Φi) ) =

∫
P (y |φi,P(Φi) )P (φi |P(Φi) )dφi

RW[]\-T�pmY]pWd$X�d�\-T���Ytkl���`kOY]^5kGduR3d�TAj5[]VOy]d�\-T "�TWpmd Ytn5n5pm[M���5c�duR3n`Ytp�klY�X�c�Tm�5[MjMdSjMdS¤AYtn5klY]��d]L �1[<�`R�jMduR+��[]\`jMVGTWVO[]\>R
TWdu���5\5VlÀ-�5d$R � []\ [<^MTWVOd�\-T��5\/jMc$y]d$kG[<n5n>d$X�d�\-T¡Y]RWa1X�n5TW[tTmVOÀ-�5d%jM� kO[]s-YtpmV�Tm�5X�d%jM� pmY]n5n>[<pUT�jMd!¦�Yba<d$R$L+~Fd
jMd$pW\5VOd�prduRqT}jMc��`\5V�d$\-TWpmdgj5d��M oX�[MjMw$kGduR P(Φi)

d�T P(Φj)
n>Ytp �

Bi,j =
P (y |P(Φi) )

P (y |P(Φj) )

¤�dfjMc�y<d�kO[]n5n&d�X�d$\<T�Y]RWa1X�n5TW[tTmVOÀ-�5dfjM��kO[]s-YtpmV�Tm�5X�d �8Y]��n5pmd�X�VOd�pS[<pmj5pWd}d$\�kOd¢\5[<X¡^5pmd¢j�ª []^>RUd$pWyZYZTmVG[<\`R
N
�

d$RUT �

logBi,j ' Li(y, φi(y)) − Lj(y, φj(y)) − 1

2
(|Φi| − |Φj |) logN

[��
φi(y)

d$RUT�k´ª duRqTmVGX%YtTWd��`p�iD¯�&�jM�Dn>Ytp�YtX�w�TmpWd
φi
� d�T Li(y, φi) d$RUT¢klY�kO[]s]¥´y1p�YtVlRUd$X¡^5klYt\`��dfj5�DX�[1j5w�kOd

P(Φi)
L&~Fdepmc$RW�5kGTmYtT�duRqT¢j5[]�5^5kOd�X�d$\<Trpmd�X%Ytp�À-�`Yt^`kGd �

� n>[<�5pF��[]X�n`Ytpmd�p �eX�[MjMw�kOd$R � VOk3RU����TrjMd��$Ytkl���5kOd�pFkOY¡À<�>Yt\-TWVGTWc Li(y, φi(y))− 1
2 |Φi| logN

�8kGdf¦F�W~ �
d�T}jMden5pmd�\`j5pWdgkOdfX�[MjMw$kGd�À-�5V�klY�X%YZ MVGX�VlRUd<L

�
¤ ª Ytn5n5pm[b MVGX%YtTWVO[]\�Y]�!n5pmd�X�VOd�pr[<pmjMpmdf\5dejMc�n&d�\`jon`Y<RrjMd$R�kO[]V�Y�n5pmVO[]pmV3j5d$RrX�[MjMw�kOd$R

P (φi |P(Φi) )
L

¯}VO\`RUV � X "�X�dfRWV&kGdg¦��W~ d$RUT�jMcujM�5VGTrn`Ytp�jMd$R�Ytpms]�`X�d$\-TmR ^>Yba]c$RWVOd�\`R � VOk&d$RUT��MTmVGkOVlRWY]^5kGdfd�\!k@ª c�T�YZTrj5Yt\>R
kOY#jMc�X%Ytp����5d¢��pWcuÀ<�`d�\-TWVlRqTmd �M�]ª duRqTr��dgÀ-�5V"�UY]�MTW[<pWVlRUdL�¢RU[<\��MTWVOkOVORmYZTmVG[<\�\5[]TmYtX�X�d�\-T�j5Yt\`R�kOdf�$Y]jMpmd�j5d
kOYDRWc�kOd$��TWVO[]\ jM�/\`[]X¡^`pWd�jMdo��klY]RmRUd�j�ª �5\`d_~�i�~�Yt¥§¦�� � kO[]p�RWÀ-�5d%k´ª d$RUTWVOX�YtTWd$�5p#jMduR¡n>Ytp�YtX�w�TmpWduRgd$RUT
[]^MTmd�\1�!n>YtprX%YZ MVOX¡�5X£j5dey-p�YtVlRWd�X¡^`kOY]\`��d<L
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kOdrTWd$pWX�d¢jMdf��[<X�n`kGd� 1VGTWc¢\5drTWVOd�\-T�n`Y]R ��[]X�nMTmd�jMd}klYgT�YtVOkGkOd¢jMd}k´ª c$���`Y]\<TmVGkOkO[]\
y � ��[<\<TmpmY]VGpmd�X�d$\<T ³�¦��W~�LM~FdjMd$pW\5VOd�p±RWd�pWc$y]w�kOd�RWYtTWVlRq�8Y]VORmYt\-T:n>[<�5p RUc$kGdu��TmVG[<\5\5d�p:kOd�^>[<\#\5[<X¡^5pmd�jMd}��klY]RmRUduR�Lt~Fd�n&d�\>j5Yt\-T � RU[<\¡�MTmVGkOVORmYZTmVG[<\

pmVGs<[]�5pmd��`RWdgpWd$n>[-RUd�RW�5p¢j5d$R}�1a1n&[tTW�`w$RWd$R¢j5V�Tmd$R¢j5d¡¤+Y]n5kOY<��d�¥´pmc�s<�5kOY]pWVGTWc��8��[]\`j5V�TmVG[<\`R¢jM[<\5\5c$d$Rrn`Y]p � Y]RmRrd�T
�}Yt� TWd�pma � {]Ã �}n&d�pmX�d�TUT�Yt\-T�kGd�jMc$y]d�kO[]n`n>d$X�d$\-T�Y<RUa1X�nMTW[]TWVlÀ-�5d!c$y][MÀ-�5c!j`Yt\`R�kOdon>Ytp�Yts]p�Ytn`�5d%n5pmc$��cujMd�\-T �
jM[<\<TrklY )q�`RUTWd$RmRWdfduRqT¢RW[]VGTrVG\1y<c�pmV��>Y]^5kOd � RU[<V�TrVOpWpmc$Y]kGVlRmYt^5kOdfj`Yt\`R�kOd$R�X�[MjMw�kOd$R¢³�j5[]\5\5c$d$R�X%Yt\>À<�>Yt\-TWduR�L
~Fd$R+��pmV�Tmw�pmd$R�VO\M��[]pmX%YZTmVG[<\5\5d�klR�Yt^&[]�5TWVlRWRWd�\-T+³}jMduR���pmVGTWw�pmd$R+jMd y1pmY]VORWd�X#^5klYt\`��dBn&c�\>YtkOVORWc�d±d�T+kGd$�5p�X�VlRUd d$\

n5p�YZTmVOÀ-�5d X�d�TA��klYtVOpWd$X�d�\-T�d�\�c$y1VOjMd$\`��dSkOYr�$Ytp�Y]��Tmw�pmd±jMc$��VORWV��`j5d kOY}y-VGTWduRWRWd jMd���pm[]VlRWRmYt\`��d±jMd klYrn>c$\`YtkOVlRWYtTWVO[]\
��d$\o��[]\`��TWVO[]\�jMdeklY�TmYtVOkOkGd�jMdek´ª c$���`Y]\<TmVGkOkO[]\ ��L5��Y]\`R � h1N � � 	gY]RmRWVOYtT�n`pW[<n>[-RUdejMduR}��[<\`jMVGTWVO[]\`RrRW����RWY]\-TWd$Rrj5d
y1V�Tmd$RmRUd�jMdr��pm[]VlRmRWY]\`��dFn>[<�5p:s<Ytp�Yt\-TmVGpBkOYfRWc�kOd$��TmVG[<\#jM��^&[]\�\5[]X#^5pWd�jMdr��klY]RmRWd$RAn5pWduRWÀ-�5d�¥§R��5pmd�X�d�\-T �8RmYt\`R:RWd
n5pmc�[M�����5n&d�pFj5d}kOY�X�Y]\5VOw�pmd¢jM[]\-TF��d$RFn>c$\`YtkOVlRWYtTWVO[]\`R±[<\-TSc�Tmc���[<\`RUTWpm�5V�Tmd$R ��L-¤�d}n5pm[M��duRWRW�`R

Y
duRqTF��[]\`RWVljMc�pmc

�5\5VlÀ-�5d�X�d$\<T_��[<X�X�dD�`\ n5pm[1��d$RmRU�>R�RqT�YZTmVG[<\5\`YtVOpmd_TWd�kgÀ-�5d�klY/jMd$\`RWV�Tmc�jMd
Yn

RW[]VGT��5\ X�c�klYt\`s]d�jMd
KjMd$\`RUVGTWcuR�L &:[]�`p¡Tm[]�MT

N � []\/VO\-TWpm[1j5�5V�T�klY���[]\>��TWVO[]\ jMd�n&c�\>YtkOVORmYZTmVG[<\ K 7→ aN(K)
À-�5V�n>d$pWX�d�TWTWp�Y�jMd

��[<\`RUTWpm�5VGpmd_kOY y1p�YtVlRUd$X¡^5klYt\>��d ��X%Ytpms]VO\`YtkOd���n&c�\>YtkOVORWc�dDjM� n`pW[M��duRWRW�`R � jM[]\-T�klY X%YZ MVGX�VlRWYtTWVO[]\ �8RW�5p K �jM[<\5\5d�p�Y#�5\_d$RUTWVOX�YtTWd$�5p
K̂
jM�o\5[]X#^5pWdejMd���[]X�n&[<RmYt\-TWduR�LM¤�de��pWVGTWw$pWdgc�Tm�`jMVOced$RUT �

Lp,K = max
φi∈Φi

N∑

n=1

log p(yn, φi) − aN (K)
�8�5L h �

��deÀ-�5V+j5[]\5\5dgn&[]�5p¢k@ª d$RUTWVOX%YZTWd$�5p}jM�_\5[<X¡^5pmdfj5d���klY]RmRUd �

K̂ = argmax
K

{
max
φi∈Φi

N∑

n=1

log p(yn, φi) − aN (K)

}

¤�duRr��[<\`jMVGTWVO[]\`RrRW����RWY]\-TWd$R�n&[]�`p}Y]RmRU�5pmd�p�klY���[]\>RUVlRqT�Yt\`��d¢��[<pUTmd�jMdgk@ª d$RUTWVOX%YZTmd��5p
K̂
RW[]\-T �

N<L
K 7→ aN (K)

d$RUT��`\5dg��[]\`��TWVO[]\���pm[]VlRmRWY]\<Tmd
�5L
K1 > K2 =⇒ aN (K1) − aN (K2) −→N→∞ +∞

�`L ∀K1,K2,
aN (K1)−aN (K2)

N −→N→∞ 0

¤+Y���[]\`��TWVO[]\vjMd#n&c�\>YtkOVORmYZTmVG[<\�jMd�¦F�W~ � jMd�klY���[<pWX�d aN (K) = |Φi|
2 logN � y]c�pmVG�`d#��d$Rg��[<\`jMVGTWVO[]\`R$L�~Fdu��Vy1VGd$\-T%Y�n&[<RUTWd�pmVO[]pmV�d� Mn5kGVlÀ-�5d�p�kOd_^>[<\ ��[]X�n>[<pUTmd�X�d�\-T%jMd_k@ª �`RmYts<dojMd�¦��W~ n&[]�5p%klYvjMc�Tmd�pmX�VO\`YtTWVO[]\ jM�

\5[<X¡^5pmd%jMd���klY]RmRUduRgj5Yt\`R�kGduR¡~�i�~�Y5LB~Fd$n>d$\`j5Y]\<T � ��d%pmc$RW�5kGTmYtTgn&d�pmX�d�T�)q�`RUTWd�j5d�jMc�Tmd�pmX�VO\5d$pekOY_^&[]\5\`d
y1V�Tmd$RmRUd�n>[<�5p

aN (K) � d�T�n>[-RUd!YtkO[]p�RgkGd!n5pW[<^5kOw�X�d�jMd�klYDjMc�TWd$pWX�VO\`YZTmVG[<\ n5pmYtTWVlÀ-�5d�jM�/��[-d�����VOd�\-T¡X¡�`k�¥TWVOn5kOVO�$YZTmV��eX�[MjM�5kO[ kGduÀ<�`d�k}duRqT�jMc��`\5V��5\5d���[<\`��TmVG[<\ j5d�n>c$\`YtkOVORmYZTmVG[<\ y]c�pmVG�>Yt\-T%kGduR%�1a1n>[]TW�5wuRUduR_N � �vd�T
�5L
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¤+Y¡jMc�Tmd�pmX�VO\`YtTWVO[]\�n5p�YZTmVOÀ-�5d�jMd¢k´ª PFi�°�n&[<RWd¢�`\!jMV ����VOkGd�n5pW[<^5kOw�X�d¢j�ª []nMTmVGX�VlRWYtTWVO[]\ � ��dfÀ-�5V>n`pW[Zy1VOd�\-T
jMdFkOY}��[]pmX�dFn`YtpWTWVl���`kGVOw�pmdSjMdFkOY�jMd�\`RWVGTWc �@�5L � ��Lu¤AY¢��[<X�n5kGd� MV�TmcFjMdFk@ª []nMTmVGX�VlRWYtTWVO[]\�n`pW[Zy1VOd�\-T+d$RmRWd�\-TWVOd�kOkGd$X�d�\-T
jMdFkOY¢X�[MjMc$kGVlRmYZTWVO[]\¡n`YtpAX�c$kOY]\5s]dFjMdFkO[]VlR � d�T:kOd$RAX�"$X�d$RBjMV �����5k�Tmc$RBYtn5n>Ytp�YtVlRWRWd�\-TAj5Y]\`R�kOdF�$Y]RBjMd$RAX�c�klYt\5s<d
jMdekO[]VlR�VG\>jMc�n&d�\`j`Yt\-TWduR � � jMd$Rr���>YtX�n`R�X%Ytpmx][Zy1VOd�\`RF[]�_jMd$R}pWcuRUduYt�M �^`Yba<c$RWVGd$\`R$L
� [<�`R�p�Ytn5n&d�kO[]\>R�j5Yt\`R+��d�TWTWd±n`Y]pUTmVGd±k´ª YtkOs][]pmVGTW�5X�d:PSRWn>c$pmY]\`��d�¥§iDYt MVGX�VlRWYtTWVO[]\�� �����
�m¸�¶�ºZ¶´¼8· 

����º �]¼���¼��uºZ¶´¼8· 
 �PSi �¡À-�5VSduRqT¡�`\5d!jMduReX�c�Tm�5[MjMd$R#kGduRen5kO�`R���[]�`pmY]X�X�d$\<T��5TWVOkGVlRUc$d$R¡n>[<�5p�pmd$���5d$pm���5d$pekGduR�X%YZ MVOX%Y�jMd�klY

y1pmY]VORWd�X#^5klYt\`��d�j�ª �5\oX�c$kOY]\5s]dgjMdfkG[<VOR$L � [<�`R�kGdfn5pmc$RWd�\-TW[<\`RFTW[<�MT�j�ª Y]^>[<pmj!j5Yt\`R�kOde��[]\-Tmd� 1TWdfs]c$\5c�p�Ytk3jMd$RX�[MjMw�kOd$Rr³�jM[<\5\5c�duRrX%Yt\`À-�`Y]\-TWd$R � YtVO\`RWV�À<�`d�RWY�yZYtpmVOY]\-TWdfPSi �-TW[M���`Y<RqTmVOÀ-�5d���µ&¶§·u¸�¹5ºb»�¶´¼8¸�� � � � �1PSi ��L
��don>Ytp�kOYvn`Y]pmY]X�c�TWpmVORmYZTmVG[<\/À-�5d_\5[]�`R�Yby<[]\`R¡�MTWVOkGVlRWc�d � kOd$R�n>Ytp�YtX�w�TmpWduR¡jMduR�kG[<VOR�j�ª c�X�VlRWRWVG[<\Hd�T%j5d
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��[]pmX¡�`kGduRAjMd�X�VlRUduRA³�)q[]�5p±jMduRBn`Ytp�YtX�w�TmpWduR+��[]X�X¡�5\`d$R:Yt�M �iDiv~�YZ¥�¦F��LbP \�d �3d�T � kGd$�5pBkG[<st¥§y-p�YtVlRWd�X¡^`kOY]\`��d
��[<X�n5kGw�TWdeR$ª cu��pmV�T �

Lc(φ) = log (p(x, A)) +

N∑

i=1

K∑

k=1

log (f(yi, θk)) × 1k(xi)
�8�5LON � �

¤+Y#��[<\`��TmVG[<\
Q
³�X%YZ MVGX�VlRUd$prd$RUT �

Q(φ, φn) = Eφn [log (p(XN , A)) |y ] +

N∑

i=1

K∑

k=1

P (Xi = k |y, φn ) log (f(yi, θk))
�8�5LON$� �

¯}VO\`RWV � klY#X�VlRWdg³�)q[]�`p φn+1 = (An+1, (θ
(n+1)
k )1≤k≤K)

^`Y<RUc$d�RW�5pr�5\5dfX%YZ MVGX�VlRWYtTWVO[]\!s]kO[]^`Y]kGdfR�ª []^MTmVGd$\-T
n`Y]p¡jMd��5 vX%YZ MVOX�VORmYZTmVG[<\`R�RW�5p�kOd$R�n>Ytp�YtX�w�TmpWduRejMd�klY�kG[<VFjM� n`pW[M��duRWRW�`R�Y_n`pWVO[]pmV

X
d�T�RU�5p¡kGduR�kO[]VlR�jMd$R

[]^>RUd$pWyZYZTmVG[<\`R �
N<L
An+1 = argmaxAEφn [log (p(XN , A)) |y ]

�5Lrn>[<�5p
1 ≤ k ≤ K, θ

(n+1)
k = argmaxθk

∑N
i=1 P (Xi = k |y, φn ) log (f(yi, θk))

� [<�`Re[<^MTWd$\5[]\`R¡jMd$Ren`pW[M��cujM�5pmd$RejMd�pWc�¥´duRqTmVGX%YZTmVG[<\�n&[]�`p�kGduRekO[]VlR�jMd$R¡[]^`RWd�pmyZYZTmVG[<\`RgÀ<�`VFRW[]\-T�VG\>jMc�n&d�\M¥j5Y]\<Tmd$R�jMd¡klY�RUTWpm�`��Tm�5pWd#��Y]���`c�d����5[<VORWVGd � n5�`VORmÀ-�5d¡��d$kGkOd�¥���VA\�ª VG\-TWd$pWy1VOd�\-TfÀ-�5d¡n`Ytp�kGduR}n5pm[]^`Y]^5VOkGVGTWcuR}X%Ytpms]VG¥
\`Y]kGduRrY#n&[<RUTWd$pWVO[]pmV

P (Xi = k |y, φn )
L &±YtprklY�RU�`V�Tmd � \5[<�`R�\5[]TWd�pm[]\>R

∀i, k, l, n, π(n)
i,k = P (Xi = k |y, φn )

d�T
p
(n)
i (k, l) = P (Xi = k,Xi+1 = l |y, φn )

� [<�`R�[]^5TWd�\`[]\`RrY]kG[<pmR��5\5ded� Mn5pWduRWRWVO[]\_Yt\`Y]kGa-TWVlÀ-�5dejMd$R�n>Ytp�YtX�w�TmpWduR�j5dekOY�kO[]V�jMd X
d�T}kOY���[<pWX#�5kOdgj5d

pmc�¥§d$RUTWVOX�YtTWVO[]\ojMdekOY�n5pm[]^>Yt^5VOkGVGTWcejMdgTmpmY]\`RWV�TmVG[<\
An+1 = (a

(n+1)
ij )

d$RUT

∀k, l ≤ K, â
(n+1)
kl =

∑N−1
i=1 p

(n)
i (k, l)

∑N−1
i=1 π

(n)
i,k

�8�5LON�« �

�fYt\`R�kOdS�$Y]R�jMduR����`YZ�l\5duR�jMdSi�Ytpmx][Zy}��Y<���5c�duR�³rd$RWn`Y<��d±j�ª c�TmYtTAjMVlRW��pWd�T � kGduR�n5pm[]^`Y]^5VGkOVGTWc$R �8�5L «`L � �&RW[]\-T��8Y<��VOkGduR
³o[]^MTmd�\5VOp�n`Y]pekGd%^`VOY]VORejMduR�YtkOs][<pWVGTW�`X�duRgYbybY]\-TU¥�YtpmpWVOw�pmd]L(&:[]�5p�jMduReRqTmpW�>��TW�`pWduRe��Y]���`c�d$Rgn`kG�`R¡��[]X�n5kOd� MduR
TWd$kOR�À-�5dfkGduR����`YtX�n`R�X%Ytpmx][Zy1VOd�\`RS[]��kOd$R�pmc$RWd$Y]�M %^`Yba]cuRUVOd�\`R � kOde��Y]kO���5k&j5d$R�X%Ytpms]d$R�Y#n>[-RqTmd�pmVG[<pWV&d$RUT�n`kG�`R
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jMc$kGVl��YtT � y][<VGp�VGX�n&[<RmRUVO^5kOd]L�& kO�`RWVGd$�5p�RFX�c�TW�5[MjMduRF[<\-T�c�TWcgn5pm[]n&[<RWc�d$RFn&[]�5p�c�y1VGTWd$p�k´ª c�TmY]n>dfP []��n&[]�`p�Yby<[]VOp
�5\5d�Y]n5n5pm[b MVGX%YZTmVG[<\�jMduRrn5pm[]^`Y]^5VGkOVGTWc$R�Y�n&[<RUTWd$pWVO[]pmV �

� n`Ytp�RWVGX#�5klYZTWVO[]\ RWd�kO[]\ kOY_kO[]VFY_n>[-RqTmd�pmVG[<pWV±jMd XN
��[<\`jMVGTWVO[]\5\`d�kOkGd$X�d$\-T¡³

y � Y]kGs<[]pmV�Tm�5X�d$Rgi�[]\-Tmd~�YtpmkG[!PSi�j5d # d�V±d�T � Y]\5\5d�p �ONu�t«!� d�T �-Tm[1���>Y]RUTWVl�#¯¢n5n5pm[b 1VOX%YZTmVG[<\�PSi½jMd%¤+Yby1VOd�kOkGd � ��d�kOa][<\�d�T
i�[]�5kOVO\5d$R �¾�MN � �

� n`YtpfYtn5n5pm[b MVGX%YtTWVO[]\_jMc�Tmd�pmX�VO\5VlRqTmd � YtkOs][<pWVGTW�5X�d �U�§TWd$pmYtTWVOy]d#~F[<\`jMVGTWVO[]\`Y]kAi�[MjMdL��j5d#¦�d$RmYts �8�W~�i � �� �]­ � �
� n`YtprYtkOs][<pWVGTW�`X�dejMdgn5pm[]n>Yts<YtTWVO[]\ojMd$Rr��pW[Za-Yt\`��d$RFs]c�\`c�p�YtkOVORmYt\-TFkOd$R}pWcu���5p�RUVO[]\>RFYbyZYt\-TW¥§Y]pWpmVGw$pWd � � hZ­!�´L

�	#�� #�� � � � � � �
 �� ��
��������	��

�	����� � �

¤ ª YtkOs][<pWVGTW�`X�dePFi�d$RUT�RW[]�5y<d�\-T¢��[<\`RUVljMc$pWc���[]X�X�d�kOY�X�c�TW�5[MjMd�jMd¡pmc���c$pWd$\`��den&[]�`p¢k´ª duRqTmVGX%YZTmVG[<\DjMd$R
X�[MjMw�kOd$R#³DjM[]\`\5c�duReX%Yt\`À-�`Y]\<Tmd$R � [<�/Yba<Yt\-T�jMduR¡RUTWpm�`��Tm�5pWduR�n`Y]pUTmVO���5kOVGw$pWd$X�d$\-T¡��[]X�n5kOd� MduR�L���k�n&[<RmRUwujMd
\5cuYt\5X�[]VO\`R�jMd$RFkOVGX�VGTmYZTmVG[<\`R�À-�5V3[]\-T�RUTWVOX¡�5kOcfkOY¡n5pW[<n>[-RUVGTWVO[]\�j5d�\5[<X¡^5pmd��5 %Y]kGs<[]pmV�Tm�5X�d$RSV�Tmc�p�YZTWVG�8R�j�ª duRqTmV�¥
X%YZTmVG[<\¡VO\`RUn`VGpmc�duRBj5� �Un5pWVO\`��VGn&d�PSi ��Lb¤+d$R:jMc��8Yt�MT�R±��[]\`\-�>RBj5dFk´ª Y]kGs<[]pmV�Tm�5X�dFRW[]\-T:kOYfRUd$\`RWVG^5VOkOV�Tmc�³�klY¢yZYtkOd��`p
VO\5V�TmVOY]kGd

φ0
� klY��8Y]VG^`kGdfy1V�Tmd$RmRUdgjMdg��[]\1y<d�pms]d�\>��d � kOY�jMV �����5kGTWcejM�o��Ytkl���`k3j5d�klY¡kO[]V�Y#n>[-RqTmd�pmVG[<pWV P (V|u, φn)[]� jM� �$Ytkl���5k�jMdok@ª d$RWn&c�p�Yt\`��d � kOYvjMV �%���5kGTWc_jMd!klY�X�Yt MVGX�VlRWYtTWVO[]\HjMdoklYDn5�`Y<RUd_i L �1d$kG[<\HkOd$R#X�[MjMw$kGduR �

��d�RU[<\-T¢kGduR}c�TmYtn&d$R�P [<�Di � y<[]VOpWdekOd$RfjMd$�M  � À-�5VBn>d$�5y]d$\<TgjM[]\`\5d�p�kGVOd���³�jMd$R�jMV �����5k�Tmc$R$L&¤Sª Y]kGs<[]pmV�Tm�5X�d
µ>¶�·u¸m¹`ºb»�¶@¼8¸�¥§PSi � �1PSi���jMd�~Fd�kOd��M  d�T��¢VOd�^&[]kGT � � �<� � ��n`Y]kGkOVOd_��d$R%jMd$�M Hn5pm[]^`kGw$X�duR�d�\ n5pW[<n>[-RWY]\-T��5\`d
n5pm[M��c$j5�5pWdgj�ª VGX�n5�5TmYZTmVG[<\!d$\!pmd�X�n5klY]��d�X�d�\-T�jMdgk@ª c�T�Ytn&dfP¢L5¤�deRW���`c�X%Y¡s<c�\5c$pmY]k&j5dfk´ª YtkOs][]pmVGTW�5X�d¢duRqTr�5\`d
YtkGTWd$pW\>Yt\`��d#d$\<TmpWd�RWVGX#�5kOYtTWVO[]\�d�T�X%YZ MVOX�VlRmYZTWVO[]\�jMd�kOYokO[]st¥§y1pmY]VORWd�X#^5klYt\`��d �U��[]X�n5kOc�Tmc�d�� � )q�`RmÀ<�+ª ³![]^MTmd�\M¥
TWVO[]\Dj�ª �5\���[]X�n&[]pWTWd$X�d$\-T�RqT�YZTmVG[<\5\`YtVOpmdgj5d¡klY�RU�`V�Tmd¡jMd$R¢n`Ytp�YtX�w�TWpmd$R$L &±YtpWTmYt\-T¢j�ª �5\5d#yZYtkOd��5p}VO\-TWVlYtkOd

φ0
�

\5[<�`Rr��[<\`RqTmpW�`VORW[]\`R�VGTWc$pmYtTWVOy]d�X�d$\<TrklY�RU�5VGTWd�Y]kGcuYZTm[]VOpWd
(φn)n≥1

�

�f? "S=-ËZ450 �]* (�2$7
�!�B45?$2$68��IB*
u(n+1) ∼ p(u |v, φn )

�Å4MJ�6@./68?u4M2u687&0
φn+1 = arg maxφ Lc(u

(n+1), φ)

�1V�\5[]�`R!Ytn5n&d�kO[]\>R
M

kOY TmpmY]\`RU��[]pmX�YtTWVO[]\ À-�5V�Y<RWRW[M��VOdD³
u(n+1) kOdD\5[<�5y]duYt� n`Ytp�YtX�w�TWpmd φn+1,

\5[]�>R
n&[]�5y<[]\`R�pmc�cu��pmVGpmd �1PFi���[]X�X�dgkGd�RWaMRqTmw�X�dejMa1\`YtX�VlÀ-�5deRU�5VOyZYt\-T �

φn+1 = TEM (φn) + V (φn,u
(n+1))

�8�5LONu� �
[��

V (φn,u
(n+1))

d$RUT#n`Y]p#jMc��`\5VGTWVO[]\/c$s<Y]kS³
M(u(n+1)) − TEM (φn)

LB¤AYDRU�`V�Tmd!YtkOc$YtTW[<VGpmd�YtVO\`RWVF��pmc�c$d
(φn)n≥1

d$RUT!�5\`d����`Yb� \5d�j5d�iDY]pWx<[Zy/�5[]X�[<s]w�\`d � À-�5V�n>d$�MT�R�ª VG\-Tmd�pmn5pWc�TWd$p���[<X�X�dD�`\5d�n&d�pWTW�5pm^`YtTWVO[]\
YtkOc�Tm[]VOpWdgjMdek´ª Y]kGs<[]pmV�Tm�5X�d�PFi L
¤ ª d�pms][MjMVl��VGTWc¢d�T�kOY���[<\-y<d�pms]d$\`��d}jMd

(φn)
y]d$pmRF�5\5dfkO[]V3RqT�YZTWVO[]\`\`YtVOpWd

πφ,SEM
[<\<T�c�Tmc�X�[]\-TmpWc�kG[<pmRmÀ-�5d

kOd$R�[]^`RWd�pmyZYZTmVG[<\`R¡X%Y]\`À-�`Yt\-TWduR�Ytn5n`Y]pUTmVGd$\5\5d$\<T�³��`\ ��[]X�n`Y]��T�[<�HkO[]p�RWÀ-�5dokOd!X�[MjMw�kOd_d$RUT��`\5do�8YtX�VGkOkOd
d� Mn&[]\5d$\-TWVOd�kOkGd�n>Ytp¡��n � {<� � �-h � � []� d$\`��[<pWd�j`Yt\`R#kGd!��Y]R¡VG\>jMc�n&d�\`j`Yt\-T �@RWY]\`R¡��[]\-TWp�YtVO\-TWd$Re��[]pWTWd$R#RU�`p¡klY
��[]pmX�d¡n`Y]pmY]X�c�TWpmVlÀ<�`d � X%Y]VOR¢k@ª PSi�°�jM�DX�[MjMw$kGd���[<X�n`kGd�TfjM[<V�Tfd� MVORUTWd$p�d�T "�TWpmd#Y]RWa1X�nMTW[]TWVlÀ<�`d�X�d�\-T�\`[]pW¥
X%Ytk �rn`Y]p � VOd�klRWd�\ �ON]Nb� �´L3¤+Y�j5V �����`k�Tmc¡d$RmRWd�\-TWVOd�kOkGd#jMd¡k´ª Y]kGs<[]pmV�Tm�5X�d �1PSi�pmc$RWVljMd�d�\�kOY%pmd�klYZTmVG[<\_d�\-TWpmd�klY
X�[Za]d$\5\5d#j5d�klY!kG[<V:RUTmYtTWVO[]\5\>YtVOpWd

πφ,SEM
d�Tfk´ª PFi�°¡LB~Fd�kOVGd$\�duRqTgd�\�s]c�\`c�p�Ytk:��[]X�n5kOd� Md �3��nvY!X�[]\-TWpmc

j5Y]\`R�kGd_��Y<R¡d� 1n&[]\`d�\-TWVOd�krÀ-�5d_��d$R�jMd$�M HÀ-�`Yt\-TmV�Tmc$R�jMV �3w�pmd�\-T�j�ª �5\H[<pmj5pWd
1/N � [�� N

duRqT�kOY�TmY]VGkOkOdojMd
k´ª cu���`Yt\-TWVOkOkG[<\�LM¤�[]p�RmÀ<�`d

N
TWd$\`joy]d�p�RFk@ª VG\5�`\5V � � VOd�klRUd$\_d�Tr��n!X�[<\<TmpWd$\-T�Tm[]�`R�kOd$R�jMd$�M !klY���[]\1y<d�pms]d�\>��d�j5dklY#kO[]VARqT�YZTWVO[]\`\`YtVOpWdfy]d$pmR��5\`dekG[<V�\5[]pmX%YtkOdf��d�\-TWpmc�deRW�5prk@ª PSi�°#L
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¤+Y�kG[<VBRUTmYtTWVO[]\5\`Y]VGpmdekOVGX�VGTWd�Y%n>[<�5pfX�[Za<d�\5\`d��5\DX%YZ MVOX¡�5X jMd#kOY�y-p�YtVlRWd�X¡^`kOY]\`��d � d�TfkGduR¢n&d�pWTW�5pm^`Yt¥

TWVO[]\>RrYtkOc$YZTm[]VOpWduR�jM�5d$Rr³�k´ª VOX�n5�MT�YZTWVO[]\_n&d�pmX�d�TUTmd�\-T}\5[<\_RWd��`kGd$X�d$\-Trj5d�RU[<pUTmVGprjMd���d�pWTmYtVO\`R �Un5VGw$s]duRF� � X%YtVlR
Yt�>RWRWV�j�ª Yby<[]VOpF�`\5deVGX%Y]s]dgjMdgkOY�kO[]st¥§y1pmY]VORWd�X#^5klYt\`��d}Yt�M �d$\1y-VOpm[]\`R�jM�_X%YZ MVGX#�5X£YtTUTWd$VG\-T � ��deÀ-�5V�n>d$pWX�d�T
j�ª []^MTmd�\5VOpSY]�`RWRWV5�5\`d¢Ytn5n`pW[b MVOX�YtTWVO[]\�jMd}klYgybY]pWVlYt\>��drjMd}k´ª duRqTmVGX%YtTWd��`p � �¾�<h��´L-�¡ª �5\%n&[]VO\<T�jMdry1�5d}n5p�YZTmVOÀ-�5d �
X%YtkOs]pmc��5\5d!y1V�Tmd$RmRUd�j5d!��[<\1y]d�pms]d$\`��d%n`kG�`R¡�8YtVO^5kOd��@Y]����[]X�n`Y]s]\5c$d�RU[<�5y]d$\<T�j�ª �`\ TWd$X�n>R#jMdo��Y]kO���5kFn`kG�`R
kO[]\5s!d�\Dp�YtVlRU[<\�jMd#kOY�n5�`Y]RWd#j5d�RWVGX#�5klYZTWVO[]\ �rk´ª YbyZYt\-T�Yts]d#jMd �MPSiÁRW�5pfPSi duRqTej�ª "�TWpmd¡X�[<VG\`RfRWd�\`RWVG^`kGd�³
k´ª VO\5VGTWVlYtkOVORmYZTmVG[<\oÀ-�5dePSi � d�T¢jMdeRWd���[<X�n&[]pWTWd$prj5Yt\`Rr��d�pWTmY]VG\`Rr�$Y]R�X�VOd��M !À-�5dePFi � � �t«!�§L

&:[]�5p¢kGduR�~�i�~�YZ¥�¦�� � k@ª YtkOs][<pWVGTW�`X�d �MPSi���[<\`RUVlRUTWded�\�klY%RWVGX#�5kOYtTWVO[]\�jMd
X̃(n) =

(
X̃

(n)
i

)
1≤i≤N

TWVOpWc$d
RWd�kO[]\vkOYokO[]VSYon&[<RUTWd�pmVO[]pmV

P (X |y, φn ) � n5�5VlRgd�\ kOd���Y]kO���5k Yt� RUd$VG\ jMd%���`Y<À-�5d%��klY]RmRUd%jM� X%YZ MVOX¡�5X¨j5d
y1pmY]VORWd�X#^5klYt\`��dfj5Y]\`R�kOdg�$Y]Rrj�ª []^>RUd$pWyZYZTmVG[<\`R�VG\>jMc�n&d�\`j`Yt\-TWduR �

∀k, θ(n+1)
k = arg max

θk

∏

i|x̃i
(n)=k

f(yi, θk)

∀k, l, a(n+1)
kl =

∑N−1
i=1 1kl(xi, xi+1)∑N

i=1 1kl(xi)

� ��� � ��� � ������� ��� ��� ����� � � � � � ����� ����������� � ����� � �������!� ��
�
�� � ��� � ���
��� 
��

��d$R�X�c�Tm�5[MjMd$RrY]k�Tmd�pm\`YZTmVGy<d$R�Yt�oX�Yt MVGX#�5X£jMdgy1pmY]VORWd�X#^5klYt\`��d¢[]\-Trc�Tmcgn5pW[<n>[-RUc$d$R�n&[]�5p�k´ª duRqTmVGX%YZTmVG[<\
jMduR!~�i�~�Y � ��[]X�X�d�kOd$R%X�[]VO\`jMpmd$R���Ytpmpmc$R ��y<[]VOp�n`Ytp%d� Md�X�n5kOdDi�d�y<d�k �ON]N ��� � � klY X%YZ MVGX�VlRWYtTWVO[]\ jMd�klY
y1pmY]VORWd�X#^5klYt\`��d�X%Y]pWs<VG\`Y]kGd ∑N

i=1 log (p(yi, φ))
��y<[]VOp%�ON$­]�!� ��[]� d�\`��[]pmd%kOY �qy1p�YtVlRUd$X¡^5klYt\`��d%jMd$R#jM[]\5\`c�d$R

RWc�n`Y]pWc$d$R
�Ac�s-YtkOd ³ ∑n
i=1 log

(
pm
(
(ym(i−1)+1, . . . , ymi), φ

)) �8[��
pm(·, φ)

duRqTAkOYrjMd$\`RWV�TmcSjMd
(Y1, . . . , Ym) �y][<VGp �GN$«`N � ��L¢~Fd�n&d�\>j5Yt\-T � k´ª PFi�°®duRqTo�MTWVOkOVORWcDTmpWwuR�X%Y )q[<pWVGTmY]VGpmd�X�d$\<T!n>[<�5p�k´ª VO\M��c$pWd$\`��dvjMd$RoX�[MjMw�kOd$R!³

jM[<\5\5c�duR¢X%Y]\`À-�`Yt\-TWduR¢s<pD�<��d¡³!klY�n&[<RmRUVO^5VOkGVGTWc�j�ª Ytn5n5pm[M���5d�p�k@ª PSi�°²n`Y]p�PFi
	#Y]VG\>RUV±À-�5d¡n>Ytpfk@ª d� MVlRqTmd�\`��d
jMdepmc$RW�5kGTmYZT�RFTW�5c$[]pmVOÀ-�5duRrRU�5p}RmY���[<\-y<d�pms]d$\`��d�d�T¢RW[]\od�����Y<��VGTWc]L
� [<�`R�n`pW[<n>[-RU[<\`R%j5Yt\>R���d�TUTmd�RWd$��TmVG[<\ �5\5d�X�c�TW�5[MjMdvj�ª duRqTmVGX%YtTWVO[]\ s]c$\5c�p�YtkOdDjMduR�X�[MjMw�kOd$R!³/jM[]\5¥\5c$d$R}X%Y]\`À-�`Yt\-TWduR � ^`Y]RWc�d�RW�5p�kOY�Tm�5c�[<pWVOd¡jMduRr��[<\`��TmVG[<\`R}duRqTmVGX%Yt\-Tmd$R$L � [<�`R}p�Ytn`n>d$kG[<\`RrkOd$R¢j5c��`\5VGTWVO[]\>R¢d�Tn5pm[]n5pmVOc�TWcuR}��[<\`j5Y]X�d$\-TmYtkOd$RgjMd���duRgjMd�pm\5VOw�pmd$Rgj5Yt\>R�klYoRUdu��TWVO[]\v�5L¾�MLON]LON �8d�\v\5[]�`RfVO\`RWn5VGp�Yt\-TgjMd �¾ht{ � ©]{ � ��L

¤ ª []^ )qd$��TmV�� duRqTgYtkO[]p�R¢jMd���[<\`RqTmpW�`VGpmd��5\5d¡�8YtX�VOkGkOd#jMd¡��[]\`��TWVO[]\`R�d$RUTWVOX%Yt\-TWduR¢n&[]�`p¢kOd$R�X�[MjMw$kGduR�³!jM[]\`\5c�duR
X%Yt\`À-�`Y]\-TWd$Rr³�n>YtpWTWVOp¢jMd$Rr��[]\`��TWVO[]\`RrduRqTmVGX%Y]\<Tmd$R}j5��X�[MjMw$kGd�³%j5[]\5\5c$d$R}��[]X�n5kOw�Tmd$R$L`¤�d�n>Y]RmRWY]s]dgjM�D��Y<R
��[<X�n5kGd�T�Y]�H��Y<R�VG\`��[]X�n5kOd�T�d$RUT�pmc$Y]kGVlRWc�n`Ytp�klY�n5pm[ )qdu��TmVG[<\HjMd$R¡��[]\>��TWVO[]\>R#duRqTmVGX%Y]\<Tmd$R#n`Ytp�k´ª [<n>c$pmYtTWd��`p
j�ª d$RWn>c$pmY]\`��d���[]\>jMV�TmVG[<\5\5d$kGkOd]LM~Fd�TUTmd¢VljMc�d � klYZTmd�\-TWd�j5Yt\`RSk@ª YtkOs][<pWVGTW�`X�drPFi
� � Yec�TWc¢s<c�\5c$pmY]kGVlRWc�d�n`Ytp � d$a1j5d
d�Tri�[<pUTm[]\ � {]­ ��n&[]�5p�n5pm[]n&[<RWd�pF�5\!\`[]�5y<d�k3YtkOs][]pmVGTW�5X�d}pmc$���5pmRWVG�+j�ª duRqTmVGX%YtTWVO[]\!j5d�n`Y]pmY]X�w�TWpmd$R �8À-�5df\5[]�>R
p�Ytn5n&d�kO[]\`Rgj5Y]\`RgklY!RWd$��TWVO[]\ �5L¾�ML �5L � ��L+~Fd$n>d$\`j5Yt\-T � � d�aMjMd ��¶fº�
C0�\+ª c�TW�`jMVOd�n`Y]RgkOd$Rgn`pW[<n5pWVOc�Tmc$RgjMduR¢��[<\`��¥
TWVO[]\>Rgd$RUTWVOX�Y]\-TWd$ReY]VG\>RUV±[<^MTWd$\-�`d$R����`[]pmX�VlRgkOd��5pe[<nMTWVOX%YtkOV�Tmc � À-�5d�\5[]�>RejMc��`\`VORmRU[<\`Rgn`Y]pekOY_RW�5V�Tmd�� � X%YtVlR
VO\`RUVlRUTWd�\-TeRU�`p�kOd$RfjMV��&c$pWd$\`��duR�d$\-TWpmd¡kOd$RfYtkOs][]pmVGTW�5X�d$R�RUd$kG[<\DkOd$R���[]\`��TWVO[]\`R�d$RUTWVOX%Yt\-TWduR¢d�TfkOd$Rfn5pm[ )qdu��Tmd��5p�R
�MTmVGkOVORWc$R �8RmYt\`RrR$ª YtTUT�Ytp�jMd�prRW�5pr�5\_d�\on`YtpWTWVl���`kGVOd�p ��L
P \o\5[]�>Rr��[]\>��d�\-TmpmY]\<T�RU�`prk@ª d$RWn>c$pmY]\`��dg��[<\`jMVGTWVO[]\5\`d�kOkGd � \5[]�`R�X�[]\-TmpW[<\`R�À<�`dfkOd$R���[<\`��TmVG[<\`R�n5pm[ )qd�Tmc�duR

��[<\`RWd�pmy]d�\-T#��d�pWTmY]VG\5duR¡n`pW[<n5pWVOc�Tmc$R�jMd$R#��[<\`��TmVG[<\`R#RW�5p%jM[<\5\5c�duR#��[]X�n5kOw�Tmd$R � ��[<�5pm\5VORmRmYt\-T#YtVO\`RWV��5\ �$Y]jMpmd
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[]pmVOs]VO\`Ytk±d�T¡�5\5d![]�5y<d�pWTW�5pmd�n>[-RWRWVG^`kGd�³Dj5d$R�c�TW�`j5d$ReTm�5c�[<pWVlÀ-�5d$R��5k�Tmc�pmVGd$�5pmd$Ren&[]�5p¡�5\5d%Tm�5c�[<pWVOd�s]c$\5c�p�YtkOd
jMd�k@ª d$RUTWVOX%YZTWVO[]\ j5d$R!X�[MjMw$kGduR�³/j5[]\5\5c$d$R�VG\`��[]X�n5kOw�Tmd$R$L � []�`R�VG\-TWpm[MjM�5VlRU[<\`R�Y]kG[<pmR��5\ YtkOs][<pWVGTW�`X�dDj5dpmc$RW[]kO�MTWVO[]\�jMduR¢cuÀ<�>YZTWVO[]\>Rr[]^MTmd�\1�5duR � À<�`d¡\5[<�`R¢Y]n5n>d$kG[<\`R}PFRqTmVGX%YZTmVG[<\�~F[]\`j5V�TmVG[<\5\5d�kOkOd¡�§TWc$pmYtTWVOy]d �8P�~F� � �
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³ok@ª YtkOs][<pWVGTW�`X�d�s<c�\5c$pmY]k:j5d � d�aMjMd%d�T¡i�[]pWTW[<\ � � d�T¡À-��ª VOk n&d�pmX�d�T¡jMd�kOd%pWd�TWpm[]�5y<d�p � Y]VG\>RUV À-�5d%n5kO�`RWVGd$�5p�R
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X�c�Tm�5[MjMd$R}j�ª duRqTmVGX%YZTmVG[<\ �5X�[]VO\`jMpmd$Rr��Y]pWpmc$R � X%YZ MVOX¡�5X�jMdey1pmY]VORWd�X#^5kOY]\`��d � X�[<X�d�\-TmR � L$L�L ~Fd$R�X�c�Tm�5[MjMd$R
Yt^&[]�5TWVlRWRWd�\-T!³HkOYHpWdu���5d�p����5dDjMduR�p�Y]��VO\5duR�j�ª �5\5d ��d$pUT�YtVO\5d���[]\>��TWVO[]\

g
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��[<\1y]d�\>Yt^5kOd$R � jMd$RAd$RUTWVOX%YZTmd��5p�R���[<\`RWVORUTmY]\<T�R�jMduR�n`Y]pmY]X�w�TWpmd$R�pmd$���`d�p����5c$R$L�¤ ª Ytn5n`pW[M���5d ��kOY<RWRWVOÀ-�5d ��[]\`RWVlRqTmd ³
X�[]\-TWpmd�pBYtkO[]p�R�À-�5dS��d$RAd$RUTWVOX�YtTWd$�5pmRARU[<\-TARWY]\`R�^`VOY]VOR � [<��[]nMTmVGX%Y]�M ��8n`YtpBd� Md$X�n`kGdSj5dSyZYtpmVOY]\`��dSX�VO\5VOX%YtkOd���L
¤+Y%TW�5c$[]pmVGd�jMduRr��[<\`��TmVG[<\`R}duRqTmVGX%Yt\-Tmd$R}n&[]pWTWd#RU[<\�VG\-TWc$p�"�T�RW�5p¢klY%n5pm[]n5pmVOc�TWc�j5d�kOY%��[]\`��TWVO[]\

g
d$kGkOd�¥§X "�X�d �

��Y]prkGduR�n5pm[]n5pmVGc�TWcuR�j5d$RrduRqTmVGX%YZTmd��5p�R�RU[<\-Trj5c$jM�5VGTWduR}jMd���d�kOkGduRrjMd
g
L

� [<�`R�jMc��`\5VlRWRW[]\>RfTW[]�5T#j�ª Yt^&[]p�j��`\5d%��[]\>��TWVO[]\ duRqTmVGX%Yt\-Tmd%d�T#jM[<\5\5[<\`R�À-�5d�klÀ-�5d$R��5\`R�jMduR¡��[]\`��d�nMT�RÀ-�5V�n>d$pWX�d�TWTWd$\<T�jMd�y<[]VOp#��d�TUTmd�Tm�5c�[<pWVOd���[<X�X�d!�5\5d!s]c�\`c�p�YtkOVORmYZTmVG[<\vjMd!kOY�X�c�TW�`[1j5d!jM�/X%Yt 1VOX¡�`X j5d
y1pmY]VORWd�X#^5klYt\`��d]L
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µ3·t¼ ¶ P = {p(·, φ), φ ∈ Φ} + 
 ��· 7W5;
�� �5º��Wº �	B�¶Z��¼1> + �%»�¶�ºZ¶´¼l»�¶´¼1> + ��¼�
 7 � ��B �`º%� Φ ⊂ � p ��¶ 7WB]. 
`¼�» + �


�G ��» �5º<¸ � V 0�@+º \�· 
3¸�¶´¼8· 
 g : V × Φ −→ � p ��»�¶ + 
 � \�·�
&¸�¶@¼8·�
 ��»�¶@¼��%º 
>¶���»�¼ �-
3
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∀φ ∈ Φ, Eφ [g(V, φ)] = 0
�@�5LON$Ã �

@ �/� ��¸�¶ � + ��º�
CB�ºZ¶�·Z¼3� � g(V, φ)
��»�¶ �`º%� \�·Z¼l» 
&·Z¶$B

g(φ)
0

&±YtpmX�VMk@ª d�\`RWd�X#^5kOd}jMd$RB��[<\`��TmVG[<\`R±d$RUTWVOX%Yt\-TWduR � [<\%R�ª VG\-Tmc�pmd$RmRUd�n5kO�`R±n`Y]pUTmVO���5kOVGw$pWd$X�d$\-T±³g��d�kOkGduR À-�5V`RW[]\-T
��Y]pWpmc±VO\<Tmc�s<pmY]^5kGduR�L � []�`R+d�\���[]\`RWVOj5c�pm[]\`R�Y]kG[<pmR3�`\¡RU[<�`RU¥´d$\`RUd$X¡^5kOd8��� À-�5d \5[<�`R�\5[]TW[<\`R Hv

Lu¯/n`Y]pUTmVGp+j�ª �5\`d
��[]\>��TWVO[]\!d$RUTWVOX%Yt\-TWd

g ∈ Hv
� \5[]�`R�n&[]�5y<[]\`R�jMcujM�5VOpWdf�5\od$RUTWVOX%YZTWd$�5prjMd φ d�\opWcuRU[<kGyZY]\<T � n&[]�`p v

jM[<\5\5c �
k´ª cuÀ<�>YZTWVO[]\ �8RWV�VOk�d� MVlRqTmdg�5\5d�RW[]kO�MTWVO[]\ �

g(v, φ) = 0
�@�5LONbh �

¤ ª c�Tm�`jMdfjMd$RFn5pm[]n5pmVGc�TWcuRSY]RWa1X�nMTW[]TWVlÀ<�`d$RSj5d¢klY�p�Y]��VO\5d
φ̂(v)

[<^MTWd$\1�5d}d�\!pWcuRU[<kGyZY]\<T k´ª PSÀ&L �@�5LONbh �±RUd¢�8YtVGT�jMd
X%Yt\5VOw�pmd�RUVOX�VGklYtVOpWd�³���d�kOkGduR:jMd�k@ª PSi�° d�T Y]^>[<�MTWVGT ³¢klY¢s<c�\5c$pmY]kGVlRmYZTWVO[]\�j5�#y<d$��Tmd��5p±Rm��[<pWd ��kOd�s<pmY<jMVOd�\-TBjMd�klY
kO[]st¥§y1pmY]VORWd�X#^5klYt\`��d��±Y]VG\`RWV�À-��ª ³#klY�jMc��>\5V�TmVG[<\�j�ª �`\_��pWVGTWw$pWdej�ª []n5TWVOX�Y]kGVGTWcgn&[]�5prkOd$Rr��[]\`��TWVO[]\`R�duRqTmVGX%Yt\-Tmd$R$L
¯r�>\Dj�ª c�TW�`j5VGd$p}kGd���[]X�n&[]pWTWd�X�d$\<T}Y<RUa1X�nMTW[]TWVlÀ-�5dejMd�klY¡��[<\`��TmVG[<\

g
��d�T¢jMd

φ̂(v)
� � VGk�duRqT¢��[]X�X�[MjMdejMdekOY

\5[<pWX%YtkOVlRUd$p � c�TmY]\-TgjM[<\5\5c�À<�`d g d�T Ag ��[�� A d$RUTf�5\`d#X%YZTmpWVl��d#VG\1y<d�p�RUVO^5kOd¡jMc�n&d�\>j5Yt\-Tgc�y]d$\-TW�5d$kGkOd�X�d�\-T
jMd
φ
� n>[-RWRWw$jMd$\-T kGduR X "�X�d$RSpmY<��VO\5d$R$L �1V

g
d$RUTS�5\5d}��[]\`��TWVO[]\%d$RUTWVOX%Yt\-TWd¢n>[<�5p kOd}X�[1j5w�kOd {p(·, φ), φ ∈ Φ} �\5[<�`RrjMc��>\5VORmRW[]\`R�klY#��[]\`��TWVO[]\_d$RUTWVOX%Yt\-TWdg\5[<pWX%YtkOVlRUc$d
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∀v, φ g(s)(v, φ) = −Eφ [∂φg(V, φ)]
′
Eφ

[
g(V, φ)g(V, φ)

′
]−1

g(v, φ)

[��
∂φg

pmd�n`pWcuRUd$\<Tmd%kGd )UY]��[]^5VOd�\/jMd
g
pmd�klYZTWVOy]d$X�d�\-T¡³

φ
LB¯}�`\HjMdo��[<X�n>Ytpmd�pekOd$R¡��[]\`��TWVO[]\`R¡d$RUTWVOX�Y]\-TWd$R

d�\-TmpWd d$kGkOd$R � \5[]�`R+�MTWVOkOVORW[]\`RAklYrX%YZTWpmVl��d E(g) = Eφ [∂φg(φ)]
′
Eφ

[
g(φ)g(φ)

′
]−1

Eφ [∂φg(φ)] � À<�`V<duRqT:Yt�`RmRUVc�s-Ytk �.��³�klY#yZY]pWVlYt\`��dejMd
g(s) � V@L d]L

E(g) = Eφ

[
g(s)(φ)g(s)(φ)

′
]

~Fd$R�X%YZTmpWVl��duRFR$ª VG\-TWd$pWn`pWw�TWd�\-T���[]X�X�d�j5d$R���pmV�Tmw�pmd$R�j�ª VG\M��[<pWX%YtTWVO[]\ � d�T�\5[]�>RFn&[]�`y][]\>RSkOd$R���[<X�n`Ytpmd�pFd�\-TWpmd
d�kOkOd$RrYt�_RWd�\`RrjMdek´ª []p�jMpWdfn`Y]pUTmVGd$kGkOdejMd$RrX%YtTWpmVO��d$R�RUd$X�V�¥�jMc��>\5VGduR�n>[-RUVGTWVOy]duR�L E(g)

s<c�\5c$pmY]kGVlRWd�k´ª VO\M��[<pWX%YZTmVG[<\
jMd�¿BVORW�5d�pfn`Y]pm��d¡À-��ª d$kGkOd�kOY�pWdujM[]\5\`d¡kO[]p�RWÀ-�5d�\`[]�`R��MTWVOkOVORW[]\`RfkOd#Rm��[<pWd � d�TeÀ-��ª d�kOkGd�d$RUT�pmd�kOVGc$d¡d$kGkOd�Y]�`RmRUVB³
klY�yZYtpmVOY]\`��d�Y<RUa1X�nMTW[]TWVlÀ-�5d�jMd�k´ª d$RUTWVOX�YtTWd$�5p#jMd

φ
LBP \/d �&d�T � RUVFkOY�TmYtVOkOkGd�j5d�k@ª c$���>Yt\-TWVOkGkO[]\ n Tmd�\`j y<d�p�Rk´ª VO\M�`\5V � d�T¢À<�`de\5[]�`RrYby<[]\`RFklY�\5[]pmX%YtkOV�TmcfY<RUa1X�nMTW[]TWVlÀ-�5dejMd gn(φ) = gn(Vn, φ) � V´L d]L

Eφ

[
gn(φ)gn(φ)

′
]−1

gn(φ) −→n N(0, Ip)

YtkO[]p�R�k@ª d$RUTWVOX%YZTmd��5p
φ̂n(v)

d$RUTrkG�5VAYt�`RmRUV�\`[]pmX�Y]k �

E(gn)
(
φ̂n − φ

)
−→n N(0, Ip)

¤�df��pmV�Tmw�pmd E(g)
n&d�pmX�d�TrjMd�j5c��`\5VOpSk´ª []nMTmVGX%YtkOVGTWc � ³e�`[]pmV �$[]\��`\5V � Yt��RWd�VO\�j�ª �5\5d¢�8YtX�VGkOkOd Hv

jMd¢��[]\`��TWVO[]\`R
d$RUTWVOX%Yt\-TWduR �

�o=
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∀g ∈ Hv, ∀φ ∈ Φ, E(g?) ≥ E(g)
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¤�[<pmRmÀ-�5dBkGdSRm��[<pWd:d� 1VlRUTWd � VGk<d$RUT�kOY���[<\`��TmVG[<\fduRqTmVGX%Y]\<Tmd±[]nMTmVGX%Y]kGd jMdSkOY��8Y]X�VOkOkGd {g ∈ L2 |Eφ [g(φ)] = 0
}

�8RmYt\>R¡��[<\-TWp�YtVO\<Tmd�RU�`p�kOY���[]pmX�d!jMd$R���[]\`��TWVO[]\`R ��LB¤�d$R#À-�`Y]RWV�¥�Rm��[]pmd$Rgy<c�pmV��>d�\-T�kOYDn5pW[<n5pmVGc�TWc%pmd�X%Ytp�À-�`Yt^5kOd
RW�5VGyZY]\<Tmd �

Eφ

[
∂φg

?(s)(φ)
]

= −Eφ
[
g?(s)(φ)g?(s)(φ)

′
] �8�5LON${ �
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[
g(s)(φ)g(s)(φ)

′
] � k@ª VO\5c�s-YtkOV�Tmc �8�5LON$© �
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TmY]X�X�d$\-T�kO[]p�RmÀ<�`d¢klY#y1p�YtVlRUd$X¡^5klYt\>��d�j5�!X�[MjMw�kOdgd$RUT}��[]X�n5kOVlÀ<�`c�dfy][]VOpmd¢VO\`Y]�$��d$RmRWVG^5kOd���d�\-TmpWdeYt�5TWpmd$R�j5Yt\>R
kOd$R¢���>YtX�n`R}Y]kGcuYZTW[<VGpmd$R�[<��j5Yt\`R¢kGduRrn5pm[M��d$RmRW�`R}³�TWd$X�n`R¢��[]\-TWVO\1� ��d�Tfj�ª [<^MTWd$\5VOp�jMduRrd$RUTWVOX%YZTWd$�5p�R}��[<\`RUVlRU¥
TmY]\-TmR}RW[]�`R¢jMd$R}��[]\`j5V�TmVG[<\`R}Y]RmRWd �f�8YtVO^5kOd$R$L>¤ ª []^ )qd$��TmV��±jMd¡��d�TWTWden`Y]pUTmVGdeduRqT�j�ª VO\-TWpm[1j5�5VGpmde�5\5deX�c�TW�5[MjMd¡j5d
��[<\`RUTWpm�`��TmVG[<\#jMd���[]\>��TWVO[]\>RAduRqTmVGX%Y]\<Tmd$RBn&[]�5p±kOd$R:X�[MjMw�kOd$R:³fjM[]\`\5c�duR:X�Y]\`À-�`Yt\-Tmd$R:³¢n>YtpWTWVOp:j5d$RA��[]\`��TWVO[]\`R
d$RUTWVOX%Yt\-TWduRrjM�_X�[1j5w�kOdg��[]X�n5kOd�TuL
P \�d �&d�T � \5[]�>R X�[]\-TWpm[]\>R À-�5d¢k´ª [<n>c$pmYtTWVO[]\%jMd�n5pW[ )qd$��TWVO[]\%jMd$RS��[]\>��TWVO[]\>R d$RUTWVOX%Yt\-TWduR g(φ)

jM��X�[MjMw$kGd
��[<X�n5kGd�T {pc(·, φ), φ ∈ Φ} n&d�pmX�d�T�j�ª []^MTmd�\5VOp�jMd$R!��[]\>��TWVO[]\>R!duRqTmVGX%Y]\<Tmd$Ron&[]�5p_kOd�X�[MjMw�kOdvVG\`��[]X�n5kOd�T
{p(·, φ), φ ∈ Φ} À-�5V��`c�pmV�Tmd�\-T}YtkO[]p�R�j5d$R �U^>[<\5\5duR�n5pW[<n5pmVGc�TWc$R
�fjMd g(φ)
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µ3·t¼ ¶

V + 
 � �`0 º
0>» + � (V ,B(V))
��¶

U = ϕ(V)
�%0 ºW0>» + � (U ,B(U)) �

º%� ��¸
ϕ : (V ,B(V)) −→ (U ,B(U))
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 > + �

g : V × Φ −→ � p
(v, φ) 7→ g(v, φ)
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B1. 
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G : U × Φ −→ � p
(u, φ) 7→ Eφ [g(V, φ) |u ] =

∫
g(v, φ)p(v |u, φ )µ(dv)

��»�¶ + 
 � \�· 
&¸�¶´¼8· 
 ��»�¶´¼���º�
`¶ �e»�º 
`» ,�¼8ºZ¼l»
�
¸mº�����B¡¼�
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� B��%· 
`»�¶Z�Wºt¶@¼8·�
�0 � []�`R \5[tTm[]\`R G(φ) = G(U, φ)
d�T
g(φ) = g(V, φ)

L-¤+Yf��[]\>��TWVO[]\
G
d$RUTS��Y]pWpmc�VG\-Tmc�s<Y]^5kOd

n5�5VlRmÀ<�`dg�]ª duRqT}klY�n5pm[ )qd$��TWVO[]\_jMd
g(φ)

Ytn5n`Y]pUTmd�\`Y]\-T�³
L2 d�T G duRqT¢RmYt\>R�^5VOY]VOR�n>Ytp���dgÀ<�`d

∀φ, Eφ [G(φ)] = Eφ [Eφ [g(φ) |U ]] = Eφ [g(φ)] = 0

~Fd�TWTWdDX�c�TW�5[MjMdvjMd���[<\`RUTWpm�`��TmVG[<\ d$RUT�n`YtpWTWVl���`kGVOw�pmd�X�d�\-T�RWVGX�n5kOd�n>Ytp���dDÀ-��ª VGkf\�ª d$RUT�n`Y]R�\5c$��d$RmRWY]VGpmd
j�ª �MTWVOkOVORWd�p�kOY�n5pm[ )qdu��TmVG[<\oRW�5p}�5\`d�d$RWn`Y]��d�jMdg��[]\>��TWVO[]\>R}d$RUTWVOX%Yt\-TWduRrn5pmc$jMd�TWd$pWX�VO\5c�duR Hu

� ��[]X�X�dekGde��[<\-T
� d$aMjMd¢d�T�i�[<pUTm[]\�L-�¢d�n5kO�`R � \5[<�`R n&[]�`y][]\>RFYby<[]VOp �5\5d¢��[]pmX�d�d� Mn5kOVO��V�Tmd�jMd�kOY���[]\`��TWVO[]\�n`pW[ )qd�TWc$d¢j5Y]\`RFj5d
\5[<X¡^5pmd��M o��Y]R$L
¤�d¢X�Yt MVGX#�5X�jMd}y1pmY]VORWd�X#^5klYt\`��drd$RUTSk@ª d$RUTWVOX%YZTmd��5pF[]^MTmd�\1��kO[]p�RWÀ-�5drklYg��[]\>��TWVO[]\�d$RUTWVOX�Y]\-TWd}duRqTSkOd¢y<d$��TWd��`p
Rm��[]pmd]L-¤+Yen`pW[<n>[-RUVGTWVO[]\�RW�5VOyZYt\-TWd}X�[<\<TmpWdfÀ-�5d¢kOd$RFd$RUTWVOX%YZTWd$�5p�RSjM�!X�Yt MVGX#�5X�jMd¢y1p�YtVlRUd$X¡^5klYt\`��d}��[<X�n`kGd�T
d�T}VO\`��[]X�n5kOd�T¢RW[]\-T}jMVGpmd$��TWd$X�d$\-T�pmd�kOVOc$R$L
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µ3·t¼ ¶

s(φ) = ∇φLc(V, φ)
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��¶
S(φ) = ∇φL(U, φ)
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S(φ) = Eφ [s(φ) |U ]
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�0 � []�`R�RW�5n5n&[<RW[]\`R�À-�5d p (v |u, φ ) � kOY�jMd�\>RUVGTWcgjMd V

��[]\>jMV�TmVG[<\5\5d$kGkOd�X�d�\-Tr³
U � d$RUTFTmd�kOkGdÀ-�5deRU[<\oRW�5n5n&[]pWT

Hu = {v ∈ V |ϕ(v) = u} RW[]VGT�VO\`jMc$n>d$\`j5Y]\<T¢j5d φ L � []�>R}Yby][<\`RFY]kG[<pmR �

Eφ [s(φ) |u ] =

∫

Hu

∇φpc(v, φ)

pc(v, φ)
p (v |u, φ ) ν(dv)

=

∫

Hu

∇φp (v |u, φ ) p(u, φ) + p (v |u, φ )∇φp(u, φ)

p (v |u, φ ) p(u, φ)
p (v |u, φ ) ν(dv)

=

∫

Hu

∇φp (v |u, φ ) ν(dv) +

∫

Hu

∇φp(u, φ)

p(u, φ)
p (v |u, φ ) ν(dv)

=
∇φp(u, φ)

p(u, φ)

¯}VO\`RWV`klY�n5pm[ )qdu��TmVG[<\�j5d¢klYg��[]\`��TWVO[]\%duRqTmVGX%Yt\-Tmd}[]nMTmVGX%Y]kGd �@³��5[<pWV ��[<\��`\5V � RW�5pSkOd$R�jM[]\`\5c�duR ��[<X�n`kGw�TWd$R
d$RUT�kOYD��[]\`��TWVO[]\HduRqTmVGX%Y]\<Tmd![<nMTWVOX%YtkOd��@³��5[<pWV ��[<\ �`\5V ��RU�5p�kOd$R�jM[]\`\5c�duR¡VO\`��[<X�n5kGw�TWduR �:klYDn5pm[]n&[<RWVGTWVO[]\
RW�5VGyZY]\<TmdeX�[]\-TWpmd�À-�5d�k´ª [<nMTWVOX%YtkOV�Tmc�RUdeTmpmY]\`RWX�d�T¢jMd�X%Yt\`VGw$pWdgs]c$\5c�p�YtkOdgn`Ytp¢n5pW[ )qd$��TWVO[]\�L � []�`R}pWdujMc�X�[]\5¥TWpm[]\>Rf��d�TWTWd�n5pW[<n>[-RUVGTWVO[]\vjMc�)U³!X�[]\-TWpmc�j5Yt\`R�� {]­ � � X%YtVlRfd�\��5TWVOkGVlRWY]\-TgklYo��Ytp�Y]��TWc$pWVlRWYtTWVO[]\DjMd�k´ª duRUn&c�p�Yt\`��d
��[<\`jMVGTWVO[]\5\`d�kOkGd<L � []�>R�\5[tTm[]\`R Πu(Hv)

k´ª d$\`RUd$X¡^5kOdejMd$R���[<\`��TmVG[<\`R�d$RUTWVOX%Yt\-TWduR�RU�5p}j5[]\5\5c$d$R�VO\`��[<X�n`kGw�TWd$R
[]^5TWd�\1�5duR�n`YtprklY�n5pm[]n&[<RWV�TmVG[<\��8�`L �5LGN���L
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G?(φ) = Eφ [g?(φ) |U ]
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 � Πu(Hv)
0

� B��%· 
`»�¶Z�Wºt¶@¼8·�
�0�~�ª d$RUTA�`\5dF��[]\`RWc$À-�5d$\`��d�jMd$RAn5pm[]n5pmVGc�TWcuR+jMdFk@ª d$RWn>c$pmY]\`��dF��[]\>jMV�TmVG[<\5\5d$kGkOd � ��[<X�X�dFn5pW[ )qd$��¥
TWd$�5p [<pUTm�5[]s<[]\`Y]k-j5Y]\`R:k´ª duRUn`Y<��drjMd � VGkO^>d$pUTSj5d$RB��[]\>��TWVO[]\>R ��Y]pWpmcFVO\-TWc$s]p�Yt^5kOd$R$LbP \�d �3d�T � VGk5d� MVORUTWdrn5kO�`RWVGd$�5p�R
��Y]pmY<��Tmc�pmVORmYZTmVG[<\`RFj5dfk´ª []nMTmVGX%YtkOVGTWc�j�ª �5\5dg��[<\`��TmVG[<\!duRqTmVGX%Yt\-Tmd��

g?
[<nMTWVOX%Ytk�j5Y]\`R Hv

RWV�d�T¢RWd��5kOd�X�d�\-T¢RWV
g? = arg min

g∈Hv

Eφ

[
(g − s(φ))(g − s(φ))

′
]

��deÀ-�5V+RWVOs]\5VG�`deÀ-�5dgkGdeÀ-�`Y]RWVG¥§Rm��[<pWd�d$RUT�klY#��[]\`��TWVO[]\ �UkOY#n5kO�`R}��[<pWpmc�kOc�dL��Yt�_RW��[]pmd
s(φ) � kO[]p�RWÀ-�5dg��dejMd$pW\5VOd�pd� MVlRqTmd]L � d$aMjMd�Y�X�[]\-TmpWc_j5Yt\>R�� {]­!�¢À<�`doRWV

Q
d$RUT��5\ À-�`Y<RUVG¥�RW��[]pmd�Yt� RUd$VG\ jMd

Πu(Hv) � Y]kG[<pmR#VGk}j5[]VGTy]c$pWVG�`d$p

Q = arg min
G∈Πu(Hv)

Eφ

[
(G− g?)(G− g?)

′
]

P \_n`Y]pUTmVO���5kGVOd�p � \5[<�`RrYby][<\`R�Yt�`RmRUV

Tr(Eφ

[
(Q− g?)(Q− g?)

′
]

= inf
G∈Πu(Hv)

Tr(Eφ

[
(G− g?)(G− g?)

′
]
))

RW[]VGT�d�\>��[]pmd
Eφ

[
‖Q− g?‖2

]
= infG∈Πu(Hv)Eφ

[
‖G− g?‖2

] L/��pg��d�TWTWd#^>[<pW\5d#VG\5��c�pmVGd$�5pWd#d$RUTfYtTUTWd$VG\-Tmd
jMd�X%Yt\5VOw�pmd��5\5VlÀ-�5d�n`YtpfkOY�n5pm[ )qd$��TWVO[]\�[<pUTm�5[]s<[]\`Y]kGd

G?
��k´ª d�\`RWd�X#^5kGd

Πu(Hv)
d$RUTf��[<\1y]d� Md�� � j5[]\`�#\5[]�>R

Yby][<\`R
Q = G?

L
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&:[]�5p�kOdo�$Ytkl���5k�jMdokOY���[]\`��TWVO[]\ \5[]pmX%YtkOVORWc�d
G(s) Y]VG\`RWV�À<�`dojM� ��pmV�Tmw�pmd!j�ª VO\M��[]pmX%YZTWVO[]\ E(G) � \5[]�`RYby][<\`R�^>duRU[<VG\�jMduRrd� Mn5pmd$RmRWVG[<\`RrjMdeklY�ybY]pWVlYt\>��dejMd
G
d�T¢jM� )UY<��[<^5VGd$\

∂φG
L&¤ ª d� Mn5pmd$RmRUVO[]\ojMdekOY�yZY]pWVlYt\`��d

jMd
G
��\5[]TWc$dg��[Zy

φ(G)
�rRWdgj5c$jM�5VGT�jMdgklY#��[]pmX¡�5kOdejMdekOY�yZYtpmVlYt\`��dg��[]\`j5V�TmVG[<\5\5d�kOkOd �
��[Zy

φ(G(φ)) =
��[Zy

φ(g(φ)) −Eφ [
��[Zy

φ (g(V, φ) |U )]
�@�5L �MN��

[��
u 7→ ��[Zy

φ (g(V, φ) |u )
pmd�n`pWcuRUd$\<TmdgkOY���[ZyZY]pWVlYt\`��d�jMd

g(φ)
��[<\`jMVGTWVO[]\5\`d�kOkGd$X�d$\-T¢³

U
c�yZYtkO�5c�dgd$\

u
L

��d#X "�X�d � \`[]�`Rfd� Mn5kOVl��VGTW[]\>R�kOd�kGVOd�\�d�\-TWpmd¡kOd�)UY<��[<^5VGd$\�jMd�klY���[<\`��TmVG[<\�d$RUTWVOX%Yt\-TWd�n5pm[ )qd�TWc�d#d�Te��d$kG�5V
jMd%��d$kG�`V jMd

g
L���k Y]n5n`Y]pmYZ�OTeÀ-�5d%��d�klYo��[]pmpmd$RWn>[<\`jDYtkO[]p�Rg³o�5\5d�s]c$\5c�p�YtkOVORmYZTmVG[<\�jMd�klY���[<pWX#�5kOd�jMd�¤+[]�5VlR �
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∂φG(u, φ) = Eφ [∂φg(V, φ) |u ] +
¸m·��

φ (g(V, φ), s(V, φ) |u )
�8�`L � � �

� B��%· 
`»�¶Z�Wºt¶@¼8·�
�0 � []�`R¢��Ytkl���`kG[<\`R�kGduR}jMc$pWVOy]c$d$RrjMd¡���>Y]À-�5de��[<X�n&[<RmYt\-Tmdgj5d G(u, φ) = (Gi(u, φ))1≤i≤d
�

d�T}\`[tTW[<\`R
g(v, φ) = (gi(v, φ))1≤i≤d

L

∇φGi(u, φ) = ∇φ

∫

Hu

gi(v, φ)p (v |u, φ ) ν(dv)

=

∫

Hu

∇φgi(φ)p (v |u, φ ) ν(dv) +

∫

Hu

gi(v, φ)∇φp (v |u, φ ) ν(dv)
�8�`L �]� �

��pr\5[<�`RrYby][<\`R

∇φp (v |u, φ ) =
∇φp(v, φ)p(u, φ) − p(v, φ)∇φp(u, φ)

p(u, φ)2

��deÀ-�5V�\`[]�`R�n&d�pmX�d�T¢jMdepmc�cu��pmVGpmd�kOdeRUdu��[<\`j�Tmd�pmX�dgj5d�jMpW[<V�TmdejMd �8�`L �]� � � RW[]VGT �

∫

Hu

gi(v, φ)∇φp (v |u, φ ) ν(dv) =

∫

Hu

gi(v, φ)
∇φp(v, φ)

p(u, φ)
ν(dv)

−
∫

Hu

gi(v, φ)
p (v |u, φ )∇φp(u, φ)

p(u, φ)
ν(dv)

=

∫

Hu

gi(v, φ)∇φ log p(v, φ)p (v |u, φ ) ν(dv)

− ∇φp(u, φ)

p(u, φ)

∫

Hu

gi(v, φ)p (v |u, φ ) ν(dv)

= Eφ [gi(V, φ)∇φ log p(V, φ) |u ] −Gi(u, φ)S(u, φ)

� [<�`RrYby][<\`R�jM[]\>�

∫

Hu

g(v, φ)∇φp (v |u, φ )
′
ν(dv) = Eφ

[
g(V, φ)s(V, φ)

′ |u
]
−Eφ [g(V, φ) |u ]Eφ

[
s(V, φ)

′ |u
]

=
��[Zy

φ (g(V, φ), s(V, φ) |u )



� �������J��	 ��������	 � ��������� 	 ��� ��� �
����������������	 �H��	�	�� ������	 	���� ���
� � ��������� � � �<�

��*1./45Ëb��IB*���� � �@�H� �#· + » � ��¶]�W· + �b·�
5» ,�¼ ��
Y
OºK7WB�¸�· � �`·b»�¼ ¶@¼8·�
�7 �A@+· + ¼l»�X6�Z·Z¼3��¸�¹5º �&¼ ¶Z� ��� �
� � � ��
Z^ 
O·%��»;> + �


&· + » + ¶´¼3
 ¼l»�· 
5»g¸m·�� � �Q\�· 
3¸�¶´¼8· 
 ��»�¶@¼��%º 
>¶���» + �M
���» 7]· 
 
�B ��»f¸�· � ��
C5�¶���»M
 �f»�¸m·�� �
g(v, φ) = s(v, φ)
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∂φS(u, φ) = Eφ [∂φs(V, φ) |u ] +
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φ (s(V, φ), s(V, φ) |u )
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φ (s(V, φ), s(V, φ) |u )
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E(G) = Eφ [∂φG(φ)]
′
Eφ

[
G(φ)G(φ)

′
]−1

Eφ [∂φG(φ)]
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Eφ [∂φG(U, φ)] = Eφ [∂φg(V, φ)] +Eφ [
��[Zy

φ (g(V, φ), s(V, φ) |U )]

��[Zy
φ(G(φ)) =

��[Zy
φ(g(φ)) −Eφ [

��[Zy
φ (g(V, φ) |U )]
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lim sup
n→∞
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sup

‖φ−φ0‖=δ
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′
gn(φ)
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∀φ ∈ Cδ, gn(v, φ) = gn(v, φ0) + ∂φgn(v, φ̃n(v)) (φ− φ0)

��[]\`�gn&[]�5p
Gn(u, φ)

\5[]�`R�n&[]�`y][]\>R�c$��pmVOpWd

(φ− φ0)
′
Gn(u, φ) =
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gn(v, φ0)pn(v|u, φ)µ(dv)

+

∫
sup
φ∈Cδ
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� [<�`R�pmc�cu��pmVGy<[]\`R���d�TWTWd VO\5c�s-YtkOV�TmcSRW[]�`R3��[<pWX�d j�ª d$RWn&c�p�Yt\`��dS��[<\`jMVGTWVO[]\5\5d$kGkOd±n`Y]p+p�Ytn5n&[]pWT+Yt�ey1p�YtVtn`Y]pmY]X�w�TWpmd
φ0

supφ∈Cδ
(φ− φ0)

′
Gn(u, φ) ≤ Eφ0

[
supφ∈Cδ

(φ− φ0)
′
gn(V, φ0)

pn(V|u,φ)
pn(V|u,φ0)

|u
]

+Eφ0

[
supφ∈Cδ

Qn(V, φ) pn(V|u,φ)
pn(V|u,φ0)

|u
]

�8�5L �<h �

Yby]du�
Qn(V, φ) = (φ− φ0)

′
∂φgn(V, φ̃n(V)) (φ− φ0)

L � []�`R�n&[]�5y<[]\`R}Y<RWRW�5pmd�prk´ª d� MVORUTWd$\`��d¡j�ª �5\ ε′ TWd�kÀ-�5d
lim sup

(
supφ∈Cδ

(φ− φ0)
′
Gn(u, φ)

)
< −ε′ � RUV \`[]�`Rgn&[]�5y<[]\`RgX�[<\<TmpWd$p�À-�5d����`Y]À-�5d�Tmd�pmX�d�j5dk´ª d� 1n`pWduRWRWVG[<\!jMd�j5pW[<V�Tmdgj5dfk´ª VG\5c$s<Y]kGVGTWc �@�5L �<h �Sd$RUT¢RUTWpmVO��TWd�X�d$\<Tr\5c$s<YtTWVG�Bn&[]�5pr�`\

δ
Y]RmRWd �fn>d�TWVGT$L

�1V±\5[<�`RgRU�`n5n>[-RU[<\`RgÀ-�5d�kOY!��[]\>��TWVO[]\vd$RUTWVOX%Yt\-TWd
gn
y<c�pmV��>d�klY!n5pW[<n5pmVGc�TWc �8�5L �]� � � d�T¡À-�5d�kOd )UY]��[<^5VOd�\

∂φgn(V, φ)
��[<\-y<d�pms]d��`\5V���[<pWX�c$X�d$\-T�n>[<�5p

φ ∈ Bδ
y<d�p�R¡�5\`d�X�YtTWpmVO��doj5c��`\5VOd�\5c$s<YZTmVGy<d8� �

Pφ0 − ps �klY_X�Y )q[]p�YZTmVG[<\�n`Y]p −ε′ < 0
duRqT¡Y<RWRW�5pmc�d�RUV

lim infn
pn(V|u,φ)
pn(V|u,φ0)

pWduRqTmd�^&[]pm\5c$d%VG\M��c$pWVOd��`pWd$X�d$\-T�n`Ytpe�5\`d
��[]\>��TWVO[]\#n>[-RUVGTWVOy]dr³fRU�`n5n>[<pUT:\5[<\M¥´y1VljMd

Pφ0−ps � n&[]�5pBTW[<�MT φ ∈ Cδ
Lt�fYt\`R:��d��$Y]RU¥´kl³ � kGduR±jMd��5 �d$RWn>c$pmY]\`��duR

\5den&d��5y<d�\-Trn`Y]R�"�TWpmdg\-�`kGkOd$Rrd�T¢RU[<\-T�^`VGd$\oRUTWpmVO��TWd$X�d$\-T}\5c�s-YZTWVOy]duR � d�T}kGdgTm�5c�[<pWw$X�d��8�`L �5LGN���R�ª Ytn5n`kGVlÀ-�5d]L

�	#�� # " � �� "� � �! "����� � ��� � �F "���
� ��
�� ��
 �  � �"�! "� 	�


¤+Y���[<\`��TmVG[<\Dd$RUTWVOX%Yt\-TWd
(u, φ) 7→ G(u, φ) =

∫
g(v, φ)p(v|u, φ)µ(dv)

n>[-RWRWw$jMd¡�5\5d�d� 1n`pWduRWRWVG[<\�À<�`V
klY!pmd�\>jvj5V ����VOkOd�X�d�\-T�d� Mn5kO[]VGTmY]^5kOd�d$\ n5pmYtTWVlÀ-�5d]L���k duRqTeTm[]� )q[<�5p�Rgn>[-RWRWVG^`kGd%jMd��$Ytkl���5kOd�pen&[]VO\-T�n`Ytpen&[]VO\-T
k´ª VO\-TWc�s<pmY]kGd!RU�5p#�5\HX%Y]VGkOkOY]s]d�j5d�k´ª duRUn`Y<��d�j5d$R#n`Ytp�YtX�w�TmpWduR � n5�5VlR#j�ª d�\ pWdu���5d�p����5d$pekGduR �$c�pm[<R � X%YtVlR#��d�klY
\�ª d$RUT¡n`Y<Rgd�\1y1VORmYts<d$Yt^`kGd%jMwuR�À-�5d%k@ª d$RWn`Y<��d�jMduRen`Ytp�YtX�w�TWpmd$Rgd$RUT�s]p�Yt\>j�d�T¡À-�5d�kOd$ReX�[MjMw�kOd$R¡jMd�y1VOd�\5\5d$\-T
��[<X�n5kGd� Md$R$L & kO�`RUVOd��`pmR�X�c�TW�`[1j5d$R}\1�5X�c$pWVlÀ-�5d$Rrd� MVORUTWd$\<Tfn>[<�5p}klY%pmd$���5d$pm���5d�j5d$R}p�Y]��VG\`d$R}j�ª �5\5d#c$À-�`YtTWVO[]\
� � d
	�Tm[]\ � 	fp�Y]jMVOd�\-T � �M��[]pmdoj5do¿BVlRU�5d$p � L�L$L � � X�Y]VOR�d$kGkOd$R�RW�5n5n&[<RWd�\-T�j5doRmYby][<VGp���Ytkl���`kGd$p�klY���[<\`��TmVG[<\ G �YtVO\`RWV�À<�`dgRWd$R�jMc$pWVOy]c$d$R$L � []�>RFn`pW[<n>[-RU[<\`RSVl��V��`\5dgX�c�TW�5[MjMdgn5p�YZTmVOÀ-�5dgÀ-�5V�c�y1VGTWde��duR�n5pW[<^5kOw�X�d$R�d�\!TWVOp�Yt\-Tn`Y]pUTmVGd�jMd¡kOY���[<pWX�d�n`Y]pUTmVO���5kOVGw$pWdejMd

G(φ)
d�T�j5d�k@ª d� MVlRqTmd�\`��d¡j�ª �5\�X�[MjMw�kOd¡��[<X�n5kGd�T$L&¤�den5pmVG\>��VOn>d¡j�ª duRqTmV�¥

X%YZTmVG[<\���[<\`jMVGTWVO[]\5\5d$kGkOd�V�Tmc�p�YZTWVOy]d � RWVOX�VOklYtVOpWd¡��d�kO�5V±³�jMd�PSi � ��[]\`RWVlRqTmd#³�j5c$jM[<�5^5kOd�pfkGd�n`Ytp�YtX�w�TWpmd φ � d$\VO\<TmpW[MjM�`VORmYt\-TrkOY#��[<\`��TmVG[<\
h(φ1, φ2)

j5c��`\5VOden`Y]p

∀φ1, φ2, h(φ1, φ2) = Eφ1 [g(V, φ2) |u ]
�8�5L �t© �

¤ ª []^ )qd$��TmV��>d$RUT:jMd���[<\`RUTWpm�5VGpmd � ³�n`YtpWTWVOpBj5dFklY}��[<\`��TmVG[<\ h d�T j�ª �5\#n`Ytp�YtX�w�TmpWdFVG\`V�TmVOY]k φ0
� �5\5d�RU�5VGTWd (φn)n≥1[]^5TWd�\1�5dgd$\opmc$RW[]kOyZYt\-T�d�\

φn+1
k´ª cuÀ<�>YZTWVO[]\

h(φn, φn+1) = 0
�@�5L �t{ �

$ � � 4
gn

6
2'& �87 + �8A#2)4 � 23?�E�:'6!7@E��82/A*�LE�782 Eφ0

ˆ
∂φgn(V, φ0)

˜
= −Eφ0

h
gn(φ0)gn(φ0)

′i � 6F& C@E�78? ∂φgn(V, φ0)
?
E�7 �L6
:� �6

C�A#782
L1

�L6
:32 �8786 G�AD&3:34K?
6 C#" ��784K6 7�"* LAD&34 �L6�0
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�1V:klY�RW�5V�Tmd#��[]\1y]d$pWs<dey]d�p�R}�`\5d#yZY]kGd$�5p
φ∞ � YtkO[]p�R}klY�yZY]kGd$�5p¢kOVGX�VGTWd�y]c$pWVG�`d�p�Y Eφ∞ [g(V, φ∞) |u ] = 0

d�T
RWd�p�Y#jM[<\`�g�5\5dgp�Y]��VG\5dejMdek´ª c$À-�`YZTmVG[<\

G(u, φ) = 0
L

� [<�`R}jM[<\5\5[<\`R}j5Y]\`R}��d�TUTmd¡RUdu��TmVG[<\_j5d$R¢��[]\`j5V�TmVG[<\`Rrn&d�pmX�d�TUT�Yt\-T�j�ª Y]RmRU�`pWd$prk@ª d� MVlRqTmd�\`��ded�T¢klY%��[<\-y<d�pW¥s]d$\`��dgj�ª �5\5dfTWd$kGkOdeRU�`V�Tmd]L5¯
φ0
�5 Mc � kGdfTm�5c�[<pWw$X�dgjMduR���[]\`��TWVO[]\`R�VOX�n`kGVl��VGTWduR�n>d$pWX�d�T}jMdejMcujM�5VOpWdejM�_��[<X�¥

n&[]pWTWd�X�d$\<T�kG[M��Y]k+jMd
h
k@ª d� MVlRqTmd�\`��d¡j�ª �5\5d�p�Y]��VG\5de³%k´ª c$À-�`YZTmVG[<\

h(φ0, φ) = 0
L � [<�`R}\`[tTW[<\`R ∂ih, i = 1, 2klY�jMV��&c$pWd$\<TmVGd$kGkOd¢n>YtpWTWVOd�kOkGd}n>Ytp p�Ytn5n&[]pWTF³eklYeVOw�X�d¢yZY]pWVlYt^5kOd]L �1V

h
d$RUT�jMdf��klY]RmRUd

C1 d�T�RUV φ0, φ
′
0

RW[]\-TFj5d��M 
n&[]VO\<T�R�j`Yt\`R�k@ª VO\<Tmc�pmVGd$�5p�j5d

Φ � YtkO[]p�R}k´ª VO\1y]d�p�RWVG^5VOkOV�Tmc¡jMd¡klY�X%YtTWpmVO��d ∂2h(φ0, φ
′
0)
n>d$pWX�d�Tfj�ª Y �%pmX�d$p�À-��ª VGk

d� MVlRqTmdg�5\5dg��[]\>��TWVO[]\ T � jMde��klY]RmRUd C1 jMc��`\5VOd�RU�5pr�`\oy<[]VlRUVO\`Y]s]d V(φ0)
jMd

φ0
TWd$k+À-�5d

∀φ ∈ V(φ0), h(φ, T (φ)) = 0
�@�5L �]­ �

� []TWpmdF[<^�)qd$��TWVG�`d$RUT jM[]\>�FjMdrjMc�TWd$pWX�VO\5d�pBkGduR:n>[<VG\-T�R+�` 1duR:jMdFklY���[]\`��TWVO[]\ T À-�5VMRW[]\-TBp�Y]��VG\`d$RBjMd�k@ª c$À-�`YtTWVO[]\
G(φ) = 0

L � [<�`R�RW�5n5n&[<RW[]\>R�À-�5d�kOY���[]\`��TWVO[]\ T d$RUTfTWd�kOkOd�À-�5d ∀φ ∈ V(φ0), T (φ) ∈ V(φ0)
� d�TeÀ-�5d�j5d

n5kO�`R V(φ0)
d$RUT���[<X�n>Y]��T�d�T���[]\1y]d� 1d<L±~Fdu��V�n&d�pmX�d�T�j�ª �`\5d_n`YtpWT�j5dopmd�\>jMpWdon&[<RmRUVO^5kOd!klY���[]\`RUTWpm�`��TWVO[]\

jMdvkOY RW�5V�Tmd
(φn)n≥1

d�TDj�ª Yt�MTmpWd�n`YtpWT�j�ª Y<RWRW�5pmd�pon`Ytp_k´ª d� MVORUTWd$\`��d j�ª Yt� X�[<VG\`Ro�5\ n&[]VO\<To�5 Mdvn`Ytp_kOd
TW�`c�[]pmw�X�dgjMde¦�pW[<� 	�d�puL &±Y]pWX�V3kGduR�n>[<VG\-T�RS�` 1duRrjMd T � ��d$pUT�YtVO\`R�n>d$�5y]d$\<T "�TWpmdfYtTUTWp�Y]��TWVG�8R�[]��pmc�n`�5kORWVG�8R � d�TkOd���[]X�n&[]pWTWd�X�d$\<T�jMd�klY_RU�5VGTWd

(φn)n≥1
jMc�n&d�\`jvYtkO[]p�RgjM� )UY]��[<^5VOd�\ jMd T d$\v��d$Rgn&[]VO\-TmR$L�¤ ª d� Mn5pmd$RmRUVO[]\

jM� )UY]��[]^5VOd�\_Yt�on&[]VO\<T}VO\5VGTWVlYtk
φ0
duRqT¢jM[<\5\5cgn`Y]prkGdgTm�5c�[<pWw$X�dgjMduR���[]\`��TWVO[]\`R�VOX�n5kOVO��V�Tmd$R

∂φT (φ0) = −
(
∂2h|(φ0,T (φ0))

)−1
∂1h|(φ0,T (φ0))

�8�5L �5N��
�1V:kOd$R�X�[MjM�`kGduR�jMd¡TW[<�MTWduR¢kOd$R�yZYtkOd��5p�R¢n`pW[<n5pWduR}jMd

∂φT (φ0)
RW[]\-TfRUTWpmVO��TWd$X�d$\-T�VO\M��c�pmVGd$�5pmd$R¢³

1
��V´L d]L�RU[<\

p�Yba][]\�RWn&d$��TmpmY]k1\5[tTmc ‖∂φT (φ0)‖
duRqT±VO\M��c�pmVGd$�5p±³¡N�� � \5[<�`RBn>[<�5y][<\`R:Y �%pmX�d$pBÀ-�5d�kOd�p�Yba][<\¡RWn>du��TWp�YtkMjM��)UYZ¥

��[<^5VOd�\ed$RUTAVO\M��c$pWVOd��5pB³�NSRW�5pA�5\�y][<VORWVO\`Yts<d V ′
(φ0) ⊂ V(φ0)

L!�1V V ′
(φ0)

d$RUTB³¢RU[<\eTW[<�5pA��[]X�n`Y]��T � k@ª Ytn5n`kGVl��Yt¥
TWVO[]\ T RWd�p�Y���[]\-TmpmY<��TmY]\-TWd:n`Ytp���d±À-�5d±\5[<�`R�Y]�5pW[<\`R ‖T (φ1) − T (φ0)‖ ≤

{
supφ∈V′ (φ0)

‖∂φT ‖
}
‖φ1 − φ0‖

L
�1[<�`Re��d�TUTWd!��[]\>jMV�TmVG[<\ � T Yt�5p�Y_jM[]\>�#�`\ �5\5VlÀ<�`d%n>[<VG\-Tg�5 Md �8YtTUTWp�Y]��TWd$�5p �

φ̃
RU�`p V ′

(φ0)
d�T�y]d$pmRfkOd$À-�5d�k

��[<\1y]d�pms]d
(φn)n≥1

Lr¤+d$R!d� Mn5pmd$RmRUVO[]\`RojMduR )UY<��[]^`VGd$\`R!j5d
h ∂1h(φ1, φ2) = ∂φ1 (Eφ1 [g(V, φ2) |u ]) =��[Zy

φ1 (g(V, φ2), s(V, φ1) |u )
d�T
∂2h(φ1, φ2) = Eφ1 [∂φ2g(V, φ2) |u ]

n>d$pWX�d�TUTWd$\-T�jM[<\`�¢j�ª Y ��pmX�d�p�À<�`d
RWV�n>[<�5prTW[<�MT

φ ∈ V ′
(φ0)

� klY�n5kO�`Rrs]p�Yt\>jMd�yZY]kGd$�5prn5pm[]n5pmd �8d�\_X�[MjM�5kOd���jMdeklY�X�YtTWpmVO��d

��[Zy
φ (g(V, T (φ)), s(V, φ) |u )

−1
Eφ [∂φg(V, T (φ)) |u ]

�@�5L � � �
d$RUT�n5kO�`R�n&d�TmV�Tmd�À-�5d

1 � (φn)n≥1
��[]\1y]d$pWs<d!y<d�p�R��5\ n>[<VG\-T�jMd V ′

(φ0)
L � [<�`R�Yby<[]\`R�jM[<\`�_kGd�pWcuRU�5kGTmYtTRW�5VGyZY]\<T �

� �B=17`ËZÆ1./*��J�l���l'�� µ&¼�
Gº \�· 
3¸�¶´¼8· 
 T 7
B1. 
`¼ �f¼�� ��
 ¼8¸�¼ ¶ ��� ��
>¶ �5º�� 
�G B > + ºZ¶´¼8· 
 X �
0 � � ^ �
� + ¶ ��¶Z� �M� ��»�¶Z� ��¼�
`¶ �
[ + 
?�b·t¼l»�¼�
3º;: �%¸�· � �5º<¸�¶A7 �

φ0 �

3·Z¶$B Cφ0 �

¶ �-
�> + �
� 6�� T (Cφ0) ⊂ Cφ0

� 6@6��
supφ∈Cφ0

∥∥∥ ¸�·%� φ (g(V, T (φ)), s(V, φ) |u )
−1
Eφ [∂φg(V, T (φ)) |u ]

∥∥∥ < 1

º%
O·%��» T �`·b»�»;5 7 � + 
�»�� + 
 �`·Z¼�
>¶�. � � φ̃ 7]º�
5» Cφ0

��¶�¶�· + ¶ �g» + ¼ ¶�� φn+1 = T (φn)
¸�· 
#� �;�]: �K� �-��»

φ̃
0

¤�duRe�1a1n>[]TW�5wuRUduR¡jMd���d%TW�`c�[]pmw�X�d�RW[]\-T#j5V ����VOkOd$R¡³Dy]c�pmVG�`d�p�d�T¡\5do��[]\>RqTmV�Tm�5d�\-T¡�5\/��pWVGTWw$pWd�n5pmYtTWVlÀ-�5d
n&[]�5prc�TW�`jMVOd�p¢kGde��[<X�n>[<pUTmd�X�d�\-T}Y]RWa1X�n5TW[tTmVOÀ-�5dejMdeklY�RU�`V�Tmd

(φn)n≥1
L

�1V:klY�RW�5V�Tmd
(φn)n≥1

��[]\1y<d�pms]dey]d$pmR��5\�n>[<VG\-Tf�5 Md
φ̃ � kGd�)UY]��[]^5VOd�\vjMd T c�yZY]kG�5c�Yt��n>[<VG\-T

φ̃
n>d$pWX�d�T

jMd�jMc�Tmd�pmX�VO\5d$p�klY%y1V�Tmd$RmRUd�jMd#��[]\1y]d$pWs<d�\`��d�Y]RWa1X�n5TW[tTmVOÀ-�5d#jMd¡klY�RW�5VGTWd]L3¤�d�)UY]��[]^5VOd�\�Y]�Dn&[]VO\<T��5 Md¡yZYt�5T
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∂φT (φ̃) = −
(
Eφ̃

[
∂φ̃g(V, φ̃) |u

])−1 ��[Zy
φ̃

(
g(V, φ̃), s(V, φ̃) |u

) L±¤AYD��[<pWX#�5kGd_jMd�¤�[<�5VlR#s<c�\5c$pmY]kGVlRWc�d
�8�`L � � � � jM[]\5\`d%k@ª d� Mn5pmd$RmRUVO[]\vjMd (Eφ̃

[
∂φ̃g(V, φ̃) |u

]) d�\v��[<\`��TmVG[<\vjMd%klYo��[]\>��TWVO[]\vd$RUTWVOX%Yt\-TWd%n`pW[ )qd�TWc$d
G � ��dgÀ-�5V+n>d$pWX�d�T¢j5depWc$c$��pmVOpWd�kGd�)UY<��[]^`VGd$\

∂φT (φ̃) =

(
Idp −

��[Zy
φ̃

(
g(V, φ̃), s(V, φ̃) |u

)−1

∂φG(u, φ̃)

)−1 �8�5L �]� �
[��
Idp

d$RUTBklY¢��[]\`��TWVO[]\¡VljMd$\<TmV�Tmc�RW�5p � p LZ¤+Y�y1V�Tmd$RmRUd�jMd���[]\1y<d�pms]d�\>��d duRqT±YtkO[]p�R�pmc�s<kGc$dSn`Y]p λ(G) � kGd�X�[1j5�5kGdjMd#kOY�n5kG�>R¢s<pmY]\`jMd�yZYtkOd��`p¢n5pm[]n5pmd¡jMd���[Zy
φ̃

(
g(V, φ̃), s(V, φ̃) |u

)−1

∂φG(u, φ̃)
L3¤AY�y1VGTWd$RmRWd¡RUd$pmY�c�kOd�y]c$d

RWV kOYDX�YtTWpmVO��d���[Zy
φ̃

(
g(V, φ̃), s(V, φ̃) |u

) duRqT¡s<pmY]\`jMd �8Y]�/RUd$\`R�jMd�k@ª []p�jMpmd�j5d$ReX%YZTmpWVl��duR�RWa-X�c�TWpmVOÀ-�5duR
jMc��`\5VOd$RBn>[-RUVGTWVOy]duR � � �tª d$RUTU¥�³Z¥�jMVGpmdSRWV1kOY¢��[]\`��TWVO[]\#d$RUTWVOX�Y]\-TWd���[]X�n5kOw�TmdFduRqTBTWpmw$R:��[]pmpWc$kGc$dSYt��RW��[]pmd �8��[]X�n5kOd�T �
��[<\`jMVGTWVO[]\5\`d�kOkGd$X�d$\-T�Y]�M �[]^`RWd�pmyZYZTmVG[<\`R�L � [<�`R�pWd�TWpm[]�5y<[]\`RSVO��V��5\5dejMduR���[]\`j5V�TmVG[<\`R�n>[<�5prÀ<�`d�klY¡yZY]pWVlYt\`��dY]RWa1X�nMTW[]TWVlÀ<�`dgj5d$R�d$RUTWVOX%YZTmd��5p�R ��c$s<YtkOde³ E(G)−1 ��RU[<V�Tr�8Y]VG^5kOd]L
P \ ��[]\`��kG�>RUVO[]\ � RUV φ0

duRqT��`\ n`Ytp�YtX�w�TWpmdDÀ<�`d�kl��[]\>À<�`d�TWd$kfÀ-�5d
Eφ0 [∂φg(V, φ) |u ]

RU[<V�T!�5\5d�X%YtTWpmVO��d
VO\-y<d�p�RUVO^5kOd � d�T#À-�5d%kGduRe�1a1n>[]TW�5wuRUduR�jM� TW�`c�[1w�X�d��5L¾�ML �oRU[<\-T�y]c�pmVG�`c�duReYtkO[]p�RgkOY�RW�5VGTWd

(φn)n≥1
��[<\-y<d�pms]d

y]d$pmR}�5\5d�p�Y]��VG\5d#jMd�k´ª cuÀ<�>YZTWVO[]\
G(v, φ) = 0

L �1[]�`R���duR}��[<\`jMVGTWVO[]\`R � \5[<�`R}n&[]�`y][]\>R}jMc��>\5VGp�k@ª YtkOs][<pWVGTW�`X�d
RW�5VGyZY]\<T � Ytn5n&d�kOc�YtkOs][<pWVGTW�`X�dgj�ª PSRUTWVOX�YtTWVO[]\�~F[]\>jMV�TmVG[<\5\5d$kGkOde�§TWc$pmYtTWVOy]d���P�~F� � �
� Ç@,>7>ËZ6�2 �A./*_�J�l���8�����Y� )�!#T
�_�_L N � �	� �
µ3·t¼ ¶

φ0 + 
 � �Zº%
 � + �e¼�
>¼ ¶@¼8º�
���º � �`º%��¶ ��
&º 
>¶ [ Φ
0�@Aº�» + ¼ ¶�� (φn)n≥1

��»�¶ 7
B1. 
`¼ �D��B�¸ + ��»�¼3� ��� ��
`¶ �5º��

∀n ≥ 1, φn+1
��»�¶F»�·�
 + ¶´¼8· 
 ��


φ
7 �D
�G B > + ºZ¶´¼8· 
 Eφn [g(V, φ) |u ] = 0

��*1./45Ëb��IB*D�J�l���O�J� �F� ���Q��! �
L 'H�������W�Q�
� � � ��� � > + � �5· + � � �

�

&· + »��5· + �b·�
5»�� �W· �`·b»��;� + 
 �M� �;��»�¼8· 
_»�¶§·u¸�¹5ºb»�¶´¼1> + �K7�G ��� � �

��
�� ��� ��
Gº��uº�
`¶

�G ��» ��B;�Wº 
3¸ �

Eφn

�`º%�P
Gºv»�¼�� + 
OºZ¶´¼8· 
 7 ��»97]·�


�B ��» �%º 
 > + º�
`¶ ��»!»��;
G·�
 p(v|u, φn)
��¶/
Gº ��B�»�·�
 + ¶@¼8·�
 7 �


�G B > + ºZ¶´¼8· 
 º%� �m¸F7<· 


 B ��»#¸�· � ��
 5�¶ ��»;0 � � ��º�
`¼15;� �¡»�¼��#¼3
Gºt¼3� �	[�µ � �
�

Gº�» + ¼ ¶�� 7 ��» �`º%�Wº��F5�¶]� ��» (φn)n≥0ºZ¼�
`»�¼3¸�· 
`»�¶]� + ¼ ¶ � ��»�¶ + 
 ��¸�¹5º���
 � 7 � ��º����]·��

�
��¶�
 �r¸mº��Wº]¸�¶$5-� �rº�
CB�ºZ¶�·Z¼3� � �	�;� � ��¶ + 
 � � ��¼3
3
 � + � � � ����
G·��WºZ¶´¼8· 


7 �K
�G ��» �5º<¸ �	7 ��» �`º%�Wº��F5�¶Z� ��»K> + � �`º%� � � �D7WB�¶��;� ��¼�
`¼l»�¶�� 0
¤ ª YtkOs][<pWVGTW�`X�dePFi�d$RUT��5\�YtkOs][]pmVGTW�5X�deP�~F� � Ytn`n5kGVlÀ-�5c¡³%klY%��[<\`��TmVG[<\DRW��[]pmd¡jMduR¢jM[<\5\5c�duR¢��[]X�n5kOw�TWduR�L

P \�d �&d�T � n&[]�5p¢�5\_X�[MjMw$kGd�³%j5[]\5\5c$d$R�VO\`��[<X�n5kGw�TWduR � klY%RW�5V�Tmd�jMd$R}n`Ytp�YtX�w�TmpWduR (φn)n≥0
jMdek´ª Y]kGs<[]pmV�Tm�5X�d

PSi d$RUT#[]^5TWd�\1�5d!n`Ytp#kOY�pWcuRU[<kG�5TWVO[]\/RW�`����d$RmRUVOy]d�j5�/n5pm[]^5kOw�X�d!RW�5VOyZYt\-T �8d�\/p�Y]RmRUd$X¡^5klYt\-T¡d$\/�5\5doRUd$�5kOd
c$À-�`YtTWVO[]\okGduR�c�T�Ytn&d$RrP d�T¢i �

(∇φEφn [Lc(V, φ) |u ])|φ=φn+1
= 0

�1V1\5[<�`R+n&[]�`y][]\>R+VO\-TWd�pmy]d$pUTmVGpBjMc�pmVOybYtTWVO[]\�d�TAVO\-TWc�s<pmYtTWVO[]\ � �5\5d�c�T�Ytn&dSPSi���[<pWpmd$RWn&[]\`jgjM[<\`�F³¢kOY¢pWcuRU[<kG�5TWVO[]\
jMdek´ª cuÀ-�`YZTmVG[<\

Eφn [∇φLc(V, φ) |u ]|φ=φn+1
= 0

⇐⇒ Eφn [s(V, φ) |u ]|φ=φn+1
= 0

¤+Y���[<\-y<d�pms]d$\`��d�jMd!kOY�RU�`V�Tmd
(φn)n≥0

��[]\`RUTWpm�5VGTWd�n>Ytp¡PFi n5pm[Zy1VGd$\<T�jMd�klY���pW[<VORmRmYt\`��d�jMd�klY���[<\`��TmVG[<\
(L(u, φn)) � �8y][<VGp:Tm�5c�[<pWw$X�duR jMd # � � ���`Ytn5VGTWpmdr� �GNu­]© � � � ��[<\<TmpmY]VGpmd�X�d$\<T±³eP�~F�:n&[]�5pFÀ<�`V`��d$kOYgpmd�n&[<RWd}RU�`p
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klY¡n5pm[]n`pWVOc�Tmc�j�ª YZTWTWp�Y]��TmVG[<\�j�ª �5\�n&[]VO\-TF�` 1dgjMdfk@ª Ytn`n5kGVl��YtTWVO[]\ T LM¯}VO\`RUV�klY¡��[]\1y]d$pWs<d�\`��d¢j�ª P�~F� \5dgn&d��MTrRWdjMcujM�5VOpWdrd$\%s]c�\`c�p�YtkOd�jMd¢kOYgX%YZ MVOX�VORmYZTmVG[<\�j�ª �5\5d���d�pWTmY]VG\`dF��[<\`��TmVG[<\ � d�T kOYgy<c�pmV��&��YZTmVG[<\�j5d}k@ª YZTWTWp�Y]��TmYt^`VGkOV�Tmc
RWd��8YtVGT n`Ytp±k´ª d� 5YtX�d�\�jMd}À-�`Yt\-TmV�Tmc$R RWVGX�VOkOY]VGpmd$R±³g��d�kOkGduR À-�5V`RW[]\-T±c�TW�>jMVGc$d$R±n&[]�`p kOYfy1VGTWd$RmRWd}jMd}��[<\-y<d�pms]d$\`��d
jMdgk´ª Y]kGs<[]pmV�Tm�5X�d�PSi/L5P \on5pmYtTWVlÀ-�5d � ��d�TUTmde��[]\>jMV�TmVG[<\!duRqTrp�Ytpmd�X�d�\-T�y]c$pWVG�>Yt^`kGd �8j�ª Yt�MT�Yt\-T}À-��ª d$kGkOdejMc�n&d�\>j
��klYtVOpmd�X�d�\-TBj5�#n&[]VO\-T

φ0
���5[<VORWVGd�� � d�T:�5\5d�X�c�Tm�5[MjMd�n5pmY]s]X%YZTmVOÀ-�5dFd$RUT jMdFpmd�klYt\>��d�p:��d�T:Y]kGs<[]pmV�Tm�5X�d�)q�`RmÀ-��ª ³

[]^5TWd�\`VGp}��[]\1y]d$pWs<d�\`��d � d�\_�MTWVOkOVORmYt\-T}jMV��&c$pWd$\<Tmd$RrVO\5VGTWVlYtkOVORmYZTmVG[<\`R$L
iDY]kGs<pWc¢TW[]�5T � klY#��[]\1y]d$pWs<d�\`��d¢j�ª P�~F�Fy<d�p�RS�`\5dgpmY<��VO\5dfj5d�klY#��[]\`��TWVO[]\�duRqTmVGX%Y]\<Tmdg\�ª duRqTrd$\!Yt�>���5\_��Y<R

klY#s-Ytp�Yt\-TWVOdgjMdgk@ª []^MTmd�\-TWVO[]\�j�ª �5\_^&[]\od$RUTWVOX�YtTWd$�5p}jMd
φ
L`¯}VO\`RWV � kGden5pm[]^`kGw$X�dgjMdek´ª VO\��`�`d�\`��d�jMdekOY�yZYtkOd��`p

VO\5V�TmVOY]kGd#d$RUT¢�5\5d#kGVOX�V�T�YZTmVG[<\���[<X�X#�5\5d�³%PSi L�~Fd¡n5pm[]^`kGw$X�d¡n>d$�MT "�TWpmd�TWp�YtVGTWc$d�d�\�kOY]\ ��Y]\<T�d�\�n`Y]pmY]kGkOw�kOd
n5kO�`RWVGd$�5pmReY]kGs<[]pmV�Tm�5X�d$R�P�~F� � ��d�À-�5V j5[]\5\5d�kOVGd$�v³o�5\vn5pm[]^5kOw�X�d�jMd�RWc�kOd$��TmVG[<\�jMd�p�Y]��VG\5duR�L���d%X%Yt\5VOw�pmd
s]c$\5c�p�YtkOd � kO[]p�RmÀ<�`d#n5kO�`RWVGd$�5p�RepmY<��VO\5d$ReRW[]\-TgTWpm[]�`y]c�duRe³o�5\5d%��[<\`��TmVG[<\vduRqTmVGX%Y]\<Tmd � �5\ Tmd$RUT¡j�ª Y )q�`RUTWd$X�d$\-T
Yt�5 !jM[]\`\5c�duR�n>d$pWX�d�T¢j5d�RUc$kGdu��TWVO[]\`\5d�p�klY#X�d$VGkOkGd$�5pmd � � ©]{ � � ���`Y]n5V�TmpWd�Nu� ��L

�	#�� #�� � � 
�� � ��
�� � � � ��� �F �� ��
�� � � �

¤ ª YtkOs][<pWVGTW�`X�drP�~F�±d$RUTS�5\5d�X�c�TW�5[MjMdfjMd}pmd$���5d$pm���`d}jMd¢p�Y]��VG\5duR � d�TFVOk`duRqT�jM[]\>�r\5c$��d$RmRWY]VGpmd}jMd}n`pWcu��VlRUd$p
klYr��[]\>��TWVO[]\#d$RUTWVOX%Yt\-TWd�À<�+ª [<\¡kO�5VMY]RmRU[M��VOd kO[]p�RAj5dFk´ª duRqTmVGX%YtTWVO[]\�L � [<�`RBYby][]\>R�y1�#À-�5dFkG[<pmRmÀ-�5dS\5[<�`RAn5pWd$\5[]\>RkOd�RW��[]pmd � \5[<�`Re[<^MTWd$\5[]\`R�k@ª YtkOs][<pWVGTW�5X�d%PSi �@RUVF\5[]�>Ren>[<�5y][<\`RgVO\<Tmd�pmy]d$pUTmVGpeVO\-TWc�s<pmYtTWVO[]\ d�T¡j5c�pmVGyZYZTmVG[<\ ��L
�fYt\`R�kOd$R�~�iv~�Y � klY¡�8Y<��VOkGVGTWc�j5d���Ytkl���`k�jMdekOY�y1p�YtVlRUd$X¡^5klYt\`��d�d�TrkOY��8Y]VG^5kOde��[<X�n`kGd� 1VGTWc�j5d$R�X�[MjMw�kOd$R�n&[]�5p
kOd$RBkG[<VORBj�ª c�X�VlRWRWVG[<\ ��VOkMR�ª Yts<V�T±RW[]�5y<d�\-TAjMd�X�[1j5w�kOd$RBd� Mn&[]\5d$\<TmVGd$kOR ��Y�p�Ytpmd�X�d�\-T+VO\`��VGTWc�Yt�5 ¡jMc�y<d�kO[]n5n&d�X�d�\-T�R
j�ª Yt�MTmpWduRgd$RUTWVOX%YZTWd$�5p�R�\`[]\v^`Y]RWc$RgRW�5pekOYoy1p�YtVlRUd$X¡^5klYt\`��d �8\5[]�`Rgp�Ytn`n>d$kG[<\`Rf\5c$Y]\5X�[]VO\`RgkOYoX�c�Tm�5[MjMd%jMd$R
X�[]VO\`jMpmd$Rg��Y]pWpmc$R�jMc�y<d�kO[]n5n&c�j5Yt\`RfklY�Tm�5w$RWd%jMd%i�d�y<d�k��ON]N � � [<��^5VOd�\vk´ª duRqTmVGX%YZTmd��5pejM�vX%YZ MVOX¡�5XzjMd�klY
y1pmY]VORWd�X#^5klYt\`��dfn>Ytpr^5kO[M� � n`pW[<n>[-RUc$dfn>Ytp��raMjMc$\ �GN$«`N � ��L�~�ª duRqT¢duRWRWd�\-TmVGd$kGkOd�X�d�\-T¢j5Y]\`RrkOd$R}���>YtX�n`R}�$Y]���5cuR
À-�5d�jMd$RBX�c�Tm�5[MjMd$R:YtkGTWd$pW\>YZTWVOy]duR+[<\-TAc�Tmc�n5pW[<n>[-RUc$d$R � d�TB\5[<�`R:jM[]\`\5[]\`RB��VG¥�jMd$RmRU[<�`RBjMd��M �pmc�VO\-TWd$pWn5pmc�T�YZTmVG[<\`R
[]pmVOs]VO\`YtkOd$Rfj�ª YtkOs][]pmVGTW�5X�d$Rf��klY]RmRWVOÀ-�5duR�d$\DTmd�pmX�duRejMd���[]\`��TWVO[]\�d$RUTWVOX�Y]\-TWd�d�T�j�ª YtkOs][<pWVGTW�5X�d�P�~F��L�¤ ª �MTmVGkOV�¥
RmYZTWVO[]\ ��[]pmVOs]VO\`YtkOd��¢j�ª P�~F�¢n&[]�5pejMduRf���>Yb� \5d$RfRUd$pmY�d� Mn&[<RWc�d#j`Yt\`RfkOd$Rf���`Ytn5VGTWpmd$Rf�!d�Tg« � kG[<pmRmÀ-��ª VGk:R�ª Yts<VGp�Y
j�ª d$RUTWVOX�d�p}jMduR}��[<n5�5kOd$R$L

�J�l���O�J�8� �gËZ7��$*��]2$687&0 CFEG*1?�2u68./452$*1I+Ë
¤�d �qn`pWVO\`��VOn&d�P�~F�)�!n`pW[<n>[-RUc�n>Ytp & VGdu� �$a-\>RUx1V �GN � � �rn`YtpWT�j�ª �5\ d$RUTWVOX%YZTWd$�5p

T
jM�HX�[MjMw$kGdo��[]X�n5kOd�T

n&[]�5pe��[<\`RUTWpm�5VGpmd��5\�duRqTmVGX%YtTWd��`pgj5��X�[MjMw�kOd�VG\>��[]X�n5kOd�Ted$\�d$\�n5pmd�\`Y]\-Tgk´ª d$RWn>c$pmY]\`��d���[]\>jMV�TmVG[<\5\5d$kGkOd]L#�1V
φ?
d$RUT}kOdfy1p�YtV�n`Y]pmY]X�w�TWpmd � \5[<�`RrjMc��`\5VlRWRW[]\`R

T̃φ?(U) = Eφ? [T(V) |U ]
�@�5L �t« �

~F[]X�X�d
T̃φ?

jMc�n&d�\>j�jM�_n`Ytp�YtX�w�TmpWdeÀ-�5dek´ª [<\_y]d��5T¢d$RUTWVOX�d�p � VGk+\�ª duRqT�n`Y]R�n&[<RmRUVO^5kOd�jMd�kOd���Y]kO���5kGd$p �`�5\`d
n5pm[M��c$j5�5pWdfVGTWc�p�YZTmVGy<dgd$RUT}n5pW[<n>[-RUc$dfY]kG[<pmR � À-�5V�n5pmd�\`j!klY¡��[<pWX�d

∀n, φn+1 = Eφn [T(V) |U ]
�@�5L �<� �

� [<�`RrRW[]X�X�d$RrRW[]�5y<d�\-T}YtX�d�\5cuRr³�pWd$X�n`kOY<��d�p � ��[<X�X�dej5Y]\`R��1PSi � k´ª duRUn&c�p�Yt\`��de��[]\>jMV�TmVG[<\5\5d$kGkOdgn`Ytpr�5\`dn5�`Y<RUdDj�ª VOX�n5�MTmYtTWVO[]\ Y]kGcuYZTm[]VOpWd�jMduR�jM[]\`\5c�duR�X%Yt\`À-�`Y]\-TWd$R�n`Ytp�klY kO[]V�Y n&[<RUTWd$pWVO[]pmV¢jMd
V
RmY]���`Y]\<T

U��kO[]p�RmÀ<�`d
φ = φn

� � d�TS\5[]�>RS��[<\`RUTWpm�5VORW[]\>R±YtkO[]p�R:�5\5d¢���`YZ�l\`d¢jMd¢iDY]pWx<[Zy (φn)n≥1
d� Mn5kO[]p�Yt\-T±k@ª d$RWn`Y]��d}jMd$R

n`Y]pmY]X�w�TWpmd$R$LM¤ ª d$RUTWVOX�YtTWVO[]\opWd�TWd$\-�`dfduRqT¢Y]kG[<pmR�klY�ybY]kGd$�5prX�[Za]d$\5\5dfkG[<pmRmÀ-�5dgkOY����`YZ�l\5dgduRqT}RUTmYt^`VGkOVORWc�d<L
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¤�d%n`pWVO\`��VOn&d�P�~F�gn>d$pWX�d�T#jMd%��[<�5pW\`VGp¡j5d$ReduRqTmVGX%YZTmd��5p�R�RmYZTmVORU�8YtVlRWY]\-TmR � TmY]\<T¡j5� n>[<VG\-T#jMd�y-�`d�jMd%klY

À-�`YtkOVGTWcFj5d$RApWcuRU�5kGTmYtTmR � À-�5d�jMdSklYr�8Y<��VOkGVGTWc�jMdSX�VlRUdFd�\#[-d$�5y1pWd�� � n>[<�5pBj5d$RAX�[MjMw$kGduR+yZY]pWVOc�duR �ud�\#RW[]\>Ytp �ON]Nu� � �d�\%Y]\`YtkOaMRUd�X¡�`k�TmVORWn>du��TmpmY]kGd �ON$� ��� � d�\%X�[MjMc�kOVORmYZTmVG[<\�j5d¢��[<\<Tm[]�5p �¾�]� � � d$\%X�[1j5c�kOVORmYZTmVG[<\#�5VOc�p�Ytp����5VlÀ-�5d � {1h � �
YtVO\`RWVBÀ-�5d#j5Yt\`RfjMduR���[]\-TWd� -Tmd$R¢\5[]\M¥���[<X�n5kGw�TWd$X�d$\-T¢n5pm[]^`Y]^5VGkOVlRqTmd$RrTmd�k:À-�5d¡klY%Tm�5c�[<pWVOd¡jMd#k@ª c�y1VljMd�\`��d � �]� �
[]�okOd$R}���`YZ�l\`d$R�jMd�iDY]pWx<[Zy��$Y]���5c$d$R �`[<�5d$R �ONbh��´L
� [<�`Ren&[]�5y<[]\`R¡pWc$VG\-Tmd�pmn5pWc�TWd$pekGd�n`pWVO\`��VOn&d�P�~F�ed$\ TWd�pmX�d�jMd�n`pW[ )qd$��TmVG[<\ jMd���[<\`��TmVG[<\`R�duRqTmVGX%Yt\-Tmd$R$LP \Dd �&d�T � j5Yt\>R}kOd#��Y<Rr[���k@ª d$RUTWVOX%YZTWd$�5p T

duRqT��5\Dd$RUTWVOX%YZTmd��5pfRWY]\`Rr^5VlYtVlR � \5[<�`R}n&[]�5y<[]\`R}kG�5V:Y]RmRW[1��VGd$prkOY
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[]���5\���[]\1y<d� Md � n`Y]pBkOd�TW�5c$[]pmw�X�d�jMd�n5pW[ )qd$��TWVO[]\
j5Y]\`R�kGduRrd$RWn`Y<��d$R�jMd � VGkO^&d�pWT ��L&��Y]\`RrjMde\5[<X¡^5pmd��>RUduR�RWVGTW�`YtTWVO[]\`R�VO\-TWc�pmd$RmRmYt\-TWduR � ��[<X�X�den>Ytp�d� Md�X�n5kOdekOd
��Y<R [�� Hu

d$RUTFk´ª d�\`RWd�X#^5kGdfjMd$R ��[]\`��TWVO[]\`RFd$RUTWVOX%Yt\-TWduR kOVG\`c$YtVOpmd$R d$\
u � klYen5pm[ )qdu��TmVG[<\%[]pWTW�5[<s][]\>YtkOd}RU�5p Hu\�ª d$RUT}n`Y]R�k´ª d$RWn>c$pmY]\`��dg��[<\`jMVGTWVO[]\5\5d$kGkOd �8À-�5V+d$RUT�kOden5pm[ )qdu��TWd$�5prRU�`prk@ª d$RWn`Y]��dejMd$R���[<\`��TmVG[<\`R}jMd

u
��L

¤+Y�jMc��`\5VGTWVO[]\_jMdgkOY¡��[]\`��TWVO[]\od$RUTWVOX%Yt\-TWd
G(u, φ)

n`Ytp��5\`dfn`pW[ )qd$��TmVG[<\�klY¡pmd�\>j�VO\5d� Mn5kO[]VGTmY]^5kGd � ��Y]pFkOd$R
d$RWn&c�p�Yt\`��d$R�VG\-Tmd�pmy]d�\>Yt\-T�j`Yt\`R�kOd���pmV�Tmw�pmdejMd$R�X�[]VO\`jMpmd$Rr�$YtpmpWcuR �@�5L �]{ � ��[<\-T}VG\-TWd$pWy<d�\5VOp�kGdgn`Y]pmY]X�w�TWpmdgÀ<�`d
k´ª [<\/���5d�p����5d]L � d�aMjMd ��¶eº%
C0:RW�5s<s]w�pmd�\-T�klY_X�c�TW�`[1j5d�V�Tmc�p�YZTmVGy<d�RU�`VGyZYt\-Tmd � n`Y]pUT�Yt\-T¡j�ª �5\5d!ybY]kGd$�5p�VO\5VGTWVlYtkOd
Ytpm^5VGTWp�YtVOpWd

φ0
� j5Y]\`R�kOY<À-�5d�kOkGdg\5[<�`R�\5[]TW[]\>R H (φ |φ0,u )

kOY#��[]\>��TWVO[]\!TWd$kGkOd�À-�5d

H (φ |φ0,u ) = arg min
H∈Hu

Eφ0

[
‖H(u, φ) − g(V, φ)‖2

]

� [<�`Rr��[<\`RUTWpm�5VORW[]\>RFVGTWc$pmYtTWVOy]d$X�d$\-T φn+1
d�\_pWcuRU[<kGyZY]\<T

H (φn+1 |φn,u ) = 0
�@�5L «<­ �

�1V1klY¢RW�5V�Tmd
(φn)n≥0

��[]\1y<d�pms]d±y]d$pmRA�5\5d�yZYtkOd��5p
φ̃ � YtkO[]p�R�d�kOkOdFy<c�pmV��`d H (φ̃ ∣∣∣φ̃,u) = G(u, φ̃) � d�TBn>Ytp �8�5L «<­ �d$RUT �5\5drp�Y]��VG\`d�jMd

G
L<�¢d}n`kG�`R � klYgn5pW[<n>[-RUVGTWVO[]\��5L¾�ML �fd$RUT d�\`��[]pmdFy1p�YtVOd�j`Yt\`R±��d}��[]\-TWd� 1TWd �]RWVMkOYf��[<\`��TmVG[<\ gd$RUTS�5\�À-�`Y<RUVG¥�RW��[]pmd � Y]kG[<pmR:VOk`d$\%d$RUTSjMd}X "�X�d}n&[]�`pSRWYgn`pW[ )qd$��TmVG[<\

G(u, φ)
n`Y]pWX�V5k´ª d$\`RWd�X¡^`kGd Hu

L<¯}VO\`RWV �
k´ª Y )q[]�MT¢jMd���[]\-TWp�YtVO\-TWdeRW�5prkGdgTqa1n&d¡jMduR���[]\`��TWVO[]\`RrduRqTmVGX%Y]\<Tmd$R}j5d Hu

�8\5[tT�YtX�X�d�\-T}klY�kGVO\5c$Y]pWVGTWc���n>d$pWX�d�T
jMd!n5pW[<n>[-RUd$p¡jMduR#Y]kGs<[]pmV�Tm�5X�d$R¡j�ª duRqTmVGX%YZTmVG[<\/\5[<�5y]duYt� � d�T�j5[]\-T#\5[<�`R�n&[]�`y][]\>R¡��[<\-TWp��]kOd�p¡k´ª d� Mn5pmd$RmRUVO[]\
��[]\>��TWVO[]\`\5d�kOkGd � � L
� [<�`RAn>d$\`RU[<\`R:À-�5dF��d�TUTmd�Y]n5n5pm[M���5dSduRqT:�5\5d�YtkGTWd$pW\`YtTWVOy]d±TmpWwuRBVG\-TWc$pWduRWRmYt\-TmdS³}k´ª PFi�° n>[<�5p:kGduR+X�[MjMw�kOd$R��[<X�n5kGd� Md$R � ��Y]p�d$kGkOd¡n&d�pmX�d�TgjMd¡n5pm[]n&[<RWd�pfjMd¡\`[]X¡^`pWd$�`RUduR¢RW[]kO�MTWVO[]\>R}n5p�Yts<X�YtTWVlÀ-�5d$R¢n>[<�5p¢kOd��$Ytkl���5kBjMd$R

n`Y]pmY]X�w�TWpmd$R �1k´ª PFi�°�n&d�p�j�jMdgRmYen>d$pUTmVG\`d�\`��d�j5Y]\`RSkOd$Rr~�i�~�Y#��YtpFkOY¡X¡�5kGTWVOn5kOVO��V�Tmcfj5d$RFpmY<��VO\5d$RFjMd¢klY�kO[]s]¥
y1pmY]VORWd�X#^5klYt\`��d}\5dgn>d$pWX�d�T�n5kO�`Rrj�ª VljMd�\-TWVG�`d$p�klY#pmY<��VO\5d�³�RUc$kGdu��TmVG[<\5\5d�p���[<X�X�dg��d$kGkOdgc�T�Yt\-T��`\�X%YZ MVOX¡�5X
s]kO[]^>Ytk´L1¯¢VG\>RUV��5\_pmc$RW�5kGTmYZT�n5kO�`R��8YtVO^5kOdfTW�5c$[]pmVOÀ-�5d$X�d$\-TrÀ-�5V�\`dfs-Ytp�Yt\-TWVGTrÀ<�`dfklY���[]\1y<d�pms]d�\>��d�j�ª + 
 �eRU�`V�TmdjMd#pmY<��VO\5d$R � duRqTfd�\��8Y]V�Tfc$À-�5VOybY]kGd$\-T�d�\�n5pmYtTWVlÀ-�5d�n`Y]pf�$Yt�`RWd¡jMd#kOY!jMV �����5k�Tmc#³!jMc�Tmd�pmX�VO\5d$p¢kOd¡X%YZ MVOX¡�5X
s]kO[]^>Ytk´L>~Fd�n&d�\`j5Y]\-T¢�5\DY]RWn&d$��T}VOX�n>[<pUT�Yt\-T¢³�TWp�YtVGTWd$p}�5kGTWc$pWVOd��5pmd�X�d$\<T}duRqT�kOY�y1VGTWd$RmRWd�jMd���[<\-y<d�pms]d$\`��dgjMd$R
d$RUTWVOX%YZTmd��5p�RrYtVO\`RWV�[]^MTmd�\1�`R$L
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6
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2 E�� Hu
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G(φ) = H(φ, φ,u)
6
23& A#MKE�:'2 C@4 � "
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E [g(φ) |u ]
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� [<�`RgTmpmY]V�Tm[]\`R¡VO��VFjMd�k´ª d$RUTWVOX�YtTWVO[]\/jMd!X�[1j5w�kOd$R�~�iv~�YZ¥�¦F�fX¡�`k�TmVGyZYtpmVOc�d$R�n>[<�5p#jMV��3c�pmd�\-TWduR�X�[MjMc�kOV�¥RmYZTWVO[]\>R�jMd$R¡kG[<VOR¡j�ª c$X�VORmRUVO[]\+L��1d$kG[<\vkOd%Tqa1n&d�jMd$R#jM[]\`\5c�duR�³_TWp�YtVGTWd$p�d�T#kGduR��1a1n>[]TW�5wuRUduR���[<\`��d$pW\`Y]\-TgkOd$R
�`�`��TW�`YtTWVO[]\`RBYtkOc$YtTW[<VGpmd$R�Y]�¡RWd�VO\¡jMdF���>Y]À-�5dS��kOY<RWRWd � VGk1d$RUTA\`c$��duRWRmYtVOpmd jMd����`[]VlRUVOp��5\#X�[MjMw$kGdFn>d$pUTmVG\`d�\-TAn&[]�5p
jMcu��pmVGpmd%kOY_n`�-aMRWVOÀ-�5d�j5� n5�5c�\`[]X�w�\5d%[<^`RWd�pmy]c]L � pmw$R���[]X�X¡�5\`c�X�d�\-T � kOY_kO[]VF\5[]pmX%YtkOd�d$RUT¡�MTWVOkOVORWc�d%n&[]�5ppmc$YtkOVlRUd$pFklY���klY]RmRUVG�>��YtTWVO[]\�j5dgj5[]\5\5c$d$R�[]�oklY#RWd�s<X�d$\-TmYZTmVG[<\!jMdeRWVGs<\`Yt�5 3LM�fYt\`R�kOdg��[]\-Tmd� 1TWdejMdgklY#��kOY<RWRWV��`¥
��YtTWVO[]\_j�ª []^`RWd�pmyZYZTWVO[]\>R � VGkAR�ª Yts<V�Trj�ª �5\5de�1a1n>[]TW�5wuRUde��klY]RmRWVOÀ-�5dfs]p#�]��d�³�kOY<À-�5d�kOkGdgklY�\5[tTmVG[<\ojMdgs<pW[<�5n>duR�d$RUT
^5VOd�\�Ytn5n`pWc$�5d�\`j5c�d�n`Ytp:�5\�n5pm[t�>kMX�[Za<d�\ ��klY�X�[Za<d�\5\5d���d�T n`Ytp:�5\`d}jMVORWn&d�p�RUVO[]\#VG\-TWpmVO\`RUwuÀ-�5d ��klY�yZY]pWVlYt\`��d���L
P \!VGX%Yts<d�pmVGd¢pmY<j5Ytp � klY�\5[<pWX%Y]kGVGTWc �8[]��k´ª �MTWVOkGVlRmYZTWVO[]\ojMd¢kO[]VlR�jMc$jM�`V�Tmd$R�jMd�klY�kO[]V&\5[<pWX%YtkOd¢��[]X�X�d¢klY�kO[]V3jM�
x1�5VG¥ ��n&[]�`p�klY�X�[MjMc�kOVlRWYtTWVO[]\�jMduR¢VO\-TWd$\`RUVGTWcuR �}n5pm[Zy-VOd�\-T�j5d¡k´ª Y]n5n5kOVO�$YZTWVO[]\�j�ª �`\DTW�`c�[]pmw�X�d¡��d�\-TWp�YtkAkGVOX�V�Tmd �
d�\ RW�5n5n&[<RmYt\-T�À<�`d�kOd�\5[]X#^5pmd�jMd%pmc��>d$��Tmd��5p�RgYt� RUd$VG\ jMd%���`Y<À<�`d#n5VG Md�k±duRqT¡RW����RWY]X�X�d$\-Tfs<pmY]\`jDn&[]�5p
�8YtVOpmd���d�TWTWd�Y]n5n5pm[b 1VOX%YZTmVG[<\�L1P \M�`\ � klY�n>[-RWRWVG^`VGkOV�Tmc�jMden&[]�5y<[]VOprX�d$\5d�p���[]X�n5kOw�Tmd�X�d�\-T}d�T¢d� 5Y]��TWd$X�d$\-T�kOd$R
��Y]kO���5klR � ��[]\`RUTWVGTW�5dgk´ª Y]pWs<�5X�d�\-TrkGden`kG�`R���[<pUT}d$\��8Yby<d��5p}j5dfk´ª �MTWVOkGVlRmYZTWVO[]\�jMdgklY�kG[<V�\5[]pmX%YtkOd]L
��k+duRqTf��d�n&d�\>j5Yt\-T}��pmc$À-�5d$\<TfÀ<�`d�kGduR¢jM[<\5\5c$d$R�TmpmY]V�Tmc�d$R}d�\DVOX%Yts]de[<��d�\DRWVGs<\`YtkAR�ª c$�$YtpWTWd�\-T¢RWVGs<\5VG�>��YtTWVG¥

y]d$X�d�\-Tgj5d#klY�kO[]V:\5[<pWX%YtkOd � d�\�pmY]VORW[]\�j5d#klY���[]X�n5kOd� MV�Tmc�j5d$Rfn5�5c$\5[]X�w�\`d$R�pWc$d�klR �8\5c$��d$RmRUVGTWc�jMd�kOY!n5pmVORWd
d�\D��[]X�nMTmd¡jMd¡À-�5d$�5d$R�jMd¡jMVlRqTmpWVO^5�MTmVG[<\�c�n`Y]VORmRWd$R �ON �:[]��jMd¡jMa1\`Y]X�VOÀ-�5duR¢��[<X�n5kGd� Md$R � ©-h � ��L3��d�n5kO�`R � jMd$R
X�[MjMw�kOd$RATW�`c�[]pmVlÀ<�`d$RBjMd���[]pmX�YtTWVO[]\¡j5d$R±RWVGs<\`Yt�M epmd
���`R )q�>RqTmV��`d$\-T k@ª Yt^`Y]\`jM[<\¡jMd�kOY�\5[<pWX%YtkOVGTWcSd�T±VG\`��V�Tmd�\-T±³
k´ª �MTmVGkOVlRWYtTWVO[]\�j�ª Y]�MTWpmd$RAX�[MjMw�kOd$R:n`Y]pmY]X�c�TWpmVlÀ<�`d$RAn>[<�5p:kOY�X�[1j5c�kOVORmYZTmVG[<\#jMduRAVO\-TWd$\`RUVGTWcuR:pWd����5duRBd�\¡VOX%Yts<d�pmVGd �
jMduR�VGX�n5�5klRWVG[<\`Rrp�Y]j5Y]p�[<�oj5d$RrjM[<\5\5c�duR�X¡�5kGTWVl��Y]nMTWd$�5p�R�L
�fYt\`R%��dD���`Ytn5VGTWpmd � \`[]�`R%n`pWcuRUd$\<Tm[]\`R�n`kG�`RWVOd��5p�R�X�[1j5w�kOd$R%n`Y]pmY]X�c�TWpmVlÀ<�`d$R�n>d$pUTmVG\`d�\-TmR%n&[]�`p�kOY RWd�s]¥

X�d�\-TmYtTWVO[]\ j�ª VGX%Y]s]d$R � À-�5d%\5[<�`Ren&[]�5y<[]\`Rgp�YZTWTmY]���`d�p�³��!Tqa1n>duR¡jMd%X�[MjMw�kOd$R¡RqT�YZTWVlRUTWVlÀ<�`d$R���kOd$R�kG[<VORed� 1¥
n&[]\5d$\<TmVGd$kGkOd$R � kGduR}kO[]VlR¢d$kGkOVGn5TWVlÀ<�`d$R�d�T�kOd$R�X�[MjMw�kOd$R�RUn&c$��V��`cuR¢n>Ytp���[]n5�`kGduR�L3¯}n5pmw$R¢�5\5d�jMd$Rm��pmVGn5TWVO[]\DjMd���d$R
X�[MjMw�kOd$RFd�TrjMd¢kOd��`p�n`pW[<n5pWVOc�Tmc$R � \5[<�`R�jM[]\5\`[]\`RSkGduRFX�c�TW�5[MjMduRFj�ª d$RUTWVOX%YZTmVG[<\!Y]RmRW[1��VGc$d$R j`Yt\`RFkGdg��Y<jMpmd¢jMd$R
~�i�~�Yt¥§¦���L
��k:R�ª Yts<V�Tgj�ª Y]n5n5kOVOÀ-�5d$p � RWd�kO[]\�kOd�Tqa1n&d�j5d$RfkG[<VORfj�ª c�X�VlRWRWVG[<\ � kGduRfY]kGs<[]pmV�Tm�5X�d$R�jMd#�$Ytkl���5k±j�ª d$RUTWVOX%YZTWd$�5p�R

n5pmc$RWd�\-TWcuR+j5Y]\`RAkGd����`Ytn`V�TmpWd �ML &:Y]pWX�V1��d$�M 1¥§��V � \5[]�>RAYby<[]\`R�n`pWVOy1VGkOVGs<VGcFkGduR+duRqTmVGX%YtTWd��`pmRB��Y]n`Yt^5kOd$RAjMdF��[]�5pm\5VOp
jMduRfY]kGs<[]pmV�Tm�5X�d$R�j�ª duRqTmVGX%YtTWVO[]\�RWVGX�n5kOd$Rg³�VGX�n5kOc�X�d�\-Tmd�p � d�Tf\`c$��duRWRWVGTmYt\-Tfn>d$��[]��n`Y]RgjMd#n5�`Y]RWd$Rfj�ª []nMTmV�¥
X�VORmYZTmVG[<\�\-�`X�c$pWVlÀ-�5drX¡�`k�TmVGn`Y]pmY]X�w�TWpmd$R��8n>[<�5yZYt\-T d�\-TmpmYZ�l\5d$p jMd$R TWd$X�n>R jMd¢�$Ytkl���5k5VOX�n>[<pUT�Yt\-TmR:[<���bd�TSjMd$R
pmd$RW[]�5p���duR¡X%Y]���`VG\5duR�VGX�n&[]pWTmYt\-Tmd$R ��L �fYt\`R�kOd���Y]R�jMduR�X�[1j5w�kOd$R�d� Mn&[]\5d$\<TmVGd$kOR�d�T%d�kOkGVOnMTWVlÀ-�5d$R � kOd_�$Ytkl���5k
�8Y]n5n5pm[M���5c��SjMd¢k´ª PFi�° n`YtpFPSi �8[]���MPSi �Sn>d$pWX�d�Trj�ª Yby][<VGpSj5d$R���Ytkl���`kORFpWcu���5p�RWV��8R �8Y]��VOkOd$R�³�VOX�n`kGc$X�d$\-TWd�p
d�T�\`c$��duRWRWVGTmYt\-T�n>d$� jMd���Ytkl���`kOR�kO[]�5p�j5R$L � []�>R��MTWVOkGVlRW[]\`R%Y]�`RWRWV}jMduR�X�[MjMw$kGduR%RUn&c$��V��>c$R�n`Y]p���[]n5�`kGduR � ��d
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klY�X�[MjMVG�>��YtTWVO[]\ j5d!klYD��[<pWX�don`Ytp�YtX�c�TWpmVOÀ-�5dojMd_kOYv��[<n5�5kOd![<� jMdokOY�X%Ytpms]VO\`YtkOd!j�ª �5\`dokO[]Vrj�ª c�X�VlRWRWVO[]\
\�ª Y�n`Y]R�j�ª VGX�n`Y<��T}RW�5p�kGduR���[]pmX¡�5kOd$R�j�ª d$RUTWVOX%YZTWVO[]\_jMdeRWd$R�Yt�MTmpWduR�n`Ytp�YtX�w�TmpWduR � ��deÀ-�5V�n&d�pmX�d�T}j�ª Yby][]VOp��5\
n5pm[]s<pmY]X�X�dgj�ª d$RUTWVOX�YtTWVO[]\o\5[]\5¥§RW�5n&d�pmy-VlRWc�d��8Y]��VOkOd�X�d�\-T}X�[MjMV��&Yt^5kOd]L
�fYt\`RgkOd$Re���$Y]R�TWp�YtVGTWcuR � \`[]�`Re��[]\`RWVOj5c�pm[]\`RgÀ-�5d�\5[]�>ReYby][]\>R��`\vcu���`Yt\-TmVGkOkG[<\ y ∈ YN VlRWRW�5d$Rej�ª �5\`d

~�i�~�Yt¥§¦�� � jM[]\-T%kGduR�jMd�\`RWVGTWc$R�jMduR�kG[<VOR�j�ª c�X�VlRWRWVG[<\ f(y, θk)
Y]n5n`Y]pUTmVGd$\5\5d�\-T#TW[]�5TWd$R�Y]� X "�X�doX�[1j5w�kOd

n`Y]pmY]X�c�TWpmVOÀ-�5d<L
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�¼15-� ��» + � � d ��»�¶ + 
 �Q\�º ��¼3
3
��D7 � � �W·W,�ºW,�¼3
 ¼ ¶$B�» P(Θ)

» + � ( � d,B(
� d))

7]·�
`¶ 
���»/7 ��
`»�¼ ¶6B�» � �-
OºZ¶´¼3� ��� ��
`¶A[ + 
 � � ��» + � � µ »�· 
`¶ 7 �D
Gº \�·%� � �

∀y ∈ � d, ∀θ ∈ Θ ⊂ � k, f(y, θ) = exp (〈T (y), θ〉 − ϕ(θ))
�8«`LON��

· �
Θ

��»�¶ + 
�· + � �-��¶ 7 � � k ��¶ T :
� d −→ � k ��»�¶Q
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 BZ:]¼1B �K7 + �%· 7
5-
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T
��»�¶ 7 ���mº 
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@Aº \�·%� � � �5º��Wº �	B�¶]��¼1> + �D7<· 
 
�B � �`º%�	X ��0�� ^ ��»�¶rº � �	�;
CB � �5º��Wº �	B�¶]��¼l»�ºZ¶´¼8· 
 ¸�º 
3· 
`¼1> + � 0
¯}kGTWd$pW\>YZTWVOy]d$X�d�\-T � �5\5dg�8Y]X�VGkOkGdgd� 1n&[]\`d�\-TWVOd�kOkGdgn&d��MT�"�TWpmdgVG\`j5d� Mc�dfn`YtprklY�n`Ytp�YtX�c�TWpmVORmYZTmVG[<\�\`YZTm�5pmd�kOkGd �

jMc��`\5VOden`Ytp
η = Eθ [T (Y )]

L5¤+Y�pmd�klYZTmVG[<\ojMden>Y]RmRWY]s]d¢d$\-TWpmdfkOd$R}n`Ytp�YtX�w�TmpWduR
θ
d�T
η
d$RUT¢jM[<\5\5c�dgn`Y]p

∇θϕ(θ) = η

¤ ª PSi�°�d$RUT�k´ª duRqTmVGX%YtTWd��`p¢n5pmVGy1VOkGc$s]VOc¡jMduRr�8YtX�VOkGkOd$R�d� Mn&[]\5d$\-TWVOd�kOkGduR}d�\�p�YtVlRW[]\DjMduR}n5pm[]n5pmVOc�TWcuR}j�ª d� MVlRqTmd�\`��d
d�Tgj�ª �5\5Vl��VGTWc�jM�DX%YZ MVOX¡�5X jMd#kOY%kO[]s]¥´y1p�YtVlRUd$X¡^5klYt\>��deRU[<�`R¢j5d$Rf��[]\>jMV�TmVG[<\`Rr�8Y]VG^`kGduR�L �1VB\5[]�`R¢d$RUTWVOX�[]\`R

θ³�n`YtpWTWVOp}j�ª �5\_c$���`Y]\-TWVOkGkO[]\
y = (y1, . . . , yN) � YtkO[]p�R�RUV�klY��8YtX�VOkGkOded$RUTrX�VO\5VOX%YtkOded�T¢À-�5d T (y)

Ytn5n`Y]pUTmVGd$\-T
³�k@ª VO\<Tmc�pmVGd$�5p¢jMd ∇θϕ(Θ) � kOdeX%YZ MVOX¡�5X£j5dekOY�kO[]s]¥´y1p�YtVlRUd$X¡^5klYt\`��d}d� MVlRqTmd � duRqT}�`\5VOÀ-�5ded�T}d$RUT¢YZTWTWd�VO\-T}n`Ytp
kOd¡n&[]VO\<Tgy]c$pWVG�>Y]\<T�k@ª c$À-�`YtTWVO[]\

T (y) = η � �ON � � Nu­]­��§L &B[<�5p�j5c�TWd$pWX�VO\5d�pfk´ª PSiD° θ̂MV
VOkBR$ª Y]s]VGTfj�ª VO\-y<d�p�RUd$p

klY#pmd�klYZTmVG[<\
T (y) = ∇θϕ(θ̂MV ) � V´L d<L

θ̂MV = (∇θϕ)
−1

(T (y))
��«`L � �

��d�\5[]X#^5pmd��`RWd$R�kO[]VlRr�`RW�5d�kOkOd$R}RW[]\-T¢jMduRr�8YtX�VOkGkOd$R}d� Mn>[<\5d�\-TmVGd$kGkOd$R � TWd$kGkOd$R�À-�5dekGduRrkO[]VlRrs<Y]X�X%Y�[<�os-YtX�X%Y
VO\-y<d�p�RUd � kGduR�kG[<VOR�\5[<pWX%Y]kGduR � [<�!d$\`��[<pWdfkGduRrkO[]VlRrjMdg°±[]\�i�VlRUduRq¥�¿BVORW�5d�p�d�T¢jMd # VORW�`Y]pUTuL
¤+Y�kG[<st¥§y-p�YtVlRWd�X¡^`kOY]\`��d�j�ª �5\DX�c$kOY]\5s]d�jMd#kO[]VlR}d� Mn>[<\5d�\-TWVOd�kOkOd$RfRUd#X�d�TgRW[]�>R¢�5\`d¡��[<pWX�d�n`Y]pUTmVO���5kOVGw$pWd�¥

X�d�\-T��8Y]��VGkOdf³#X%Yt\5VOn5�5kOd�p � d�T�kOd$RrYtkOs][<pWVGTW�`X�duRSPFi®jMcujM�5VGTmR�[<\<T�s]c$\5c�p�YtkOd�X�d$\<T�jMd$R�d� 1n`pWduRWRWVG[<\`R�RUVOX�n5kGduR�L
&±YtpB��[]\>RUcuÀ<�`d�\-T � n>[<�5p+kOd$R+X�[MjMw$kGduR+À-�5dF\5[]�`R+n5pmc$RWd�\-TW[<\`R � \5[]�`RB��Y]kO���5kO[]\`R��`\5dFY]n5n5pm[b 1VOX%YZTmVG[<\fjMdFk@ª PSi�°
jMduR�X�c$kOY]\5s]duRrjMdekO[]VlR�d� Mn>[<\5d�\-TmVGd$kGkOd$R�n`Y]p�PSi L
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¤�duR¢c�TmY]n>duR�jMd�k´ª Y]kGs<[]pmV�Tm�5X�d¡PSiÁn5pWd$\5\5d$\<Tf�5\5d#��[]pmX�d#n`Y]pUTmVO���5kOVGw$pWd$X�d$\-T�RUVOX�n5kOd#kO[]p�RWÀ-�5d#\5[]�>R¢�MTmV�¥
kOVORW[]\`R¢kOY�n`Ytp�YtX�c�TWpmVORmYZTmVG[<\_�$Yt\5[<\5VlÀ<�`d]L � []�`R�\5[<�`R¢d$\�RWd�pmy][]\>R}YtkO[]p�R}n&[]�5pfjMc�Tmd�pmX�VG\5d$p�kOd$RfYtkOs][<pWVGTW�`X�duRjMdeX�VlRUde³�)q[]�5p�jMd$R�X�[MjMw�kOd$R�d� Mn>[<\5d�\-TWVOd�klR � n`Ytp�YtX�c�TmpWcuR�jMdeX%Yt\5VOw�pmde��klY]RmRUVlÀ-�5d]L

�1V>\5[]�`RSYby][]\>R
K
��klY]RmRUduR jMVlRqTmVG\`��TWduR � VG\`j5d� Mc�duR±n`YtpS�5\�n`Y]pmY]X�w�TWpmd θk �8d�TFj5[]\-TSklYeRqT�YZTWVlRUTWVlÀ<�`d}n5pmVGy1VOkGc�¥s]VOc�de��[]X�X¡�5\`dfduRqTr\5[]TWc$d

T
� � kOY#��[<\`��TmVG[<\ Q(φ, φn)

VO\<TmpW[MjM�`V�Tmdgj`Yt\`R�klY�RUdu��TWVO[]\_�5L «`LONgRUdejMcu��[]X�n&[<RWd�d$\
Q(φ, φn) = Q(A) + Q(θ, θn)

L�~F[<X�X�d#kGduR}X�VlRUduR�³ )q[<�5pgjMd
A
d�T
θ
RW[]\-Tfd �3d$��Tm�5c�duR}VO\`jMc$n>d$\`j5YtX�X�d�\-T

k´ª �5\`d�jMdek@ª Yt�5TWpmd � \5[<�`RrjM[]\`\5[]\`R��`\5VOÀ-�5d$X�d�\-T}kGde�$Ytkl���5k�jMd θn+1
�

Q(θ, θn) =

N,K∑

i,k=1

π
(n)
i,k (〈T (yi), θk〉 − ϕ(θk))

¤ ª c�T�Ytn&d�i®��[]\`RWVlRqTmdgj5[]\`�fd�\_klY�pWcuRU[<kG�MTmVG[<\oj5dfk´ª c$À-�`YZTmVG[<\_�`Yt^5VGTW�`d�kOkGdgn&[]�5prkOd$RrX�[MjMw$kGduR�d� Mn>[<\5d�\-TmVGd$kOR �

∀k ≤ K, ∇θk
ϕ(θk) =

(
T (y)

)
k,n

��«>L � �

[��v\5[<�`RgYby][]\>R�\`[tTWc (
T (y)

)
k,n

=
PN

i=1 π
(n)
i,k T (yi)

P
N
i=1 π

(n)
i,k

L � [<�`RgjM[]\5\`[]\`Re��V�¥�jMd$RmRW[]�`RfjMV��&c$pWd$\<T�Rgd� Md�X�n5kOd$Rej5dX�[MjMw�kOd$R�d� 1n&[]\`d�\-TWVOd�klRr��[<�5pmY]X�X�d$\-T��5TWVOkGVlRUcuR�L

Ä �8���l'��8� � 7>6�0A7>ËZ./45Ç@*
~F[]X�X�d \5[<�`R�k´ª Yby][]\>R�VG\>jMVOÀ-�5cFd�\�VO\-TWpm[MjM�`��TmVG[<\ � klYrkO[]V-\5[]pmX%YtkOd±d$RUTBRW[]�5y<d�\-T+�MTmVGkOVlRUc$dSd�\�RWd�s<X�d�\-TmYtTWVO[]\

��[<�!d$\!��kOY<RWRWV��&��YZTmVG[<\ � y][<VGp�\5[tT�YtX�X�d�\-T �GNu­]{ � Ã<{ � �Fd$\!p�YtVlRU[<\�jMdgklY¡n&[<RmRUVO^5VOkGVGTWcejMde�$Ytkl���5kOd�p�YtVlRUc$X�d�\-T�kOd$R
À-�`Yt\-TmV�Tmc$R�j�ª VO\-TWc�p "�T � \`[tTmY]X�X�d$\-T!k´ª duRqTmVGX%YZTmd��5pojM� X%YZ MVOX¡�5X jMd�y1pmY]VORWd�X#^5kOY]\`��d<LS¤ ª YtkOs][<pWVGTW�`X�d�PFi
d$RUT!Y]kG[<pmR���[<�5p�YtX�X�d�\-T��MTWVOkOVORWc � d�T�kOd$R%c�TmY]n>duR%P�d�T!i R$ª []^MTmVGd$\5\5d�\-T�d$\ ��[]\>RUVljMc�p�Yt\-T�jMVOpWdu��Tmd�X�d�\-T�klY
n`Y]pmY]X�c�TWpmVORmYZTmVG[<\v��kOY<RWRWVlÀ<�`d8�

(m,Σ)
�
m
d�T

Σ
RW[]\-T¡pmd$RWn&d$��TmVGy<d�X�d�\-T¡klY�X�[Za]d$\5\5d�d�T#klY�yZYtpmVOY]\`��d���L+¤+d$R

��[]pmX¡�`kGduRrjMdgX�VlRWd$R}³�)q[]�`p}RU[<\<T �

∀k ≤ K,





mk =
PN

i=1 π
(n)
i,k yi

P
N
i=1 π

(n)
i,k

Σk =
PN

i=1 π
(n)
i,k (yi−mi)(yi−mi)

′

P
N
i=1 π

(n)
i,k

��«>L « �
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¤�duRrkO[]VlRrs<Y]X�X%Y%RW[]\-T¢RW[]�5y<d�\-T}�MTWVOkOVORWc�duR}n&[]�5p}X�[MjMc$kGVlRUd$p}k´ª VO\-TWd�\>RUVGTWc�j5Yt\`R}kGduR}VOX�Y]s]duR�pmY<j5Ytprd�T�n&d�pW¥

X�d�TWTWd�\-TejMd�s]c�\`c�p�YtkOVORWd�p�kOY�kG[<V:j5��x1�5VG¥ �5L&¤AY�kO[]V:s<Y]X�X%Y%duRqTeRWn>cu��VG�`c�d�n`YtpgjMd$�M Dn`Ytp�YtX�w�TWpmd$R
a, b

�8pWduRq¥
n&d$��TmVGy<d�X�d�\-T¢jMdg��[<pWX�ded�T¢j�ª cu���5d�kOkOd���d�TfY#�`\5d¡jMd$\`RUVGTWc

f (y, (a, b)) = 1
Γ(a)ba y

a−1 exp(− y
b )1 � +(y)

L`P kOkGd

$ � 6
2 A#M  �E�:34 &3%8GH6
2 � 
 E�I@&36�7 �82/A �L6�?�M A�(�A#:3A#G%"F&):'4K2<AD&34KE�7
(mk, Σk)1≤k≤K

E��
θ = (θk)1≤k≤K

2)E�7L& " + �@4 ��A#MK6
7�&32� �:��#?
6& M�� 4K7
��A#:'4 A#78?
6 (�A#:�:36
(�A#:3A#G%"F&):'4K2<AD&34KE�7�C86
2 "
&)A#( 6
2 � 6
& 
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d$RUT}\5[]TWc�d
γ(a, b)

d�T¢RmY#��[]pmX�dg�$Yt\5[<\5VlÀ<�`dfduRqT �




T (y) = (−y, log(y))
′

θ = ( 1
b , a− 1)

ϕ(θ) = −(θ2 + 1) log(θ1) + log(Γ(θ2 + 1))

d�T}n&[]�`p}���`Y]À-�5dgVGTWc�p�YZTmVG[<\
n
jMdePSi \5[<�`RrjMd�y<[]\`R�pmc$RW[]�>jMpWdfkOdgRWaMRqTmw�X�d �

∀k,





θn+1
2,k +1

θn+1
1,k

= (y)k,n

− log(θn+1
1,k ) + ψ(θn+1

2,k + 1) =
(
logy

)
k,n

[��
ψ(x) = d log Γ(x)

dx

d$RUTfklY%��[<\`��TmVG[<\�jMVOs<Y]X�X�Y � j5c�pmVGy<c�d¡kO[]s-YtpmV�Tm�5X�VOÀ-�5d#jMd#klY���[]\`��TWVO[]\ Γ
j�ª P �5kOd�puL&PS\

pmc�c$��pWVOyZYt\-TSkOd$RSc$À-�`YZTmVG[<\`R d$\%��[]\>��TWVO[]\!jMd$RFn`Ytp�YtX�w�TWpmd$R±�`RW�5d$kOR
a, b � \`[]�`RS[]^MTmd�\5[<\`R kOd$RS��[]pmX¡�5kOd$RFjMd¢X�VlRUd³�)q[]�5p}RW�5VOyZYt\-TWduR �

∀k,





an+1
k = ξ−1(

(
logy

)
k,n

− log((y)k,n))

bn+1
k =

(y)k,n

an+1
k

��«>L � �

Yby]du�
ξ
��[]\>��TWVO[]\!TWd$kGkOd�À-�5d

ξ(x) = ψ(x) − log(x)
L

Ä �8���l'��O� � 7>6�CA* � 7&0 �Å6@?$*1?¡È��r6@? �B*-Ë
¤�duR�kG[<VOR¢jMde°±[]\�i�VlRUduRq¥�¿BVORW�5d$p�� �ON$­-h�� ��RW[]\-T}�5\5dg�8Y]X�VGkOkGded� Mn>[<\5d�\-TWVOd�kOkOd�RU�5prklY%RWn5�5w�pmde�5\5VGTWc � d−1 ⊂� d � j5[]\-T}kOY�jMd$\`RWV�TmcepWd$kOYtTWVOy]d�X�d$\<Tr³�kOY�X�duRU�5pmdg�5\5VG��[]pmX�dgRW�5p � d−1 ybY]�MT �

∀y ∈ Sd−1, f (y, (ξ, κ)) =
(κ

2

)d
2−1 1

Γ(d2 )Id/2−1(κ)
exp(κξ′y)

[��
ξ ∈ � d−1 d$RUTeYtn5n&d�kOc%jMVGpmd$��TWVO[]\�X�[Za<d�\5\`d¡d�T κ ≥ 0

d$RUTgkGd�n`Y]pmY]X�w�TWpmd#jMd%��[]\`��d�\-TWp�YZTmVG[<\�L�~Fd�TUTmd#kO[]V
d$RUT%RU[<�5y]d$\<T��MTmVGkOVORWc�don&[]�5p�klYvRWd�s<X�d�\-TmYtTWVO[]\Hj�ª VO\M��[]pmX%YZTWVO[]\ jMVOpWdu��TWVO[]\`\5d�kOkGd��ON$­]{�� � X%YtVlR�Yt�`RmRUV�n&[]�5p�klY
��klY]RmRWV��>�$YZTmVG[<\DjMd#jM[<\5\5c$d$R¢TWd� 1Tm�5d�kOkGduR¢d�Tgj�ª d� 1n`pWduRWRWVG[<\DjMd¡s<w�\5duR � h �§L � []�>R¢y<d�pmpW[<\`R}j5Y]\`R¢kOd#���>Ytn5VGTWpmd#� �À-�5d¢\`[]�`RFn>[<�5y][<\`R pmd�n`pWcuRUd$\<Tmd�pFn`YtpWTWVOd�kOkGd$X�d�\-TSk´ª VO\M��[]pmX%YZTmVG[<\��¢[<n5n5kOd�p�[]��n&[]klYtpmVOX�c�TWpmVOÀ-�5d¢n`YtpF�5\�n&[]VO\-T
jMdeklY�RUn5�`w�pmd � d−1 L`¤AY�n`Ytp�YtX�c�TmpWVlRmYZTWVO[]\!��Yt\`[]\5VlÀ-�5dgd$RUT �





T (y) = y

θ = κξ

ϕ(θ) = (d2 − 1) log(κ2 ) − log(Γ(d2 )) − log(Id/2−1(κ))

[��
Id/2−1

pmd�n5pmc$RWd�\-TWd�klY¢��[<\`��TmVG[<\�j5d}¦FduRWRWd�kMjMdrn`pWd$X�VOw�pmd�d$RWn>wu��d � �!�´L �1VM\5[]�>R:\5[tTm[]\`R
Ad(κ) =

Id/2(κ)

Id/2−1(κ)
�

kOd$R�c$À-�`YtTWVO[]\`Rrj5dey-p�YtVlRWd�X¡^`kOY]\`��d�n>[<�5p}���`Y]À-�5de��kOY<RWRWdeRU[<\<T �
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∀k,





ξ̂k =
(y)k,n

‖(y)k,n‖d�T
κ̂k = A−1

d

(∥∥∥(y)k,n

∥∥∥
)

��«>L Ã �

κ̂k
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[��
a
duRqTr�5\_n`Y]pmY]X�w�TWpmdf³�pmc�s<kGd$p$L
~Fd�n&d�\>j5Yt\-T � klY�pmc$RW[]kO�MTWVO[]\oYt\`Y]kGa-TWVlÀ-�5dejMd ��«>L �]­ �Fd�\

(m,Σ)
d$RUT}VGX�n&[<RmRUVO^5kOd � �5[<pWX�VlR�n>[<�5p¢À-�5d�klÀ-�5d$R

��[]\>��TWVO[]\>R¡n`Y]pUTmVO���5kOVGw$pWduR ��n`Y]p#d� Md�X�n5kOd�klY�kG[<VF\`[]pmX�Y]kGd�n>[<�5p¡klY]À-�5d$kGkOd�klY_��[]\>��TWVO[]\
w
d$RUT���[]\`RUTmY]\-TWd�d�T

c�s-YtkOd�³
1
��L��fYt\>R!kOd ��[]\-Tmd� 1TWd�pmY<j5Ytp � �`\5d�X�c�TW�5[MjMdvV�Tmc�p�YZTmVGy<d�n`Y]pUTmVO���5kOVGw$pWd$X�d$\-T!VO\<Tmc�pmd$RmRWY]\-TWd�Y c�Tmc

jMc$y]d�kO[]n`n>c$d�n&[]�`pekGduR �1����° j5d�X�[Za<d�\5\5d�\1�5kOkGd � Ytn`n>d$kGc$d��Ud$RUTWVOX%YZTmd��5p�jM� n&[]VO\-Te�5 Md�� �8y][<VGp � h]h � N<N$© � ��L
P \!d �3d�T � j5d¢X%Yt\5VOw�pmd¢pmd�X%Y]pmÀ-�`Y]^5kGd � k´ª PFi�° d$RUTFkOd�n&[]VO\-TF�5 Mdgj�ª �5\5d���[]\`��TWVO[]\�VO\`jMc$n>d$\`j5Yt\-TmdfjMd h � n&[]�5pklY]À-�5d�kOkOdfVOk�duRqT}n&[<RmRUVO^5kOd�jMd���[<\`RUTWpm�5VGpmdf�5\5d�RW�5V�Tmd�jMdeX%YZTmpWVl��de��[<\1y]d�pms]duYt\-TFy<d�p�Rr��den&[]VO\-Tr�5 Md]L ���MTmpWd�RmY
�8Y]��VGkOVGTWc¡j�ª VOX�n`kGc$X�d$\-TmYZTmVG[<\ � ��d�TfVG\`j5c�n&d�\`j5Y]\`��d#jMd�klY���[]pmX�den`Ytp�YtX�c�TmpWVlÀ-�5d�jMd

E(m, Σ, ϑ)
kOd�pWd$\`joTWpmw$R

VO\<Tmc�pmd$RmRWY]\-T�n&[]�5p}RW[]\od� Mn5kO[]VGTmYtTWVO[]\_RU�`p}jM[]\5\`c�d$R�pmc�d$kGkOd$R$L
� [<�`R�\`[]�`RAVG\-Tmc�pmd$RmRU[<\`R�n`Y]p+klY¢RW�5VGTWdF³¢k@ª d$RUTWVOX%YZTmVG[<\¡jM��TmpWVOn5kOd�T (m,Σ, ϑ) � À-�5V1RWV<d$kGkOdS[<^5kGVOs]d�³}RWn>cu��VG�`d�pklY���[<pWX�d�n`Ytp�YtX�c�TWpmVOÀ-�5d�jMd

E(m, Σ, ϑ) � n&d�pmX�d�T�j�ª Ytn5n&[]pWTWd$pg�5\5d�VG\5��[]pmX�YtTWVO[]\��MTWVOkGd%RW�5pgkOYoy1VGTWd$RmRWd�jMdjMcu��pm[]VlRWRmYt\`��d�jMduR!À-�5d$�5d$Rod�T�j�ª Yby][<VGp��`\5dv�$Ytp�Y]��TWc�pmVlRWYtTWVO[]\ n5kO�`R!�`\5d jMd$R_jM[<\5\5c�duR�L�¤+YHpWdu���5d�p����5d�j5d
k´ª PSiD° Yt^&[]�MTmV�T¢³��`\DRUaMRUTWw�X�dej�ª c$À-�`YtTWVO[]\`Rr\`[]\M¥§kGVO\5cuYtVOpWduR�j`Yt\`RrkOd$RmÀ-�5d�kOkOd$RrRW[]\-TrkGVOc�duRrkGduR

3
n`Y]pmY]X�w�TWpmd$R$L

� [<�`R�n5pmc$RWd�\-TW[<\`R�j5Yt\`R�kOd_n`Ytp�Yts<pmY]n5�5d�RW�5VOybY]\-T��5\`doX�c�TW�5[MjMd_VGTWc�p�YZTmVGy<doj5d!X%YZ MVOX�VORmYZTmVG[<\ jMd_klY�kO[]s]¥y1pmY]VORWd�X#^5klYt\`��dFjMduR �1����° ^`Y<RUc$d�RW�5p:k´ª Y]kGs<[]pmV�Tm�5X�dFPSi �@jMc�)U³fn5pm[]n&[<RWcFn&[]�`p±k@ª d$RUTWVOX%YZTWVO[]\�jMduR:n`Ytp�YtX�w�TmpWduR
(m,Σ)

d�T
(m,Σ, ϑ) � y][<VGp �ON�«<­ � N$­<© � N]N<N � ��L

Ä �l'��O�J�l' �!* �!�B*-Ë �!�B*DCB*D./4MJ�6@./4DCB*�Ç84�Ê�Ëb4`68?u*-.�9:Ç8450 �]* ":4MË��f�
�1�5n`n>[-RU[<\`R+À-�5d \`[]�`RAYby][]\>R��5\�cu���`Yt\-TWVOkOkG[<\eV@L V@L j

y = (y1, . . . , yN ) ∼ E(m,Σ, ϑ)
L �1V-\5[<�`R�[<^`RUd$pWy<[]\`R

U
d�T
Y � kOY�kO[]st¥§y1pmY]VORWd�X#^5klYt\`��d �8��[]X�n5kOw�TWd���R�ª c$��pWVGT �

Lc(m,Σ, ϑ) = −N
2

log((2π)d|Σ|) +

N∑

i=1

{
d

2
log(ui) − uiq(yi) + log(g(ui, ϑ))

} ��«`L �MN��

�MY]\`Ron5pWcu��VlRUd$p!klY jMd�\>RUVGTWc
g � \`[]�`Roc$��pWVOy][<\`R!kGd RW���`c�X%YHs<c�\5c$pmY]kfj5dvk´ª YtkOs][]pmVGTW�5X�d�PFi n&[]�5p��`\5d�kO[]V

E(m,Σ, ϑ)
L &±YtpWTmYt\-T�j�ª �5\5d�VG\`V�TmVOY]kGVlRWYtTWVO[]\

φ0 =
(
m(0),Σ(0), ϑ(0)

) � klYHRW�5VGTWd�jMduR�n`Y]pmY]X�w�TWpmd$R φn =(
m(n),Σ(n), ϑ(n)

)
n≥1

duRqTr[<^MTWd$\-�`dfn>YtprklY#pmc$RW[]kO�MTmVG[<\ojMd �#n5pm[]^`kGw$X�duR�j�ª [<nMTWVOX�VORmYZTmVG[<\_VG\`j5c�n&d�\`j5Y]\-TmR �




minm,Σ
N
2 log(|Σ|) +

∑N
i=1 w

(n)
i q(yi)d�T

maxϑ
∑N

i=1Eφn [log(g(Ui, ϑ))|y]

��«`L � � �

[��
w

(n)
i = Eφn [Ui|y]

L � []�`RFn&[]�5y<[]\`RFjM[]\5\`d�p�k@ª d� Mn5pmd$RmRUVO[]\�Y]\`YtkOa-TWVlÀ-�5d�jMduRSpmc�duRqTmVGX%YtTWVO[]\`R�jMd m
d�T

Σ
�
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 �
� h<h





m(n+1) =
PN

i=1 w
(n)
i yiP

N
i=1 w

(n)
id�T

Σ(n+1) = 1
N

∑N
i=1 w

(n)
i (yi −m(n+1))(yi −m(n+1))

′

��«`L �t� �

�1V�\5[<�`R¡n&[]�`y][]\>R#jMc$pWVOy]d$p#n>Ytp�pmY]n5n>[<pUT�³
θ
��d�T%VO\-TWd�pmy]d$pUTmVGp�jMc�pmVOybYtTWVO[]\/d�T�VO\-TWc$s]p�YZTWVO[]\ � � \5[]�`R�jMd$y][]\>R

pmc$RW[]�`jMpmdfd�\oTW[<�MTWdgs]c$\5c�p�YtkOVGTWcgk@ª c$À-�`YtTWVO[]\ �

N∑

i=1

Eφn [∇ϑ log(g(Ui, ϑ))|y] = 0
�8«`L �Z« �

¤�d�n`kG�`R�RU[<�5y]d$\<T � ��d�TUTWd�cuÀ-�`YZTmVG[<\ duRqT�pmd�klYZTmVGy<d�X�d�\-T��8Y]��VGkOdD³vpWcuRU[<�`jMpmd �S[]\ n>d$�MT!RWd�pmY]X�d$\5d�p%³ �5\`d
c$À-�`YtTWVO[]\ jM�vs]d�\`pWd

a(ϑ) =
Y (k) � [�� Y (k) d$RUTe�5\5d���[]\`RUTmY]\<Tmd��$Ytkl���5kOc�d%³on`Y]pUTmVGpejMduRejM[]\5\`c�d$R � d�T a duRqT�5\5dg��[<\`��TmVG[<\o��pW[<VORmRmYt\-TWd<L

¤ ª YtkOs][<pWVGTW�`X�d¡PSiÁduRqTejM[<\`���5\vYtkOs][<pWVGTW�5X�d#V�Tmc�p�YZTWVG�FjMd�pmc$RW[]kO�MTWVO[]\�j5d$R�c$À-�`YZTmVG[<\`R�\5[]pmX%YtkOd$R ��«`L �t­ �
j�ª �5\�X�[MjMw�kOdSd$kGkOVOnMTWVlÀ-�5d � À-�5V-��[]\`RWVlRqTmd±d�\��5\`dSX�VORWdF³ )q[]�5pBRU�`�$��duRWRWVGy<d jMd$RAn`Y]pmY]X�w�TWpmd$R�RWd�kO[]\ekOd$RBjMVOpWdu��TWVO[]\>R
m � Σ n5�5VlR

ϑ � Yt�ekOVGd$��j�ª "�TWpmdS�`\5d X�c�Tm�5[MjMdFjMdSpWdu���5d�p����5d:s]kO[]^`Y]kGd<L �1V-\5[]�>R�\�ª d$RUTWVOX�[]\`R�n>Ytp�d� 1d$X�n5kGdFÀ<�`d kOYX�[Za]d$\5\5d±d�T�klYryZYtpmVlYt\`��d �8d�\�RW�5n5n&[<RmYt\-T+À-�5d
ϑ
d$RUT+��[]\`\-� � � \`[]�`R�Yby<[]\`R3�`\5d±X�c�TW�`[1j5dSjMd±Tqa1n&d �q�§Tmd�p�YZTmVGy<d�kOa

�rd 	Fd$VGs<�<Tmd$j%¤+d$Y]RUT
�MÀ-�`Y]pWdL� � �tª d$RUTF³�jMVOpWd¢�5\5d���[]pmpWdu��TmVG[<\�RW�`����d$RmRUVOy]d}j5d$R���Ytkl���`kOR j5d¢klYeX�[Za]d�\`\5drd�T�jMd}klY
yZYtpmVOY]\`��d � n`Y]p �5\�n&[]Vlj5R y<d�\`Y]\-T n>c$\`YtkOVORWd�pSkGduR []^>RUd$pWyZYZTmVG[<\`R YtTqa-n`VOÀ-�5duR � d�TFRW�5pWn&[]\>jMc�pmd�p kOd$RS[]^`RWd�pmyZYZTmVG[<\`R
�Un5pW[M���5duRF�gjMdgkOY�X�[Za]d$\5\5d<L

¤+Y¢jMV �����5k�TmcFjMd���d�TBYtkOs][<pWVGTW�`X�d±pmc$RWVljMdFj5Y]\`R�k´ª c�TmY]n>dFP � n>[<�5pAklY]À-�5d$kGkOd VOk<duRqTB\5c$��d$RmRWY]VGpmd jMd�jMc�Tmd�pmX�VO\5d$p
klYekG[<V>Y¡n>[-RqTmd�pmVG[<pWV

Ui
��[]\`jMVGTWVO[]\`\5d�kOkGd$X�d�\-TF³

Yi
�8kGduR [<^`RUd$pWyZYtTWVO[]\`R RW[]\-T Tm[]�MTmd$RFVG\>jMc�n&d�\`j`Yt\-TWduR � � [<��TW[]�5T

jM�_X�[]VO\`R}jMd���[]\5\>Yb�lTWpmdfkOd$R}X�[<X�d�\-TmRrY�n&[<RUTWd$pWVO[]pmV�jMd
U
d�T ∇ϑ log (g(U, ϑ))

L`¤AY#kO[]VAjMd
U
Y�n>[-RqTmd�pmVG[<pWV

d$RUT
p(u |y ) ∝ ud/2e−up(y)g(u)

�8«`L �]� �

� [<�`R¡Yby<[]\`R¡YtkO[]p�R�jMd��5  n&[<RmRWVG^5VOkOV�Tmc$R�À<�`VF��[<\`RWVORUTWd$\<T�RU[<V�T�³DjMc�Tmd�pmX�VG\5d$p#d� Mn5kGVl��VGTWd$X�d�\-T���d�TUTmd�kO[]V�Yn&[<RUTWd�pmVO[]pmV>d�T¢j�ª d$\o�$Ytkl���5kOd�prY]\`YtkOa-TWVlÀ<�`d�X�d�\-T�kGduR�X�[<X�d�\-TmR�j�ª VG\-Tmc�p "�T � RW[]VGT}jMdgn5pm[1��c$jMd$pr³¡�5\`dgY]n5n5pm[M���5d
n`Y]p�RUVOX¡�`kOYtTWVO[]\ � ��[]\`j5�5VORmYt\-T!Y]VG\>RUV¢³/�5\ YtkOs][<pWVGTW�5X�d�jMd�Tqa1n&d�i�[<\<Tmdv~�YtpmkO[ PSi ��V´L d<LFk´ª c�TmY]n>d�P�d$RUT
pmd�X�n5klY]��c$d}n`Y]pF�5\`dfRWVGX#�5klYZTWVO[]\�d�TF�`\5d�duRqTmVGX%YtTWVO[]\�d$X�n`VGpmVOÀ-�5dfjMdfkOY���[]\`��TWVO[]\

Q
³#X%YZ MVGX�VlRUd$p ��L]��k�R$ª Y]s]VGT

j�ª �5\�n5pm[]^5kOw�X�dr��klY]RmRUVlÀ-�5d�d�\�Yt\`Y]kGaMRWd�^`Yba]cuRUVOd�\5\`d � d�T k´ª d� MVORUTWd$\`��d}jMd���[<pWX#�5kGdrY]\`YtkOa-TWVlÀ<�`d�n&[]�`p kOYgjMd$\`RWV�Tmc
Ygn5pmVG[<pWV`d$RUTSY]RmRU�5pmc�d�d$\%�MTWVOkGVlRmYt\-TSjMd$RSkG[<VORS��[]\ )q�5s]�5c$d$R$L-~Fd$��V5d$RUTS\5[]TmY]X�X�d$\<T kOd¢�$Y]R jMdrklYgkO[]V>j5d��-TW�`j5d�\-T �
n&[]�5p�klY]À-�5d�kOkOd¢klY¡kO[]V3jMd

U
d$RUT�kOY#kG[<V&��[]\ )q�`s]�5c$d�\`YtTW�5pmd�kOkOd�jMdfkOY#kO[]V3\5[]pmX%YtkOd �8y][]VOp
�}[]^&d�pWT � �GNu�-h � ��LM�fYt\`R

��de�$Y]RU¥´kl³ � \5[<�`RrYby][<\`R

p(u |y ) ∝ u
d
2 +a−1 exp

(
−u(q(y) +

1

b
)

) ��«`L �tÃ �
¤�dgX�[MjMw�kOdejMd �-TW�>jMd�\-T¢RWdfn`p�"�TWdejM[]\>�¢n`Y]pUTmVO���5kOVGw$pWd$X�d$\-T�^5VOd�\�³#�5\5deduRqTmVGX%YZTmVG[<\�n`Y]prPSi � X%Y]VOR�Yt�>RWRWV�³
�5\5d�RWVGX#�5kOYtTWVO[]\D^>Y]RWc�d#RW�5pgk´ª cu���`Yt\-TWVOkOkG[<\5\5d��`p�jMd�	fVG^`^`R � �$Ytp�kOY!kG[<V±Y�n&[<RUTWd�pmVO[]pmV+d$RUTe��[]\`\-�`d#d�T��8Y<��VOkGd�³
RWVGX#�5kGd$p$L � []�`RrjM[<\5\5[<\`R���VG¥§jMduRWRW[]�>RSkOd$R�kO[]VlR�Y#n&[<RUTWd$pWVO[]pmV&d�TrkGduR���[]pmX¡�5kOd$R�d� MY<��Tmd$R�jMdgpWc$d$RUTWVOX%YZTWVO[]\oj5Yt\>RkOd$Rr��Y<RrjMdeklY#kO[]V � d�T � L
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&:[]�5p��5\5d�kO[]V:jMd �-TW�`j5d�\-Tf³

ν
jMd�s<pWcuR¢jMd�kOVO^>d$pUTmc$R � \5[<�`R}n&[]�`y][]\>R¢jMVOpWdu��Tmd�X�d�\-T¢d� 1n`kGVl��VGTWd$p�kOd$R¢n>[<VOj5R

w
(n)
i

d�Tfk@ª d$RUTWVOX%YZTWVO[]\Dj5d
ν � n5�5VlRWÀ-�5d#kOY�kG[<VBjMd Ui Y%n>[-RqTmd�pmVG[<pWV+d$RUT��5\5d#s<Y]X�X%Y Γ( ν+d2 , 2

2q(yi)+ν
) � jM[<\-TklY#X�[Za<d�\5\5d��8y][]VOp�pWd$X%Ytp�À<�`d�«>L �5LGN��SduRqT





Eφ[Ui |y ] = d+ν(n)

2q(yi)+ν(n)

Eφ[log(Ui) |y ] = ψ(d+ν2 ) − log( 2q(yi)+ν
2 )

��«`L �<h �

¤ ª c$À-�`YtTWVO[]\ ��«>L �t« �Fn5pmd�\`j!kOY#��[<pWX�d �

−ψ(
ν

2
) + log(

ν

2
) + 1 +

1

N

N∑

i=1

log(w
(n)
i ) − w

(n)
i + ψ(

ν
(n)
i + d

2
) − log(

ν
(n)
i + d

2
) = 0

�8«`L �t© �

� [<�`R:\5[]TW[]\>R ϕ(x) = ψ(x)− log(x)
d�T
ϕ̃(n) = 1+ 1

N

∑N
i=1 log(w

(n)
i )−w(n)

i +ψ(
ν
(n)
i +d

2 )− log(
ν
(n)
i +d

2 )
L

¤+Y�X�VlRUd�³�)q[]�`p}jM�_n`Ytp�YtX�w�TmpWd
ν
R�ª c$��pWVGT

ϕ(
ν

2
) = ˜ϕ(n)

��«`L �t{ �
�1V ˜ϕ(n) > 0 � VOk�d� MVlRqTmdfTW[]� )q[]�5p�R��5\5de�5\`VOÀ-�5d�RW[]kO�MTWVO[]\on`Y]pm��dgÀ-�5dgklY���[]\`��TWVO[]\ x 7→ ϕ(x)

d$RUT}RqTmpWVl��Tmd�X�d�\-T
��pm[]VlRmRWY]\<TmdfRW�5p�� +∗ L5P \���[<\`��kO�`RWVG[<\ � \5[]�`R}[]^MTmd�\5[<\`R � k´ª YtkOs][]pmVGTW�5X�dfPSi n>[<�5pr�5\5dekO[]V

Tm,Σ,ν
�

N<Lr��\5V�TmVOY]kGVlRmYZTWVO[]\ �
m(0) = 1

N

∑N
i=1 yi

� Σ(0) = 1
N

∑N
i=1

(
yi −m(0)

) (
yi −m(0)

)′ � ν(0) = 100
��d$RUTWVG¥

X�YtTWVO[]\_j5Yt\>R�kGd��$Y]R�s<Y]�`RWRWVOd�\ �
�5L�&B[<�5p�TW[<�MT

n � ��Y]kO���5kOd�p q(n)(yi) = 1
2 (yi −m(n))′Σ(n)−1(yi −m(n))

L
~�Ytkl���5kOd�p�kOd$Rrn&[]Vlj5R

w
(n)
i = d+ν(n)

2q(n)(yi)+ν(n)

L
~�Ytkl���5kOd�p�klY�X�[Za]d$\5\5d�d�T#yZYtpmVlYt\`��d�jMd$R¡[]^`RWd�pmyZYZTWVO[]\>R

(yi)1≤i≤N
d�\Hn>[<\`jMc�p�Yt\-T¡Yby<d$�

m(n+1) d�T
Σ(n+1) n`Y]prkGduR�n>[<VOj5R w(n)

i

L
~�Ytkl���5kOd�p ˜ϕ(n)

d�T
ν(n+1) = 2ϕ−1( ˜ϕ(n))

L
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jMdeklY#TWd� 1Tm�5pWd �

p(u|y) =
u(d

2−a)−1 exp
(
−(uq(y) + a

u )
)

2(
√

q(y)
a )a−

d
2Ka−d

2
(2
√
aq(y))
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Eφ[U |y] =
Kd

2
−a+1

(2
√
aq(y))

q
q(y)

a K d
2
−a

(2
√
aq(y))

Eφ[
1
U |y] =

q
q(y)

a K d
2
−a−1

(2
√
aq(y))

Kd
2
−a

(2
√
aq(y))

Eφ[log(U)|y] = H(
√

q(y)
a , a)

��«`L �5N��

Yby]du�
H(x, a) = − log(x) + ∂α logKα(2ax)|α= d

2−a
L

¤+Y�X�VlRUd�³�)q[]�`p}jM�_n`Ytp�YtX�w�TmpWdgjMdeÀ-�5d��`d
a
Yt^&[]�MTmV�T¢³�klY�pWcuRU[<kG�MTmVG[<\!jMdek´ª c$À-�`YZTmVG[<\

ϕ(a) = ˜ϕ(n)
��«`L � � �

Yby]du� ˜ϕ(n) = 1 −
(

1
N

∑N
i=1 Eφn [ 1

Ui
|y] +Eφn [log(Ui)|y]

) L &:[]�5p�pmc$RW�5X�d�p � k@ª YtkOs][<pWVGTW�5X�don>d$pWX�d�TUTmY]\-T
j�ª d$RUTWVOX�d�pr�5\5dekO[]V

Km,Σ,a
duRqT �

N<Lr��\5V�TmVOY]kGVlRmYZTWVO[]\ �
m(0) = 1

N

∑N
i=1 yi

� Σ(0) = 1
N

∑N
i=1

(
yi −m(0)

) (
yi −m(0)

)′ � a(0) = 10
��duRqTmV�¥

X�YtTWVO[]\_j5Yt\>R�kGd��$Y]R�s<Y]�`RWRWVOd�\ �
�5L�&B[<�5p

n � ��Y]kO���5kOd�p q(n)(yi) = 1
2 (yi − m(n))′Σ(n)−1(yi −m(n))

L
~�Ytkl���5kOd�p�kOd$Rrn&[]Vlj5R

w
(n)
i =

Kd
2
−a(n)+1

(2
√
a(n)q(n)(yi))

r
q(n)(yi)

a(n) Kd
2
−a(n) (2

√
a(n)q(n)(yi))

L
~�Ytkl���5kOd�p:klYgX�[Za<d�\5\`d�d�T yZYtpmVOY]\`��d

m(n+1) d�T Σ(n+1) jMd$R:[<^`RUd$pWyZYtTWVO[]\`R y = (yi)1≤i≤N
n&[]\>jMc�pmc�duR

n`Ytp�kOd$Rrn&[]Vlj5R
w

(n)
i

L
~�Ytkl���5kOd�p ˜ϕ(n)

RUd$kG[<\!k´ª PSÀ&L ��«>L � � �Fd�T¢�$Ytkl���5kOd�p
a(n+1) = ϕ−1( ˜ϕ(n))
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K
X�[MjMw$kGduRrd�kOkGVOnMTmVOÀ-�5duR �5kGden`pW[M��duRWRW�`R

U
À-�5V�y1VOd�\-Trn>d$pUTm�5pm^>d$prkOY�\5[<pWX%YtkOVGTWcejMd$R}[]^`RWd�pW¥

yZYZTmVG[<\`R � d�T�kOd%n5pW[M��d$RmRU�`R X
À<�`V y1VGd$\<T�X�[MjMVG�`d�p¡kGduRen`Ytp�YtX�w�TWpmd$RgRUd$kG[<\ �5\5d�jMa1\`Y]X�VlÀ-�5d%X%Ytpmx][Zy1VOd�\5\5d<L

¤�duR kO[]VlRSj�ª c�X�VlRWRWVO[]\
f(y, θk) ∈ E(mk,Σk, ϑk)

Ytn5n>YtpWTWVOd�\5\5d$\-T TW[<�MTWduRSYt�%X "$X�d�X�[1j5w�kOd¢n`Y]pmY]X�c�TWpmVOÀ-�5d<L
¤�d�n5pW[M��d$RmRU�`R

U
jMd�Tmd� 1TW�`pWdDduRqToYtkO[]p�R�TWd�kgÀ-�5d

(Ui, Yi)
RW[]VOd�\-T�VO\`jMc$n>d$\`j5Yt\-T�R���[<\`jMVGTWVO[]\5\`d�kOkGd$X�d$\-T�³

X
d�T
P (U,Y |X ) =

∏N
i=1 P (Yi |Ui, Xi )P (Ui |Xi )

L3¤+Y%kO[]VB��[]\>jMV�TmVG[<\5\5d$kGkOd¡jMd
Yn
��[<\`jMVGTWVO[]\5\`d�kOkGd$X�d$\-T

³
Un, Xn

d$RUT��5\5d%kO[]VS\5[]pmX%YtkOd
N(mXn , UXnΣXn)

LA¤+Yoy1pmY]VORWd�X#^5kOY]\`��d���[<X�n5kGw�TWd�jM� X�[MjMw�kOd�jMd%X�c�¥
klYt\5s<dfduRqT¢j5[]\`�f�5\5dekOc�s<w�pmdgX�[MjMVG�>�$YZTWVO[]\_jMdeklY�kG[<st¥§y-p�YtVlRWd�X¡^`kOY]\`��d ��«`L �MN��Fn`Ytprk´ª Y )q[]�MT}jM�_n5pm[M��duRWRW�`R

X
L

¿BVG\>YtkOd�X�d�\-T � klY�X%YZ MVOX�VlRmYZTWVO[]\�j5d¢klYe��[]\>��TWVO[]\ Q(φ, φn)
jM[<\5\5d¢kOd$R ��[]pmX¡�5kOd$R�jMd�pWc$d$RUTWVOX�YtTWVO[]\�RW�5VOybY]\-TWd��





m
(n+1)
k =

PN
i=1 w

(n)
i,k π

(n)
i,k yi

PN
i=1 π

(n)
i,k w

(n)
id�T

Σ
(n+1)
k = 1

N

∑N
i=1 π

(n)
i,k w

(n)
i,k (yi −m

(n+1)
k )(yi −m

(n+1)
k )

′

��«`L �]� �

~F[]X�X�d¡j5Y]\`RrkOd$R¢c$À-�`YZTmVG[<\`R��8«`L �]� � � kOd$R}X�[<X�d$\-TmR¢Y�n&[<RUTWd$pWVO[]pmV Eφ[Ui|y, Xi = k], Eφ[1/Ui|y, Xi = k]d�T
Eφ[log(Ui)|y, Ui = k]

RW[]\-T}X#�5k�TmVGn`kGVOc$R¢n`Ytp�kGduR}n5pm[]^`Y]^5VOkGVGTWcuR}Y�n>[-RqTmd�pmVG[<pWV
(π

(n)
i,k )i,k

L>¤+d$R¢n`Ytp�YtX�w�TmpWduR
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∀k ≤ K, ϕ(
ν

(n+1)
k

2
) = log(

ν
(n)
k +M

2
)−ψ(

ν
(n)
k +M

2
)− 1− 1

∑N
i=1 π

(n)
i,k

N∑

i=1

π
(n)
i,k

{
log(w

(n)
i,k ) − w

(n)
i,k

}

��«`L �t« �
��deX�"$X�d � kOd$R�n`Y]pmY]X�w�TWpmd$R ak j�ª �`\oX�c$kOY]\5s]dejMdekO[]VlR � RW[]\-T}RU[<kG�5TWVO[]\`RrjMduR�c$À-�`YtTWVO[]\`R �

∀k ≤ K, ϕ(a
(n+1)
k ) =

1
∑N

i=1 π
(n)
i,k

N∑

i=1

π
(n)
i,k E[

1

Ui
+ log(Ui)|yi, Xi = k] − 1

�8«`L �<� �
¤ ª YtkOs][<pWVGTW�`X�d:PSi n5pW[<n>[-RUcBTmVGpmd n`Y]pUTmVGd jMdSkOY}��[]X�n`YtTWVO^5VGkOVGTWc jMduR+RUTWpm�`��Tm�5pWduR���Y<���5c�duR

U
d�T

X
�u���`Y]À-�5d:Tqa1n&d

jMd�n`Y]pmY]X�w�TWpmd$RBjMd$R:kO[]VlR:j�ª c�X�VORmRWVG[<\�jMdr���`Y<À-�5d���kOY<RWRWd�d$RUTBX�VlR±³�)q[<�5p±RUc$n`Ytpmc�X�d$\<T � pWd$\`j5Yt\-T±YtVO\`RWVMk@ª VGX�n5kOc�¥
X�d�\-TmYtTWVO[]\_jMde��duRrYtkOs][]pmVGTW�5X�d$RFd�T¢j5[]\`�fk´ª �MTmVGkOVlRWYtTWVO[]\_jMd$R�n5pm[M��cujM�5pmd$R�jMd�RUd$s]X�d�\-T�YZTWVO[]\!\5[]\5¥§RW�5n&d�pmy-VlRWc�d
d�\1y1VlRWY]s]d$Y]^5kOdFn&[]�5p j5d$R:TmpmY]V�Tmd�X�d�\-TmR:p�Ytn`VOjMduR�LZ��k`d$RUTSjM[]\`��n&[<RmRWVG^5kOd�TW�5c$[]pmVOÀ-�5d$X�d�\-TSjMdrn5pm[]n&[<RWd�p:kOdrX�"$X�d
s]d$\5pmd¡j�ª Ytn5n5pm[M���5d�n&[]�5pfkOd#��Y]kO���5k:jMd¡k´ª PFi�° j5d$RfYt�MTmpWduR}kO[]VlR¢d$kGkOVGn5TWVlÀ<�`d$R$L&�fYt\`R�kOd$Rf��Y]R¢[��DVOkB\�ª duRqTgn`Y<R
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iDY]pWx<[Zy��$Y]���5c$d$Rr~�i�~�YZ¥�¦���L � []�>Rr��[]X�n`Y]pW[<\`RFkGduR�j5V �3c�pmd�\-TmR�X�[MjMw$kGduR��M����° �MkO[]V3\5[]pmX%YtkOd � kO[]V � d�T�kO[]V
� Yt�`\%jMdrX�d�TWTWpmdrd�\�c�y1VljMd�\`��d�k@ª Ytn5n&[]pWTSjM��n`Y]pmY]X�w�TWpmd�j5d}À<�`d��5drn&[]�5p±k´ª d$RUTWVOX�YtTWVO[]\�d�T klYgRUd$s]X�d�\-T�YZTWVO[]\+L
� [<�`ReTmpmY]V�Tm[]\`R¡kGdo��Y<R#j�ª �5\5d�~�i�~�YZ¥�¦��eRqT�YZTWVO[]\`\`YtVOpWd!³D����kOY<RWRWd$R$LA¤+d�n5pm[M��d$RmRW�`R¡�$Y]���5c�duRqT�n5kO�MT �]T

�WRqT�Yt^5kOd�� � Yby]du�¡�5\`d�X%YZTWpmVl��d%jMd�TWp�Yt\>RUVGTWVO[]\ A = (aij)1≤i,j≤3
� aii = 0.8

d�T
aij = 0.1

À<�>Yt\`j
i 6= j

L
~F�`Y<À<�`d_��kOY<RWRWdod$RUT%j5c��`\5VOd_n`Ytp%kOd$R�n>Ytp�YtX�w�TmpWduR#jMd�X�[Za<d�\5\5duR¡d�T�yZYtpmVOY]\`��duR�RW�5VOyZYt\-TmR �

µ1 = (0, 0)
′ �

µ2 = (1.5, 1.5)
′ � µ3 = (3, 3)

′ � Σ1 =

[
1 0.4

0.4 1

]
� Σ2 =

[
1 0.2

0.2 1

] d�T
Σ3 =

[
1 0.5

0.5 1

] L � []�`R
TWduRqTm[]\`RrY]kG[<pmRr��Rm��c�\>YtpmVGV�jMV��3c�pmd�\-TmR �
N<L � \_X�c�klYt\5s<dfjMd���kO[]VlR�\5[]pmX%YtkOd$R���X�c$kOY]\5s]d N �

�5L � \oX�c$kOY]\5s]dgjMdg��kG[<VOR � � jMdfn`Ytp�YtX�w�TWpmd$R�jMdeÀ<�`d��5dgVljMd�\-TWVlÀ-�5d$R ν1 = ν2 = ν3 = 10
�8X�c�klYt\5s<d

T1
�

�`L � \_X�c�klYt\5s<dfjMd���kO[]VlR � � jMden`Y]pmY]X�w�TWpmd$R�jMd�À-�5d$�5d ν1 = 5 � ν2 = 10
Yt\`j

ν3 = 15
��X�c�klYt\`s]d

T2
�

«>L � \oX�c$kOY]\5s]dejMde��kO[]VlR � � j5dfn>Ytp�YtX�w�TmpWduR�j5dgÀ-�5d$�5dgVOj5d�\-TWVlÀ-�5d$R a1 = a2 = a3 = 5
��X�c�klYt\`s]d

K1
�

�5L � \_X�c�klYt\5s<dfjMd���kO[]VlR � � jMdgn`Y]pmY]X�w�TWpmd$R�jMd�À-�5d$�5d$R a1 = 1 � a2 = 2 � a3 = 4
��X�c�klYt\`s]d

K2
�

¤�duR�j5d�\`RWV�Tmc$RfjMd$Rg�%X�c$kOY]\5s]duR}[]^5TWd�\1�`RfRW[]\-T¢TmpmY<��c�duR¢j5Y]\`R}kOd$R¢�`s>L �8«`L � �rd�T��8«`L « ��L � []�`Rf��[<X�n>Ytpm[]\`RrkOd$Rn5pm[M��c$j5�5pWduR¢jMd�RWd�s]X�d$\<T�YZTmVG[<\D\5[]\5¥§RW�5n&d�pmy-VlRWc�d�n&[]�5pe��d$Rg�%X�c�klYt\5s<d$R�d�\��MTWVOkGVlRmYt\-Tf�`\5d%~�iv~�YZ¥�¦F�rjM[<\-T
kOd$R%kO[]VlR�j�ª c�X�VlRWRWVG[<\ RW[]\-T�RW[]VGT�jMd$R�kG[<VOR�\5[<pWX%Y]kGduR � jMduR%kO[]VlR�jMd �-Tm�`jMd�\-T�[<� jMd$R%kO[]VlR � LS¤+d$R�X�[MjMw�kOd$R
��[<pWpmd$RWn&[]\`j5Y]\-T¢RU[<\<Tf\5[tTmc$Rfpmd$RWn>du��TWVOy]d$X�d�\-T¢X�[MjMw�kOd$R � � � d�T � L3¤ ª c$���`Y]\-TWVOkGkO[]\�À-�5d#\5[]�>R�RWd�s<X�d$\-TW[]\>Rd$RUT¢jMdfTmY]VGkOkOd

N = 1000
L
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�
K1

d�T
K2
�}d�Tgj5d#kO[]VlR � � T1

d�T
T2
�¢n&[<RmRUwujMd�\-Tfj5d$R�TmY]�M �j�ª d�pmpWd$�5p}Tm�5c�[<pWVlÀ-�5d$R¢TWpmw$R�n5pm[1���`d$R � À-�5d�\5[]�>R

��[<\`RWVOjMc$pW[<\`R���[<X�X�dgc�s-Yt�M �L
¤�duR�X�c�klYt\`s]d$R�jMd �-TW�`j5d�\-T�RW[]\-T¡kOd$R#n5kO�`R�jMV �%��VGkOd$R�³Dpmd$RUTmY]�5pmd�p �8d�\Hp�YtVlRW[]\/jMd!kOY�jMc$��pW[<VORmRWY]\`��d%d$\

n5�5VlRmRWY]\`��dgjMd$RrÀ-�5d$�5d$R � ��deÀ-�5V�Y]�5s]X�d�\-Tmd�klY�T�YtVOkGkOdejMd$R��$[]\5duR�jMde��[]\5���`RUVO[]\ � � YtkO[]p�R�À<�`dfkOd$R�X�c$kOY]\5s]duR�j5d
kO[]V � RU[<\<T�kOd$Rrn5kO�`R��8Y<��VOkGduRr³�RUd$s]X�d�\-TWd$p �8��d�À-�5V+d$RUT�^`VGd$\oVOkOkG�`RUTWpmcgn`YtprkOd$Rr��n`VO�$RrRUc$n`Ytpmc$R�jM�_X�c�klYt\5s<d���L

¤ ª d$RUTWVOX%YZTmVG[<\ j5d$R�n>Ytp�YtX�w�TmpWduRgd$RUT¡d �3d$��TW�5c$d�n`Ytp¡k@ª YtkOs][<pWVGTW�5X�d�PSi j5d�kOY�RWd$��TWVO[]\ «>L �5L « � n>[<�5p¡�5\`d
\5[<X¡^5pmd�j5deN$­]­¢V�Tmc�p�YZTmVG[<\`R�Lt¤Sª VO\5VGTWVlYtkOVORmYZTmVG[<\¡duRqT±pmc$YtkOVlRUc$dFd$\�duRqTmVGX%Y]\<T±kOd$R:n`Y]pmY]X�w�TWpmd$RBjMduR:kG[<VOR±j�ª c�X�VlRWRWVO[]\
³on`YtpWTWVOpejMd$Re��kOY<RWRWd$Rf��[<\`RUTWpm�5V�Tmd$Rgn`Y]pg�5\vY]kGs<[]pmV�Tm�5X�d�Y]� � n5kG�>Ren5pm[1���`d$R�y][]VlRWVG\`R$L�¤�duRgpWcuRU�5kGTmYtTmRgjMd�klY
RWd�s]X�d$\<T�YZTmVG[<\!\5[<\M¥�RU�5n&d�pmy1VORWc�dgRW[]\-T}pmY<RWRWd�X#^5kOc$R�j5Yt\>R�kGdgT�Yt^5kOd$Y]� �8«`LON$� � � d�T}[<\-T}c�TWce[<^MTWd$\1�!n`Y]p}i�[]\-Tmd
~�YtpmkO[ �@RU�5p¢�]­]­�RWVGX#�5kOYtTWVO[]\`R ��L
¤�[<pmR�jMdfkOY#pmd$RUTmYt�`pmYtTWVO[]\�\5[<\M¥�RU�5n&d�pmy1VORWc�d � \`[]�`R�n&[]�5y<[]\`R�jMVlRWRW[M��VOd�p�kGdg��Y<R�[���kOd$R�À-�5d$�5d$RrRW[]\-TFc$s<Y]kGduR

jMdg��d$kG�5V�[���d$kGkOd$R�RW[]\-T�jMVlRUTWVO\`��Tmd$R$LMP \!d �&d�T � n&[]�5p�kOd$R�X�c�klYt\5s<d$R N , T1, K1
� kGduR��#X�[MjMw�kOd$R�jM[<\5\5d�\-TrjMd$R

n&d�pW��[]pmX�Y]\`��duReRUVOX�VGklYtVOpmd$R � Yby]d$�#�5\5d�j5c�s]p�Y]j`YZTWVO[]\vpmd�klYZTWVOy]d$X�d�\-T��8Y]VG^`kGd�j5d$RfTmY]�M vj�ª d$pWpmd��5pen>Ytpep�Ytn5n&[]pWT
Yt�o��Y<R�RW�5n&d�pmy1VORWc]LM¤+Y#pmd$RUTmYt�`pmYtTWVO[]\�klY¡n`kG�`Rrj5V ����VOkOd�duRqT}��d$kGkOdgjM�!X�c$kOY]\5s]d

T1
� n&[]�5p�kOd$À-�5d�k3kOdgX�[MjMw$kGd �

jM[<\5\5dejMd$R}n>d$pU��[<pWX%Yt\>��d$R�cuÀ<�`VGyZYtkOd�\-Tmd$R ��kOc�s<w�pmd�X�d�\-TrX�d�VOkGkOd��`pWd��FÀ-�5dekOdgy1pmY]V�X�[MjMw$kGd<L
&:[]�5pBkOd$RBX�c�klYt\5s<d$R

T2, K2
� VOkMYtn5n>Ytp�Yb�lTBÀ-�5d�k@ª d$RUTWVOX%YZTWVO[]\#d$RUT:Y �&du��TmcFn`Y]pAkOd$R:���`Y]\5s]d$X�d�\-TmRBjMd ��Tmd� 1TW�M¥

pmd�� � ��d}À-�5V&jMc�s<pmY<jMdrkGduR±n&d�pW��[]pmX�Y]\`��duR±jMd¢RWd�s<X�d$\-TmYZTmVG[<\�Lt��k5duRqT�Yt����[<\-TWp�YtVOpWd�\5[tT�Yt^5kOd¢À-�5drkOd$RSX�[MjMw$kGduR �d�T � jMd$y-VOd�\`\5d�\-Trj�ª �`\5d�n>YtpWTFc$À-�5VOyZYtkOd�\-Trj5Yt\`RF�5\o��[]\-Tmd� 1TWd��5c�Tmc�pm[]s]w$\5d �8n>[<�5p�kGduRSTmd� 1TW�`pWduR � � d�T�j�ª Y]�MTWpmd
n`Y]pUTfn5kG�>R¢n&d�pW��[]pmX%Yt\-Tfj5Y]\`R�kGd���Y]RfjM�DX�c$kOY]\5s]d

K2
�8\5[]�`R�n&[]�5y<[]\`R���[]\>RUVljMc�pmd�pfÀ-�5d¡kOd$Rfn&d�pW��[]pmX�Y]\`��duR

jMduR�X�[MjMw$kGduR � d�T � n>[<�5prkOd$R�X�c�klYt\5s<d$R T1
d�T
T2
RU[<\-T�cuÀ-�5VGyZY]kGd$\<Tmd$R ��L

~Fd$��V`RWVGs<\5V��>d¢À-�5d}kOd}n`Ytp�YtX�w�TWpmd}jMd¢À-�5d��`d}d$RUTS�5\5d���Ytp�Y]��TWc$pWVlRqTmVOÀ-�5drjMduRS��kOY<RWRWd$R±À-�5V&n>d$pWX�d�TFjMd}X�VOd��M 
jMVlRW��pWVOX�VG\`d�p±kOd$R ��kOY<RWRWd$R$LbP \%d �3d�T � kGdrX�[MjMw$kGd � d�T � pWc$�`RWRWVlRWRWd�\-T±³e��Ytn5TW�5pmd�p ��d�TUTmd}jMV��&c$pWd$\`��drjMd�Tmd� 1TW�5pmd �X "�X�d¡RWV�k´ª Y]kGs<[]pmV�Tm�5X�dfPFi \5d�n&d�pmX�d�T¢n`Y<R}jMd�jMc�TWd�pmX�VG\`d�p}d� MY<��Tmd�X�d�\-T}kOd$RryZYtkOd��`pmR}j5d$Rrn`Y]pmY]X�w�TWpmd$Rrj5d
À-�5d��`d �

� i�[MjMw�kOd T2
�
ν̂1 = 5, 1 ; ν̂2 = 14, 2 ; ν̂3 = 15

��X�[MjMw�kOd � ��d�T â1 = 2 ; â2 = 4, 4 ; â3 = 5
�8X�[MjMw$kGd

� �
� i�[MjMw�kOd K2

�
ν̂1 = 2, 9 ; ν̂2 = 6, 4 ; ν̂3 = 11

��X�[MjMw$kGd � �Ad�T â1 = 1 ; â2 = 4, 4 ; â3 = 4, 8
�8X�[MjMw$kGd

� �
¤�duR�n`Ytp�YtX�w�TWpmd$R�jMdeX�[Za]d$\5\5dfd�T¢jMdeyZYtpmVlYt\`��dfRW[]\-Trd$RUTWVOX�c$R�n`Y]p}��[]\-TmpWdeRmYt\`R�^5VlYtVlR�L
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¤�duR
�1���+° �MTmVGkOVlRUcuR d�\�pmY<j5Ytp RW[]\-TFjMd�X�[Za]d�\`\5d}\1�5kOkGd � ��dfÀ-�5V`duRqT��5\5d�j5V �����`k�Tmc�RW�5n5n5kOc�X�d�\-T�YtVOpWdrn&[]�5p

klY�RWd�s<X�d�\-TmYtTWVO[]\ � ��Y]p�kOY�yZYtkOd��5prX�[Za<d�\5\5dfd$RUT}�5\on`Ytp�YtX�w�TWpmd¢TmpWwuRrjMVORm��pmVOX�VO\`Y]\<Trd$\<TmpWdfkOd$Rr��klY]RmRWd$R$L � []�`R
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�t« � ©
CT2
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CK2
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����� � «>L � � � Y]�M !j�ª d�pmpmd��5p ��� ��d$\oRWd�s<X�d�\-TmYtTWVO[]\_RU�5n&d�pmy1VORWc�d

X�[]\-TWpm[]\>R�\5cuYt\5X�[]VO\`R�À-�5d!kOd$R �1���+°�\5don&[<RmRUcuj5Yt\-T�À-�5dojMd$R�yZYtpmVlYt\`��d$R�d�T�j5d$R�n`Ytp�YtX�w�TWpmd$R�jMd_À-�5d��`d
jMVlRqTmVG\>��TmR�n>d$�5y]d$\<TgTm[]� )q[<�5pmR "�TWpmd%RUc$n`Ytpmc$R � d�T¡À-�5d�k@ª d$RUTWVOX%YZTmVG[<\ RWd%��[<X�n&[]pWTWd%RW����RWY]X�X�d$\-Tg^`VGd$\�n&[]�5p
n&d�pmX�d�TUTmpWd�jMd$R�n5pm[1��c$jM�`pWduR¢jMd�RUd$s]X�d�\-TmYtTWVO[]\�\5[<\M¥�RU�5n&d�pmy1VORWc�d#Y]����d�nMT�Yt^5kOd$R$L � []�`Rf��[<X�n`Ytpm[]\`R}n>[<�5p�kOd$R
�1���+°£��[<X�n`kGd� 1duR �8��d�\-TWpmc�duR � � kOd$R¡n>d$pU��[<pWX%Yt\>��d$Rej5d$R�X�[MjMw$kGduR¡jMd�X�c$kOY]\5s]d���[]X�n5kOd� Md!~ � � ~ � d�T�~ ���pmd$RWn&d$��TmVGy<d�X�d�\-Ten&[]�5pekO[]V±\5[<pWX%Y]kGd���[<X�n`kGd� 1d � kG[<V � ��[<X�n5kGd� Md�d�T�kG[<V � ��[<X�n5kGd� Md���LA~F[<X�X�d%j5Y]\`RgkOd
��Y<R�pWc$d�k � \`[]�`RFTWduRqTm[]\`Rr�#RW��c�\`Y]pWVOV � RWd�kO[]\!kGdfTqa1n>dgjMdgklY¡kO[]V�j�ª c�X�VlRWRWVG[<\�d�T�k´ª c�s<Y]kGVGTWcgjMduRFn>Ytp�YtX�w�TmpWduRFjMdfklY
TWd� 1TW�5pmd]L
¤�d�n`pW[M��duRWRW�`R%�$Y]���5c�Y � c�T�YZT�R%d�T�Y n&[]�5p�X�YtTWpmVO��d�jMd�TWp�Yt\>RUVGTWVO[]\

A = (aij)1≤i,j≤3
� aii = 0.8d�T

aij = 0.1
À-�`Yt\`j

i 6= j
L¢¤�duR���klY]RmRUduR_RU[<\<T�j5d X�[Za<d�\5\`d�\1�5kOkGd d�TD[]\-TDn&[]�5p�yZYtpmVlYt\`��d �

Σ1 =[
1 0.2 + 0.8i

0.2− 0.8i 1

]
� Σ2 =

[
1 −0.4 + 0.1i

−0.4 + 0.1i 1

] d�T
Σ3 =

[
1 0.5 + 0.5i

0.5 − 0.5i 1

] L
� [<�`R�TWduRqTm[]\`RrY]kG[<pmRr��Rm��c$\`YtpmVGV�jMV��3c�pmd�\-TmR �
N<L � \_X�c�klYt\5s<dfjMd���kO[]VlR�\5[]pmX%YtkOd$R���X�c$kOY]\5s]d

CN
�

�5L � \ X�c�klYt\5s<d�jMd���kO[]VlR � � jMd�n`Ytp�YtX�w�TmpWduRejMd�À-�5d$�5d%VOj5d�\-TWVlÀ-�5d$R ν1 = ν2 = ν3 = 10
�8X�c�klYt\5s<d

CT1
�

�`L � \%X�c�klYt\5s<d¢jMd¢��kG[<VOR � � jMd�n`Ytp�YtX�w�TmpWduR±jMd�À-�5d$�5d ν1 = 5 � ν2 = 10
Yt\`j

ν3 = 15
��X�c�klYt\`s]d

CT2
�

«>L � \/X�c�klYt\`s]d�jMdo�DkO[]VlR � � jMd�n>Ytp�YtX�w�TmpWduR�jMd!À-�5d$�5d�VljMd$\<TmVOÀ-�5duR a1 = a2 = a3 = 5
�8X�c�klYt\5s<d

CK1
�

�5L � \_X�c�klYt\5s<dfjMd���kO[]VlR � � jMdgn`Y]pmY]X�w�TWpmd$R�jMd�À-�5d$�5d a1 = 1 � a2 = 2 � a3 = 4
�8X�c$kOY]\5s]d

CK2
�

� [<�`R jM[<\5\5[<\`R±j5Yt\>R:kGd�T�Yt^5kOd$Y]� �8«`L � �AkOd$R:T�Yt�M �j�ª d$pWpmd��`pBd$\%RUd$s]X�d�\-TmYtTWVO[]\�RU�`n>d$pWy1VlRUc$d�j5d}��d$RF�¢X�c$kOY]\5s]duR��[<X�n5kGd� Md$R$L]¤�duR pmc$RW�5k�T�YZT�R jMd}klY�RWd�s]X�d$\<T�YZTmVG[<\�\`[]\M¥�RU�`n>d$pWy1VlRUc$d�RW[]\-TSp�Y]RmRWd�X¡^`kGc$d$R±j5Y]\`R kOdrTmY]^5kOd$Yt� �8«`L « ��L
¤�duR}�#X�[MjMw$kGduR�TWduRqTmc$R�[<\<T}jMduR}��[ZyZY]pWVlYt\`��d$R���[<X�n`kGd� 1duR � d�T}n>[-RWRWw$jMd$\-T�kOd$R�X "$X�duRrn`Y]pmY]X�w�TWpmd$R�jMdeÀ-�5d��`d
À-�5dgj5Yt\`RFkOd���Y<RSpmc�d$k@L � [<�`R�n>[<�5y][<\`RS��[]\`RUTmYtTWd$p�À-�5d�kGduRST�Yt�M �j�ª d�pmpmd��5p�RU[<\-TF^&d$Yt�>��[]�`n�n5kO�`R�VGX�n&[]pWTmYt\-T�RÀ-�5d¢j5Y]\`R±kOd¢��Y<R:[��%klYgX�[Za]d�\`\5drd$RUTS\5[<\�\1�5kOkOd � X%Y]kGs<pWcrjMduR yZYtpmVOY]\`��duR:^5VOd�\�jMVlRqTmVG\>��TWduR � d�TSVOk`duRqTS��kOY]VGpFÀ<�`d
klYgn>[-RWRWVG^`VGkOV�Tmc¢j�ª �5\5d}pmd$RUTmY]�5p�YZTWVO[]\���[<\1y]d�\>Yt^5kOd�d$RUT d$RmRUd$\<TmVGd$kGkOd�X�d$\<T�jM�5d¢³gklYgX%Ytpmx][Zy1VOY]\5VGTWc�jM�%n5pm[1��d$RmRU�>R
jMduRFc�TmYtTmR���d�Tr³#klY���[<pUTmdfn`pW[<^`Yt^5VOkOV�Tmc�jMdgpmd$RUTWd�p�j5Y]\`R�kGdgX "�X�dfc�TmYtT ��L5¤�d$RFT�Yt�M �j�ª d�pmpmd��5p�RU[<\-T���d�n&d�\`j5Y]\-T
TW[<�`Rr³�n>d$��n5pmw$R�c$À-�5VOyZYtkOd�\-TmR � d�T}jMdek´ª []p�jMpWdgjMd �<� ��L
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CK2
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�#ª Y]VGkOkGd$�5p�R���[]\-TWp�YtVOpWd$X�d�\-TfY]����Y<R¢[���kOd$RfX�[Za]d�\`\5d$R¢c�TmY]VGd$\-Tf\5[<\�\1�5kOkGduR � k´ª �`c�TWc$pW[<s]c$\5c�TmV�Tmc#jMduR}Tmd� 1TW�5pmd$R
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�W0
C : [0, 1]

d −→ [0,+∞[
��0�µ>¼ ∃i ≤ d,

¶6>
ui = 0,

º�
G·%��»
C(u1, . . . , ud) = 0

�
0 ∀i ≤ d, C(1, . . . , ui, . . . , 1) = ui
�H0 ∀u,v ∈ [0, 1]d

¶6> ∀i, ui ≤ vi, ∆v
uC ≥ 0

º%� ��¸
∆v

uC = ∆vd
ud

∆
vd−1
ud−1 . . .∆

v2
u2

∆v1
u1
C(x)

0J@ G · ��B;�Wºt¶�� + � (∆vk
uk

) ��»�¶ 7WB]. 
>¼ �5º��

∀x, ∆vk
uk
C(x) = C(x1, . . . , vk, . . . , xd) − C(x1, . . . , uk, . . . , xd)

∆v
uC

duRqT¡Y]n5n&d�kOc�kOd
C − y<[]kO�5X�d�j5d%k@ª �1a-n&d�p����`^>d%jMc��`\5V n`Y]pekGduRe��[1[]p�jM[<\5\5c�duR (u,v)

LB��Y]\`RgkGd��$Y]R
j�ª �5\5d���[]n5�5kOdg^5VOybY]pWVOc�d � kOY���[]\`jMVGTWVO[]\_«%jMdgn&[<RWV�TmVGy1VGTWc�jM� 2 − y<[]kO�5X�deR�ª c$��pWVGT �

C(v1, v2) − C(v1, u2) − C(u1, v2) + C(u1, u2) ≥ 0
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∀x ∈ � d, F (x1, . . . , xd) = C(F1(x1), . . . , F (xd))
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jMduRFjMVlRUTWpmVG^5�5TWVO[]\`R�RW�5p
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∏
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C(u, v) = ϕ−1(ϕ(u) + ϕ(v))
0
ϕ

��»�¶fº � �
�-
 BY
 �D:�B��

�B;�Wºt¶�� + ��7 �9
Oº/¸�· � + 
 � 0fµ&¼ ϕ ��»�¶D7 � + �Y\�·t¼l»?7WB;��¼3�bº
,-
���» ��¶ > + � ϕ′ > 0 �


Oº 7 ��
5»�¼ ¶$B87 �=
Gº ¸m· � + 
�� ��»�¶
c(u, v) = (ϕ−1)(2) (ϕ(u) + ϕ(v)) × ϕ′(u)ϕ′(v)
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~F[<n5�5kOd$R
t 7→ ϕθ(t) θ Cθ~FklYba-TW[]\ 1
θ (t

−θ − 1) [−1,∞)− {0} Cθ(u, v) = max
(
(u−θ + v−θ − 1)−1/θ, 0

)
	f�5X#^>d$k

(− log t)θ [1,∞) Cθ(u, v) = exp
(
−
[
(− logu)θ + (− log v)θ

]1/θ)

¿5p�Yt\5x
(− log e−θt−1

e−θ−1 )
� − {0} Cθ(u, v) = − 1

θ log
(
1 + (e−θu−1)(e−θv−1)

e−θ−1

)
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~F[]n5�`kGd 	gYt�>RWRWVGd$\5\5d �
cρ(u1, . . . , ud) = |ρ|−1/2 exp

(
−1

2
ζ ′(ρ−1 − Id)ζ

) ��«`L «`N��
[��

ρ = (rij)1≤i,j≤M
d$RUTS�5\5d¢X�YtTWpmVO��d}jMd¢��[]pmpWc$kOYtTWVO[]\ � d�T ζ = (Φ−1(u1), . . . ,Φ

−1(ud))
� Φ c�T�Yt\-T klYg�qL j�L pj�ª �5\5des-Yt�`RmRUVOd�\`\5df��d�\-TWpmc�dgpmc$jM�`V�Tmd]L

~F[<n5�5kOd �-TW�`j5d�\-T �
cρ(u1, . . . , ud) = |ρ|−1/2 Γ( ν+d2 )Γ( ν2 )d−1

Γ( ν+1
2 )d

(
1 + 1

ν ζ
′
ρ−1ζ

)− ν+d
2

∏d
k=1(1 +

ζ2k
ν )−

ν+1
2

��«`L « � �

[��
ρ = (rij)1≤i,j≤M

duRqT��5\5d�X�YtTWpmVO��d�jMdf��[<pWpmc�klYZTmVG[<\ � d�T ζ = (T−1
ν (u1), . . . , T

−1
ν (ud))

� Tν c�T�Yt\-TFklYe�8jMpj�ª �5\5dekO[]V�jMd �1TW�`jMd$\-T¢��d�\-TmpWc$dfpmc$j5�5V�Tmd]L
~Fd$Rej5d��M  ��[]n`�5kGduReRU[<\-TgkOd$R¡��[]n`�5kGduRejMd$RgkO[]VlRgd�kOkOVGnMTmVOÀ-�5duR���[<pWpmd$RWn&[]\`j5Y]\-TWd$R � d�T¡jM[<\-Tgk´ª d� Mn5pmd$RmRUVO[]\vY

c�Tmc#[<^MTWd$\1�5d#d$\�Y]n5n5kOVOÀ-�`Y]\<TfkGd#TW�`c�[]pmw�X�d�jMd �1x1kOY]p �@��Ytpf\5[<�`Rg��[]\`\`YtVlRWRW[]\>R}klY�kO[]V:jMd$RfX%Ytpms]duR}d�TgklY�kO[]V
)q[]VO\-TWd���L3¯}VO\`RUVBklY���[<n5�5kOd�s<Y]�`RmRUVOd�\5\`d�d$RUT�klY�RWd��5kOd#³%pmd$j5[]\5\5d$p¢�5\`d#jMd$\`RUVGTWc#s<Y]�`RWRWVOd�\5\5d¡kG[<pmRmÀ-�5dek@ª []\�kG�5V
Ytn`n5kGVlÀ-�5d�jMd$R�X%Ytpms]d$R�jMd�s<Yt�>RWRWVGd$\5\5d#�5\5VOybY]pWVOc�d<L&��d�X�"$X�d � kOYo��[<n5�5kOd#jMd �-Tm�`jMd�\-Ted$RUT�klYoRUd$�5kGd���[<n5�5kOd
À-�5V5pmd$jM[<\5\5d��5\5drkO[]V5j5d��-TW�`j5d�\-T kG[<pmRmÀ-�5d�kGduR:X%Ytpms]d$R:RW[]\-T jMd�Tqa1n>d��1TW�`jMd$\-T ��d�TSÀ-�5d�Tm[]�`R:kOd$R n`Ytp�YtX�w�TmpWduR
jMd�À-�5d$�5deRU[<\<Trc$s<Yt�5  ��L
� [<�`RB�MTWVOkOVORWd�pm[]\`RAd$RmRWd�\-TWVOd�kOkGd$X�d�\-T:��d$R ��X�[1j5w�kOd$RBn`Ytp:klY�RW�5VGTWd � n>Ytp���d�À<�`dF\5[<�`R:Yby][<\`R+�`\5d�d� Mn5pmd$RmRUVO[]\

d� Mn5kOVl��VGTWd � YtVlRUc$X�d$\-T}X�Y]\5VOn5�5klYt^5kOded�T��$Ytkl���5klYt^`kGdejMdeklY%jMd�\>RUVGTWc �@À-�5de\5[]�>Rr�MTWVOkOVORW[]\`R¢��[]\>RqT�YtX�X�d�\-T¢j5Yt\>R
kOd$RFX�[MjMw$kGduRFi�i�~�Y ��L-iDY]kG�`d��5pmd��`RWd�X�d$\<T � ��d$R���[<n5�5kOd$R±��[<\-T�n5pmd$RmÀ-�5dr�`s<�5pmd¢j�ª d� 5��d$nMTWVO[]\��$Ytp�kGduRF��[]n5�`kGduR
d�kOkOVGnMTmVOÀ-�5duR¢[<\-T�p�Ytpmd�X�d�\-T�j�ª d� Mn5pmd$RmRWVG[<\DYt�`RmRUV+�8Y]��VGkOd]L3¿`Y]\ ��¶¢º�
C0 � � Ã1h � �}[<\<T��MTWVOkGVlRWc#klY�pmd�klYZTmVG[<\�^5V )qdu��TmVGy<d
d�\-TmpWdgkO[]VlRrjMd$R�X%Ytpms]duR�d�T}kO[]VlR�)q[]VO\<Tmden>[<�5prc�Tm�`jMVOd�p}jMdeX%Y]\5VGw$pWdgs<c�\5c$pmY]kGdfkGduRr��[<n5�5kOd$R�d�kOkOVGnMTmVOÀ-�5duRrd�TrkOd��5p
d� Mn5pmd$RmRWVG[<\�pmd�\>j�n5pW[<�5VO^5V�TmVGy<d}kOd��5pF�MTWVOkGVlRmYZTWVO[]\+L &±YtpFd� Md�X�n5kOd � \5[]�`RFjM[]\`\5[]\`RSk@ª d� Mn5pmd$RmRWVG[<\#d� 1n`kGVl��VGTWdfjMd}klY
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∀u, c(u) =
Γ(a)d−1

(2aa)d−1

√
2a

(d−1)(2a+1)
2

√
(ζρ−1ζ ′)a−d/2∏

i |ζi|
Ka−d/2(

√
2aζρ−1ζ ′)

∏
iKa−d/2(

√
2a|ζi|)

��«`L «<� �
[��

ζ = (K−1
a (u1), . . . ,K−1

a (ud))
� Yby]du� Ka ��[]\`��TWVO[]\ jMd�pmc�n>YtpWTWVGTWVO[]\ j�ª �`\5d%kG[<V � ��d�\-TmpWc$d�pmc$j5�5V�Tmd � j5d

n`Y]pmY]X�w�TWpmd
a
Lr¤ ª c�yZYtkO�`YZTmVG[<\ jMd���d�TWTWd jMd�\`RWVGTWcvVGX�n5kOVOÀ-�5d jM[<\`��jMduR_��Ytkl���`kORo��[<X�n`kGd� 1duR��8d�\-TWpmd�Y]�MTWpmd$R

k´ª VO\-TWc�s<pmYtTWVO[]\!\-�`X�c$pWVlÀ-�5dgn>[<�5p}��Y]kO���5kOd�prkOd$R��qL j�L puL � � d�TrVG\-TWd$pmj5V�T¢RW[]\o�MTWVOkOVORmYZTmVG[<\ojMdeX%Y]\5VGw$pWdgVO\-TWd�\>RUVOy]d<L

�Å*1?uI+ËZ*1?�CFEG45?u?$7 �]68452$687&0 ¤+Y���[]n5�`kGd#pWd$n5pWcuRUd$\-TWd�jMd#X�Y]\5VOw�pmd¡d� M�`Y]�`RUTWVOy]deklY�jMc$n>d$\`j5Yt\>��d¡d$\-TWpmd¡jMd$R
yZYtpmVOY]^5kOd$R+Y]kGcuYZTm[]VOpWduR�Lu¤ ª VG\M��[<pWX%YtTWVO[]\¡À-��ª d�kOkGd�jMc$kGVOy1pWdFd$RUTBX%YtkO�5d$�5pWd$�`RWd�X�d�\-T+TmpW[<n#��[]X�n5kOd� MdSn&[]�5pBn&[]�5y<[]VOp
"�TmpWd�VG\-TWd$pWn`pWc�TWc�d�d�\ T�Yt\-T�À-�5d!kGVOd�\Hj5d�jMc�n&d�\>j5Yt\`��d�d$\<TmpWd�ybY]pWVlYt^`kGduR�L &B[<�5p#��d�TWTWd�p�YtVlRW[]\ � j5d$R#X�duRU�`pWduR
j�ª Y]RmRU[M��VOYtTWVO[]\¡\1�5X�c$pWVlÀ-�5d}RU[<\-T:�5TWVOkGVlRUc$d$R±n&[]�`pSYby][<VGp:�5\�pmc$RW�5X�crVG\-TWd$pWn`pWc�TmYt^`kGdrjMdrklYe��[<n5�5kOd]Lt��d}X%Yt\5VOw�pmd
pmd�X%Ytp�À-�`Yt^5kOd � �5\���d�pWTmYtVO\ \5[<X¡^5pmd�jMd�X�d$RW�5pWduR!��kOY<RWRWVlÀ<�`d$R�j�ª Y<RWRW[M��VlYZTWVO[]\ d$\<TmpWdv��[<�5n5kOd�jMd�ybY]pWVlYt^`kGduR
YtkOc$YtTW[<VGpmd$Rfpmc�d�kOkOd$R

(X,Y )
RW[]\-Tg��[]\`��TWVO[]\v�5\5VlÀ<�`d�X�d�\-T¡jMd%klY_��[]n`�5kGd

CXY
�ON]N$«!�´LA¤�d$RgX�duRU�5pmd$RgkOd$Rgn`kG�`R

��[<�5p�Yt\-TWduR±RU[<\<T kOdrT�Yt�%jMd � d$\`j5YtkOk
τ
d�TFkGd��}�5[�jMd��1n&d$Y]pWX%Y]\

ρ � jM[<\-T kGduRSjMc��`\5VGTWVO[]\`R RW[]\-T kOd$RFRU�5VOyZYt\-TWduR�L
�1V�\5[<�`R}Yby<[]\`R�jMd��5 o��[<n5VOd$R�VO\`jMc�n&d�\>j5Yt\-TWduR

(Xi, Yi)i=1,2
jM����[<�5n5kOd

(X,Y ) � \`[]�`RrYby<[]\`R

τ = P ((X1 −X2)(Y1 − Y2) > 0) − P ((X1 −X2)(Y1 − Y2) < 0)
�8«`L «]« �

¤�d�T�Yt��jMd � d�\>j5YtkOk
τ
duRqT klYgjMV��&c$pWd$\`��drd$\<TmpWd�klYfn5pW[<^`Yt^`VGkOV�Tmcrj�ª Yby<[]VOp:�5\5drn`Y]VGpmd���[]\`��[]p�j5Yt\-TmdFd�T �5\5drn`Y]VGpmd

jMVlRW��[]p�j5Yt\-Tmd]L � d$kORWd�\�Y�X�[]\-TWpmceÀ<�`d

τXY = 4

∫

[0,1]2
CXY (x, y)dCXY (x, y) − 1

¤�d��r�5[�jMd �1n>duYtpmX%Yt\�d$RUT¢kOd¡��[1d��%��VGd$\-T�jMd¡��[]pmpWc$kOYtTWVO[]\ �8Y]�DRUd$\`Rr�`RW�5d�k �}j5d$R}p�Yt\`s<R}³��5\D�8Y]��Tmd��5p�n5pmw$R �
V´L d<L

ρ̃XY = E [(FY (Y ) −E [FY (Y )]) (FX (X) −E [FX (X)])]
�8«`L «-� �

� [<�`RrYby][<\`R�YtkO[]p�R
ρ̃XY = 12

∫

[0,1]2
C(u, v)dudv − 3

&:[]�5p:k´ª c�TW�`j5d}jMd�kOYfjMc�n&d�\>j5Yt\`��d�d�\-TWpmd�j5d��M ¡yZY]pWVlYt^5kOd$R:Y]kGcuYZTW[<VGpmd$R � ��d$RBX�d$RW�5pmd$R:RW[]\-T:j5[]\`��n5pmc���c$pmY]^5kGduRAY]�
��[1d��%��VGd$\-TSjMd}��[<pWpmc�klYZTmVG[<\#jMd�&:d$Y]pmRW[]\�d�\-TmpWd

X,Y
À<�`V`jMc�n&d�\>j%jMdrkOYe��[]n5�`kGdrX%YtVlR Y]�`RWRWV5jMduR±X%Ytpms]VO\`YtkOd$R$L

~Fd�TWTWd�jMc$n>d$\`j5Y]\`��d�Y]n5n`Ytp�Yb�lT�\5d�TWTWd�X�d$\<T¢Y]��TmpmYby<d�p�R�jMdgk@ª VOj5d�\-TWVGTWc�jMd � [1d ��jMVG\`s �
�gËZ7 "F7>?u6�2u687&0 Ä �O�J�8���	� � �W&"���_��� � ���?!I�
	��H�$&J)
µ>¼
X

��¶
Y
»�· 
>¶ 7 � + � �bº���¼8ºW,;
���»eº%
CB�ºt¶§·t¼3� ��»���B �-
3
 ��»¢¼�
>¶6B6:W�WºW,;
���» �

¶ �-
3
 ��»�> + � E [|XY |] <∞ �
��¶:»�¼ 
&· + »


&·t¶§·�
5»
FX , FY , FXY


���» \�· 
3¸�¶´¼8· 
`»P7 �P� B��`º%��¶´¼ ¶@¼8·�
 � ��» �
��¸�¶´¼3� ��»P7 �
X � Y

��¶/7 + ¸m· + ��
�� �

&· + »�º��b·�
5»º%
O·%��»

¸�·%�
(X,Y ) =

∫

� 2

(FXY (x, y) − FX(x)FY (y)) dxdy

&±Ytp}��[]\`RWc$À-�5d$\<T¢RWV
X
d�T
Y
RU[<\<T¢j5d��M _yZYtpmVOY]^5kGduRr��d$\<TmpWc$d$Rrpmc$j5�5V�Tmd$R � kOd��5p¢��[1d�����VOd�\-T�jMd���[]pmpWc$kOYtTWVO[]\

ρ
�@jMd &:d$Ytp�RW[]\ �Sd$RUTrc�s<Y]kGde³
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ρ = E [XY ] =

∫

� 2

(CXY (FX (x), FY (y)) − FX(x)FY (y)) dxdy

d�T¢j5c�n&d�\`j_jMduR�X�Y]pWs<VG\>YtkOd$R$L

¤�[<pmRmÀ-�5d \5[<�`RB�MTWVOkOVORW[]\`RB�5\`d���[]n5�`kGdFn`Ytp�YtX�c�TmpWVlÀ-�5d � VOkMd$RUTBn`Y]pB��[]\`RWc$À-�5d$\-TBVO\-TWc�pmd$RmRmYt\-TBj�ª d�\#d� Mn5pmVGX�d$p
kOd$R±X�d$RW�5pmd$R

τ
d�T
ρ̃
d$\���[]\`��TWVO[]\�jMd}��duR±n`Ytp�YtX�w�TWpmd$R � Yt�`\%jMdrpmd�TWpm[]�`y]d�p:klYfX�"$X�drVG\-TWd$pWn`pWc�TmYZTmVG[<\#VO\-TW�5VGTWVOy]d

jM� ��[1d�����VOd�\-TmR!jMd���[]pmpWc$kOYtTWVO[]\ j5Yt\>R�kOd$R�X�[MjMw$kGduR!��kOY<RWRWVOÀ-�5duR�L �1�5p!��d�n&[]VO\-T � kGduR���[<n5�5kOd$R�d�kOkGVOnMTWVlÀ-�5d$R
n&d��5y<d�\-T "�TmpWdrX%Y]k`VO\<Tmd�pmn5pmc�TWc}�$Ytp d$kGkOd$RFRU[<\-T n`Ytp�YtX�c�TmpWc$d$R:n`Y]p �5\5d¢X�YtTWpmVO��d}jMd¢��[]pmpWc$kOYtTWVO[]\ �8jMd�&:duYtp�RU[<\ �
ρ
Lt~F[<X�X�dF\5[]�>RAk´ª Yby][]\>R�y1� � ��d�TWTWd�X%YZTWpmVl��dS\`dFn&d��MT±n`Y<R "�TWpmdSc$s<YtkOd �8d�\�Tm[]�MTmdFs<c�\5c$pmY]kGVGTWc���³�kOY¢X�YtTWpmVO��dFjMd
��[ZyZY]pWVlYt\`��d

Σ
j�ª �5\oy]du��Tmd��5p�k´ª Yba-Yt\-TFn&[]�5pr��[]n5�5kOd � �$Ytp Σ

jMc�n&d�\>joj5d$R�X%Ytpms]d$R$L-P \��8Y]V�Trn&[]�5p�kOd$Rr��[]n5�5kOd$R
d�kOkOVGnMTmVOÀ-�5duR � kOY�X%YZTmpWVl��d ρ = (ρij)

duRqT}pmd�kOVOc�deYt�!TmY]�_j5d � d$\`j5Y]kGk
(τij)

�

∀i 6= j, ρij = sin(
π

2
τij)

��«`L «<Ã �
��d�n5kO�`R � klY \1�5kOkGVGTWc jM� n`Y]pmY]X�w�TWpmd ρ \5d���[]pmpWduRUn&[]\`j n`Y<R�³ klY/RWV�Tm�`YZTmVG[<\ j�ª VG\`j5c�n&d�\`j5Y]\`��d�d�\-TWpmdDkOd$RyZYtpmVOY]^5kOd$R

(Xi)
� X�VlRr³�n`YtpWTrn>[<�5p}klY���[]n`�5kGdes-Yt�`RmRWVGd$\5\5d]L>~Fdu��V�RWdgTWp�Y]jM�`V�T}n`Y]prkGdg�8Y]V�T¢À-�5deklY#�8YtX�VOkGkOd�jMd$R

��[<n5�5kOd$R �-TW�>jMd�\-Te\5d���[]\-TmVGd$\<Tfn`Y]RfklY���[]n5�5kOd�j�ª VO\`jMc$n>d$\`j5Y]\`��d
c⊥ � ��[<\-TWp�YtVOpWd$X�d$\-T�Yt�v��Y]RfjMd�kOY!��[<n5�5kOd\5[<pWX%YtkOdfn>[<�5p}klY]À-�5d�kOkOd

ρ = Idd =⇒ cρ = c⊥
L

� #�� # " � ���#� � 
�� ��
 � � � ��
 ������� � 


¯AybY]\-T#k´ª VO\-TWpm[1j5�`��TmVG[<\HjMd�k´ª d$RUTWVOX�YtTWVO[]\ jMd�X�c�klYt\`s]d$R�jMdo��[]n`�5kGduR � \5[<�`R¡p�Ytn`n>d$kG[<\`R¡jMV��3c�pmd�\-TWduR¡X�c�¥
TW�`[1j5d$R��MTWVOkOVORWc�duR#n&[]�`p�k´ª VG\M��c$pWd$\`��don`Y]pmY]X�c�TWpmVOÀ-�5d!j�ª �`\ X�[MjMw�kOd_RUn&c$��V��`c_³�k@ª YtVljMd_j�ª �`\5d���[]n`�5kGd<L � []�`RRW[]�5�`Y]V�Tm[]\`R!d$RUTWVOX�d�pokGduRon`Ytp�YtX�w�TmpWduR

(θ = (θi)1≤i≤d, η)
j�ª �5\5d jMd�\`RWVGTWcvX¡�5kGTWVOyZYtpmVGc$d � jM[]\-T_kGduR!jMd$\`RWV�¥

TWcuRgX%Ytpms]VO\`YtkOd$R�Ytn5n`Y]pUTmVGd$\5\5d$\<TeYt�5 DX�[MjMw$kGduR {fθi , θi ∈ Θi}
d�T�jM[]\-TgkOYo��[<n5�5kOd�Y]n5n`Y]pUTmVGd$\<TeYt��X�[1j5w�kOd

{cη, η ∈ Υ} L
� [<�`R�\`[]�`R!��[]\>��d�\-TmpW[<\`R%RU�`p�kOdDX%YZ MVGX#�5X jMdDy1p�YtVlRUd$X¡^5klYt\`��d � �$Ytp!��d�TWTWd�X�c�TW�5[MjMd�j�ª duRqTmVGX%YZTmVG[<\

d$RUT�RU[<�5y]d$\-T%��[]\`RWVljMc�pmc�d_��[<X�X�d_klY�X�c�TW�5[MjMdDjMd�pmc���c$pWd$\`��d<L � []�>R�y]d�pmpm[]\`R�jMd_n5kO�`R�À-�5d_kOd�n5pW[<^5kOw�X�dj�ª []nMTmVGX�VlRWYtTWVO[]\_À-�5dgk@ª []\_jM[]VGTrpWcuRU[<�`jMpmd�n&d��5T�"�TWpmde��[<\<Tm[]�5pm\5cfn`Ytp�k´ª �>RWY]s]dgjMd$R���[<\`��TmVG[<\`R�d$RUTWVOX%Yt\-TWduR�L �1V
y = (y1, . . . , yN )

[��
yi = (yji )1≤j≤d

duRqT �5\%cu���`Yt\-TmVGkOkG[<\�V@L V@L j � \5[]�`RFjMd�y<[]\`R:X%Yt 1VOX�VORWd�pSkOYf��[<\`��TmVG[<\5\5d�kOkOd
L(θj , η)

L(θ, η) =
N∑

i=1





d∑

j=1

log fθj (y
j
i ) + log cη(Fθ1(y

1
i ), . . . , Fθd

(ydi ))





��«`L «1h �

��kB\�ª a_Y%s<c�\5c$pmY]kGd$X�d$\-T}n`Y]R�jMd¡RW[]kO�MTWVO[]\DY]\`YtkOa-TWVlÀ<�`d¡³���d¡n5pW[<^5kOw�X�d¡jMd�X%Yt 1VOX�VORmYZTmVG[<\ � d�T¢klY%pWcuRU[<kG�5TWVO[]\
\1�5X�c�pmVOÀ-�5d%d$\ d$RUT¡��[<X�n`kGd� 1d � ��Y]peTW[<�`RekOd$Ren>Ytp�YtX�w�TmpWduReRU[<\<T�kOVOc$R�n>YtpeklYD��[<n5�5kOd]L�P \ d �&d�T � kGd�y<d$��TWd��`p
Rm��[]pmd

s (θ, η) =
(
∇θ1L

′
. . . ∇θd

L′ ∇ηL
′
)′ jM[<\5\5d�\-T}kOd$R�cuÀ<�>YZTWVO[]\>R�\5[]pmX%YtkOd$R�RU�`VGyZYt\-Tmd$R �





∀j ≤ d,
∑N

i=1 ∇θj log fθj (y
j
i ) + ∂j log cη(Fθ1(y

1
i ), . . . , Fθd

(ydi )) ×∇θj log fθj (y
j
i ) = 0d�T

∇ηL =
∑N

i=1 ∇η log cη(Fθ1(y
1
i ), . . . , Fθd

(ydi )) = 0

��«`L «<© �



�"��� � ���
� �H� � 
 ��� � {`N

∂j
d$RUTSklY�jMc�pmVOy]c�drn>YtpWTWVOd�kOkGd}pmd�klYZTmVGy<d�X�d�\-TF³�kOY�)�¥§VOw�X�d}yZYtpmVOY]^5kOd]L<¤AY�jMV �����5kGTWcf³���Y]kO���5kGd$p k´ª PSiD°�\5cu��duRWRWV�Tmd

jMd�TWpm[]�5y<d�pSj5d$R�X�c�TW�`[1j5d$R�YtkGTWd�pm\`YtTWVOy]d$R!�qd�����Y]��d$R ��YZ�`\oj�ª c$y1V�Tmd�p�jMd}Tm[]X¡^&d�p�RW�5p�j5d��UX%Yt�5yZYtVlR
�rX%Yt 1VOX%Y
kO[1�$Yt�M  � Y]^>[<�MTWVlRmRWY]\<T�³ j5d�X�Y]�5yZYtVlR%d$RUTWVOX%YZTmd��5p�R�L � pmw$R%p�Ytn`VOjMd$X�d�\-T�Yby]du�!k´ª d$RUTWVOX�YtTWVO[]\ jMduR%n5pmd�X�VOd�p�RX�[MjMw�kOd$R�X¡�`k�TmVGyZYtpmVOc$R�RUn&c$��V��>c$Rr³#k@ª YtVljMdejMdg��[]n`�5kGd � jMd$RFTmd$���5\5VlÀ-�5d$R�[<\<Trc�TWcgn5pm[]n&[<RWc�d$RFn&[]�5pr��[<\-TW[]�`pW\5d$p
��den`pW[<^5kGw$X�d � d�TfRUdep�YtX�d�\`d�pr³%jMd$R¢��Ytkl���`kORr^&d$Y]�`��[<�5non5kG�>R}RUVOX�n5kOd$R � n`YtpW��[]VlR�X "�X�d�d� 1n`kGVl��VGTWduR �`�tª d$RUT}kOd
��Y<RrjMdgkOY�X�c�TW�5[MjMd ��
 \��;� ��
3¸ � �A·%� ��º%�]:]¼�
5» �8�q¿:i � �ON�«]« � {t«!� ��L
¤ ª VljMc�dDduRqT_jMd jMc$��[]�5n&d�p!kOYHpWdu���5d�p����5dDjM� X%Yt 1VOX¡�`X½s<kG[<^`Ytk ��«`L «1h �%d$\ � c�T�Ytn&d$R � d$\ X�d�TWTmYt\-T_³

n5pm[t�5TfkGd#�8YtVGT�À-�5d¡klY�kO[]s]¥´y1p�YtVlRUd$X¡^5klYt\>��d L (θ, η)
RW[]VGT�klYoRU[<X�X�d�jMd�j5d��M �Tmd�pmX�duR �&klY�RW[]X�X�d�jMd$R�kG[<st¥

y1pmY]VORWd�X#^5klYt\`��d$R±jMduR X%Ytpms]duR���\5[]TWc�duR Lj n>[<�5p 1 ≤ j ≤ d
�±d�TF�5\%TWd$pWX�d}À-�5V&\5d¢jMc$n>d$\`j�À-�5d¢j5d}kOYe��[]n5�`kGd

∇ηL
L
� [<�`Rgn5pm[M��c$j5[]\`RgYtkO[]p�Rfd�\ jMd$�M �Tmd�X�n`R���[<\ j5c�TWd$pWX�VO\5d�kGduRePSi�° θ̂j

jMd$Rgn>Ytp�YtX�w�TmpWduRfj5d$ReX%Ytpms]duR
��[<X�X�d�j5Yt\>R¢kOd#�$Y]R}VO\`jMc$n>d$\`j5Y]\<T � n5�5VlR¢VOkORgRW[]\-T¢�MTmVGkOVlRUcuR¢n&[]�5pg��Y]kO���5kOd�p ∇ηL � À<�`VAduRqTfX�Yt MVGX�VlRUc�³�RW[]\TW[<�5prd�\

η
L





θ̂j = argmaxθj

∑N
i log fθj (y

j
i )

η̂ = arg maxη∈E
∑N

i=1 log cη(Fθ̂1(y
1
i ), . . . , Fθ̂d

(ydi ))
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~Fd�TWTWd}RWVGX�n5kOVG�>��YtTWVO[]\�YtkOs][]pmVGTW�5X�VlÀ<�`d���[]pmpWduRUn&[]\`j#³fk@ª �MTWVOkOVORmYZTmVG[<\�j�ª �5\5d���[<\`��TmVG[<\#duRqTmVGX%Y]\<TmdrjMV �3c�pmd�\-Tmd}jM�
Rm��[]pmd

s(θ, η)
L&¤+Y�X%YZ MVGX�VlRWYtTWVO[]\!d�\�jMd��5 �TWd$X�n`Rrpmd�y1VGd$\-T�³�pmc$RW[]�`j5pWdfkGdeRWaMRqTmw�X�d





∀j ≤ d, ∇θjLj = 0

∇ηL = 0
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À-�5V1d$RUTBkOc�s<w�pmd�X�d�\-TAj5V �3c�pmd�\-T±jMd���d�kO�5V1[]^MTmd�\1��n&[]�5p:k´ª PFi�°¡Lt¤+dFRWa1RUTWw$X�d ��«>L �]­ �+��[]pmpmd$RWn>[<\`je³¢klYr��[<\`��TmVG[<\
d$RUTWVOX%Yt\-TWd

g ��� 
 (θ, η) =
(
∇θ1L

′
1 . . . ∇θd

L′

d ∇ηL
′
)′ L>~Fd$��V�n>d$pWX�d�T¢j�ª Y �%pWX�d�prRW[]�`Rrj5d$Rr��[<\`jMVGTWVO[]\`RrRWVG¥

X�VGklYtVOpmd$R�³���d�kOkGduR�\5c$��d$RmRUVGTmY]\<T�kOYv��[<\`RWVORUTmY]\`��dojMd_k@ª PSi�° À-�5d_kGduR�d$RUTWVOX�YtTWd$�5pmR (
(θ̂i, ��� 
 )1≤i≤d, η̂ ��� 


)

VlRWRW�`R�jMdf��d�n`pW[<s]p�YtX�X�d}jMd�X%Yt 1VOX�VORmYZTmVG[<\�RW[]\-T���[]\`RWVORUTmY]\-TmR d�T�Y<RUa1X�nMTm[tTWVlÀ-�5d�X�d$\<T�\5[]pmX%Yt�M �L1¤+Y¡n>d$pUTmd
n`Y]pBp�Ytn`n>[<pUT±³¢k´ª d$RUTWVOX�YtTWd$�5p jM��X�Yt MVGX#�5XÅjMd�y1pmY]VORWd�X#^5kOY]\`��d�RUd�RWV�Tm�5drYt��\5VGy<d$Y]�#jMd�k´ª d��%�$Y]��V�Tmc�jMd�k´ª duRqTmV�¥
X%YZTmd��5p �<kOYgyZY]pWVlYt\`��drY]RWa-X�nMTm[tTmVOÀ-�5d E(g ��� 
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&:[]�5p�k´ª VO\M��c�pmd�\>��d�j5d$R}~�i�~�YZ¥�¦�� � \`[]�`R�jMc$��[]X�n&[<RW[]\`RFkGduRSkO[]VlR�j�ª c$X�VORmRUVO[]\ f(y, θk)
d�\�TWd�pmX�df��[]n5�`kGduR

d�T}X%Y]pWs<d$R � j5dgTWd�kOkOdgRW[]pWTWdeÀ-�5dg\5[<�`R}Yba1VG[<\`R �

f(y, θk) =

d∏

i=1

fθi,k
(yi) × cηk

(Fθ1,k
(y1), . . . , Fθd,k

(yd))
��«`L¾�MN��

kOd$R:X%Ytpms]duRBY]n5n`Y]pUTmVGd$\5\5d�\-T±Yt��X�[MjMw�kOd {
fθi,k

, θi,k ∈ Θi,k

} �8j5d��qL j�L puL
Fθi,k

�:Yby]du�
1 ≤ i ≤ d � 1 ≤ k ≤ K �d�T�kOd$Re��[]n5�`kGduRfY]n5n`Y]pUTmVGd$\5\5d�\-T�Yt�vX�[MjMw�kOd {cηk

, ηk ∈ Υk}
L � [<�`Rg\5[tTm[]\`R θk = ((θi,k)1≤i≤d, ηk) � d�T�kOdn`Y]pmY]X�w�TWpmd

φ
jMdeklY%~�iv~�YZ¥�¦F�Fd$RUT

φ = (A, (θk)k) = (A, (θi,k)i,k, (ηk)k)
L

Ä �O�J�O�J�8� ��CB*1032$61�B4M9:68Ç@6�2u=�CA*1?�Ç87&68?
&:[]�5pgY]RmRW�5pWd$p�k´ª VOjMd$\-TWVG�>Yt^5VOkOV�Tmc�jMduRfX�c$kOY]\5s]duRgjMd#klY���[]pmX�d ��«>L �5N�� � \5[<�`RgRU�`n5n>[-RU[<\`RfÀ<�`d�kOd$RfX%Ytpms]duR

d�T}kOd$Rr��[]n5�`kGduRrRU[<\<TrVljMd�\-TmV��>Y]^5kOd$R � d�T¢À-�5dekOd$R��qL j�L p Fθi,k

RW[]\-T}��[<\-TWVO\-�`d$R �

∀i ∈ [1..d],

K∑

k=1

πkfθi,k
(yi) =

K∑

k=1

π
′

kfθ′i,k
(yi) µ− n`R =⇒ ∀k ≤ K, πk = π

′

k

d�T
θi,k = θ

′

i,k

��«`L¾� � �

∀u ∈ [0, 1]d,
K∑

k=1

πkcηk
(u) =

K∑

k=1

π
′

kcη′k (u) µ− n`R =⇒ ∀k ≤ K, πk = π
′

k

d�T
ηk = η

′

k
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�1[<�`Rr��d�TUTWd���[]\`j5V�TmVG[<\ � kGdeX�[MjMw$kGd f(y, θk)
d$RUT�VljMd$\<TmV��&Yt^5kOd]L5PS\od �&d�T � RWV�\5[<�`RrYby][<\`R �

K∑

k=1

πkf(y, θk) =

K∑

k=1

π
′

kf(y, θ
′

k)

k´ª c$s<YtkOVGTWc}duRqT�YtkO[]p�R±y1pmY]VGd}��[]X�n>[-RWY]\-TWd}n`Y]pF��[]X�n>[-RWY]\-TWd � d�TFk´ª �-a1n&[tTm�5w$RWd¢j�ª VOj5d�\-TWVG�>Yt^`VGkOV�Tmc�jMduRSX%Y]pWs<VG\`Y]kGduR
n&d�pmX�d�Tfj�ª Y �%pmX�d�p�À-�5d#\5[]�>R¢Yby][<\`R ∀k, ∀i, θi,k = θ

′

i,k

d�T
πk = π

′

k

L�~Fd$��VBVOX�n`kGVlÀ-�5d¡d$\Dn`YtpWTWVl���`kGVOd�pfÀ<�`d
\5[<�`RSYby<[]\`R ∀i, k, ∀yi, Fθi,k

(yi) = Fθ′i,k
(yi)

L � []�>R n&[]�5y<[]\`RFjM[]\`�¢\5[]�>R p�YtX�d�\5d$pF³ek´ª �-a1n&d�p����5^&d [0, 1]d �d�T}k´ª VOjMd$\-TWVG�>Yt^5VOkOV�Tmc�jMd$R�X�c�klYt\`s]d$Rrj5dg��[]n5�`kGduR�n>d$pWX�d�T¢j5d���[]\>��kO�5pWd<L
P \M�>\/k@ª VljMd�\-TWVG�>Y]^5VGkOVGTWc!j�ª �5\HX�c$kOY]\5s]d�j5d!��[<n5�5kOd$R¡n>d$�MT�RW[]�5y<d�\-T¡RWd�jMc$j5�5VGpmd!j5d�k@ª VljMd�\-TWVG�>Y]^5VGkOVGTWc!j5d

X�[MjMw�kOd$R�X#�5k�TmVGyZY]pWVOc�duRr��klY]RmRUVlÀ-�5d$R$L �1[]VGT {Cη, η ∈ Υ} �5\5dg�8YtX�VOkGkOd�jMde��[<n5�5kOd$R�d�T¢RUV�\`[]�`RrYby<[]\`R

∀u ∈ [0, 1]d,
K∑

k=1

πkCηk
(u) =

K∑

k=1

π
′

kCη′k (u)

¯}kO[]p�R�n&[]�5p�Tm[]�MT
H1, . . . , Hd

�qL j�L p � \5[<�`R}Yby][<\`R

∀y,
K∑

k=1

πkCηk
(H1(y1), . . . , Hd(yd)) =

K∑

k=1

π
′

kCη′k (H1(y1), . . . , Hd(yd))

��k>RW����T�Y]kG[<pmRSjMd¢���5[<VORWVGpSkGduR±��[]\>��TWVO[]\>R
Hi
jMd¢X�Y]\5VOw�pmd¢³e��dfÀ<�`d}kGd¢n5pW[<^5kOw�X�d¢YtVGTFjMc )U³ec�Tmc}pmc$RW[]kO�%n>[<�5p klY

�8YtX�VOkGkOd¢X#�5kGTWVOybY]pWVOc�d {Cη(H1, . . . , Hd), η ∈ E} ��kOd$RS�qL j�L puL Hi
n&d��`y]d�\-T�Yt�`RmRUV&jMc�n&d�\>jMpWdfj�ª �5\�n`Y]pmY]X�w�TWpmd

θ
��L>¯}VO\`RWV�n&[]�5p}kOd$R¢��[]n`�5kGduRr\5[<pWX%YtkOd$R�d�T �-TW�>jMd�\-T�Yba-Yt\-T�X "$X�d¡\5[]X#^5pWdejMd�j5d�s]pmc$Rrj5dekGVO^>d$pUTmc$R � VOkARW����T
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Q(φ, φn) = E [log (p(X, A)) |y, φn ] +
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π
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g ��� 
 : ([1..K]× Y)
N × SK ×

K,d∏

i,j=1

Θi,j ×
K∏

k=1

Ek −→ � K(K−1)+
PK,d

i,j=1|Θi,j |+
PK

k=1|Ek|

� [<�`Rf\5[tTm[]\`R Lc klY�kO[]s]¥´y1p�YtVlRUd$X¡^5klYt\`��d���[<X�n`kGw�TWd�jM��X�[MjMw�kOd�d�T Lc,j =
∑N,K

i,k=1 1k(xi) log
(
fθj,k

(yji )
)

klY�kO[]st¥§y1pmY]VORWd�X#^5klYt\`��d}��[]X�n5kOw�Tmd�jM�!n5pm[1��d$RmRU�>R X%Ytpms]VO\`Ytk
(X,Yj) = (Xn, Y

j
n )1≤n≤N

LM¤+Y���[]\`��TWVO[]\�duRqTmV�¥
X%Yt\-TWdg�q¿:i d$RUT

g ��� 
 ((x,y), φ) =

(
∇AL

′

c

(
∇θk,j

L
′

c,j

)
1≤k≤K

(
∇ηk

L
′

c

)
1≤k≤K

)′ ��«`L¾�Z« �
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G ��� 
 (y, φ) = Eφ [g � � 
 ((x,y), φ) |y ]
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φ0
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∀j ∈ [1..d], ∀k ∈ [1..K],





θ
(n+1)
j,k

Tmd�k+À-�5d ∑N
i π

(n)
i,k ∇θk

log fθj,k
(yji ) = 0d�T

η
(n+1)
k

TWd$k+À-�5d ∑N
i=1 π

(n)
i,k ∇ηk

log cηk
(F
θ
(n+1)
1,k

(y1
i ), . . . , Fθ(n+1)

d,k

(ydi )) = 0��«`L¾�]� �
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X
Y A(' % : � 79:2A&C�C51BA(/ �0+ )´A +(� ' + ) �@< 7 < -0) % )F'*1 + 7 # z.C5' Y A �JQ
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∑
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C : [0, 1] × [0, 1] −→ e ) � :=: �^Y A �7[1BA < )F1BA.) � C Tb> 5 > <
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F
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F1

(
(yi1)1≤i≤d
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C⊥(u, v) = uv
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(fk)1≤k≤K
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< 1 + C;5 %B+ C;: % C5A('*) � 79:2A&C5' � A < C �0p.�0N 79: � C >
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: � 7 %A<F%BN -E) < ' Y A ���+bk�n%oY A ��+ 1JA&C�A()5'=:*'`Cq1 + CD7 %F< : % C5A('_) �m� Cb)W5.- !
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π
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N 165.V
: � 7 %F<$%;N -0) < ' Y A �

f(y, θk), θk ∈ Θ
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7 %A< )F'_)F'*1 +

F (y, θk)
! 1 + )5' + A � C � )

θ = (θk)1≤k≤K
i�XK'>:(C,3 %BM ' <F% : � 79:2A&CyC51BA(/ �0+ )�5 � :21B'`C + 1 <FN^% : �BQ=MJ%BNONO% 1BA � � '*U&A9:>: >;c\� C ! 1A7&A9: � CSU('*/ %A< '2- � C

N 165.-
:2'2C %;+ )?: % 5(-
7 �0+ 5 %B+&!E�j! 1 + 5('_)F'*1 +(+(� :=: � 1 + )�A +(� 5 �0+ C5'*)5-
c(u, v ; ηk,l), ηkl ∈ Υ

g + 1BA&C + 1B)51 + C
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g �(> È i
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Z
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∑
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N∏

i=1

f(yi, θxi)
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(F (yi−1, θxi−1), F (yi, θxi))

g �(> : i

c\�nN 165.V
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MJ% A&CFCq' �0+(+&� 7[1BA < : %BY A � :>: ��+ 1BALC % /B1 + C
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Q 1BA[5 �Z!E�@< ) % ' +(� C ! 1A7(A8: � C %A<F!$# ' N -@5(' �,+(+(� C Q 7 %A<S�0p.�0N 79: �
: %´T~%;N '>:=: � 5 ��
 A N U � : s"! 1JA MJ%J%F< 5D5a3 �Ep 7 <F� CFC5'*1 +

Cη(u, v) = exp
(
− ((− logu)η + (− log v)η)1/η

) Q 7[1BA <
: %BY A � :=: �

C1 = C⊥ Q 1BA �0+&! 1 <F� : %7T~%BN '=:=: � 5 � 
 A N U � :
C(u, v ; η) = uv exp(−η logu log v)

7L1JA < : %JY A � :=: �
C0 = C⊥ >K@ 1BALC + 1B)51 + C η⊥ A + ) � :67 %A<F%BN V0) <F� :21 < C Y A\3 '>: �Ep '`Cb) �$#eQ=� ) η⊥ = (η⊥k,l)

:21 < C Y A � !E� : %w� Cq)-7[1JCFCq'2U9: �
7[1BA < )F1BA.) � C(: � C ! : % CFC � C >B¶ '

η⊥ ∈ Υ
% :*1 < C�: �7N 165.V
: �´�+bk�n%;s tnu � Cb) �0N U[1 G )5-�5 %;+ C�: �7N 165.V@: �´�+b �n%Ks t u >

@ 1JA&C % U[1 < 5.1 + C�' ! '-:r3 '=5 �,+ )5'*X % U('=:2'_)F-%5.A N 1�5(V
: �O�+bk�n%&>[c{% :21B'�5.A�7 < 1 !E� C5C5A&C
Y
� Cb)�'T5 �0+ )5'*X % U9: � Cq'

: % :21B'^5 �
(Y1, Y2)

� Cq)d'=5 �0+ )5'*X % U8: �J>aP�%A<d! 1 + Cq- Y A �0+ ) Q '=:}CqA | ),5 � C5A9797[1JC �
< :r3 'T5 �0+ )F'_X % U('=:*'*)5-W5.A N 1�5(V
: �
N 165.V
: � 7 %F<$%;N -E) < ' Y A � 7L1JA < : � CW5 �0+ Cq'*)5-eC

p(y1, y2 |x1, x2 )
Q ' > �J> :43 'T5 �0+ )5'*X % U('>:2'*)5- 5.A N -
: %;+(MJ� 5 � C[:21B'`C

U('2/ %F< '*- � C;5 �´Tb> 5 > <
Cηkl

(F (y, θk), F (y, θl))
>&%�<Z+ 1JA&C�C % /J1 + C Y A � Cq' : � C N -
: %;+&MB� C X + '2C
5 � C;:*1J'2C;5a3 - N '`C s

C5'*1 +
f(y, θ), θ ∈ Θ

� )D5 � C ! 1`7(A9: � C
cη(u, v), η ∈ Υ

C51 + )�'T5 �0+ )5'*X % U9: � C QS% :21 < C : � C,:21B'`CdU('2/ %F< '*- � C�Cq1 + )
'T5 �0+ )5'*X % U9: � C
5a3 % 7 < V,C+: % 7 %A< )F' � 2 > �&> �&> Í >x@ 1BA&CnA.)F'>:2'2C51 + C
5 %;+ C;: % CqA('*) � : � C ! 1A7(A9: � C Mx% A&CFCq' �0+&+(� C Y A('\C51 + )
T~%B! '>: � C�Rh' N 79:2- NO�,+ ) �
<eQ«� )fCqA | C %;NONO�0+ ) < ' !$#(� C�7[1BA <´NO� )q) <F�W�0+ -0/v'=5 �0+&!0� :r3 ' + )5- <5� ) 5 � :r3 % 797[1 < ) 5 � : %
5.-@7 �,+ 5 %;+L!E�f! 1 + 5.'*)5'21 +(+&� :=: �J>
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p(y1|x1)
C51 + )

MJ% A&CFCq' �0+(+&� C >(�}+�� l � ) Q Cq' + 1BA&CwCqA8797L1xCq1 + C Y A � : �W! 1BA879: �
(Y1, Y2)

! 1 + 5.'*)5'21 +(+&� :=: �,NW�,+ )wR
(X1, X2)

� Cq)
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� Cb)WA +(��N^% ) < ' !E�

d × d
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:21B'
E(mkl, Σkl, ϑ)

g~- MJ% A ph% A p 7 %A<F%BN V0) <F� C;5 � g �(> 3xiqi Q(+ 1BALC <5� ) < 1BA(/J1 + C�: � C N^%F<FMB� C
p(y1 |x1 )

>
� 
�� � ��������������� u : � Cq)W7L1xC5C5'*U8: � 5a3 % 5 % 7.) �
< : %kN 165.-@:*'`C % )5'21 + 7 %F<j! 1A7(A8: �]% A p �+bk�n% / �e! )F1 < ' � :>: � C Q
N^% '`C
: % 5 � C !B< '>7.)F'*1 + 1JU.) �,+ A �d� Cq)7U �e% A ! 1BA97�79:2A&C
:21BA < 5 �dY A � 5 %B+ C;: �f!0% CZC !0% : % ' <F� g 1JA Y A � 5 %B+ C
: �f!0% C
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��'&'.� ÍBÍ �
� � C ! 1 �E|j! ' �0+ )FCZC51 + )Z' N 7[1 < ) %B+ )FC;7 %A<F!0�´Y A\3 '>:`C
7 �
<FNO� )q) �0+ )�5 �d! 1 + ) <�� : �
<eQx�,+ ) <F��% A.) <F� C Q : ��! 1 N 7[1 <5s

) �,NO�0+ ) % C5z N 7()51;)F' Y A � 5 � C % A.)F1 ! 1K/ %F< ' %B+&!E� C�5\3 A + 7 < 1 !E� C5C5A&C QxM`<��J!E��% A p ' + - MJ% :*'*)5-eC�CqA('2/ %;+ ) � C >
� 
���� 
 ����������� )������&��� �
	������
� �����&��
��

É«Á;Ã~¼E¾L»
U, V

NB¼0ÊAG��=º;½¢Ã~º �
M*¼BQdºFM �$ºK»ÇÁKÃH½5¼BQw½ �$¼
MIM*¼BQ
�
»Ç¼BM � Ê&¼ U ∈ Lp(P ) � V ∈ Lq(P )

�«ÉaÁKÃ~¼0¾&»
p, q, r > 0 �»Ç¼BM Q � Ê&¼ 1

p + 1
q + 1

r = 1
¼0»
α = α (σ(U), σ(V ))

� / ÁKÊ�Q�º �=Á;¾9Q�ºRM*Á;½1Q

cov(U, V ) ≤ 2r (2α)
1/r ‖U‖p ‖V ‖q

g �.> Í : i
� 
���� 
 ����������� )������&��� �
	������ )�� � ������� 
��

É«Á;Ã~¼E¾L»
U, V

NB¼0ÊAG �=º;½¢Ã~º �
M*¼BQ^ºFM �$ºK»ÇÁKÃH½5¼BQ�½ �$¼
MIM*¼BQ
�
»Ç¼BM � Ê&¼ U ∈ Lp(P ) � V ∈ Lq(P )

�yÉaÁKÃ~¼0¾&»
p, q > 0 �»Ç¼BM Q � Ê&¼ 1

p + 1
q = 1 �

¼0»
φ = φ (σ(U), σ(V ))

¾«ÁKÊ�Qfº �KÁK¾8QfºFM*ÁK½1Q

cov(U, V ) ≤ 2φ1/p ‖U‖p ‖V ‖q
g �.> Í@3xi

@ 1JA&C <F�0+ /B1KzJ1 + CnR 6 Èx8e< 7[1BA < A +(� 7 < -,C �0+ ) % )5'21 + 5 � C
7 < 1A7 < '*-0)5-eC+5 � 5.-
7 �0+ 5 %;+&!0� 5 %;+ C
: � C;7 < 1 !0� CFCqALC
Cq) % )F'*1 +(+&% ' <F� C Q;� ) % A p[< -,C5A9:_) % )$C % C5z N 7()51;)F' Y A � C Y A(' : � A < C51 + ) % C5C51 ! '2-,C >B@ 1JA&C <F� 5(- N 1 + ) < 1 + C ! ' s 5 � CFCq1JA&C
: % 7 < 1`7 < '*-0)5- Ä 5a3 # - < -O5.'_)F-¢Æ"5 � : %�N -@: %B+(MB�e%;+&!0�BQ(Y A(' N 1 + ) <5�dY A\3 A +(��T 1 +L! )5'21 + 5.-0) �@<5N ' + '2Cq) �d+&� 7 � A.)�7 % C
% A MBNO�0+ ) �@< : % 5.-@7 �,+ 5 %B+&!E���0+ ) <5� 5 � A p ) < '2U(A&C >
��� ��� ����� 
 ����������� É«Á;Ã~¼E¾L»

U, V
NB¼0ÊAG �KºK½¢Ã~º �BM*¼BQ�ºRM �$º;»?Á;ÃH½5¼ Q�½ �$¼
MIM*¼ Q?N�� S}¾LÃ~¼ Q�Q$Ê.½wÊ.¾�¼ QrË&ºBÀ$¼ Ë[½FÁ �$º �0ÃIM ÃTQ �

�

f, g : ( e ,B( e )) → ( e ,B( e )) NJ¼EÊAG 3EÁK¾«ÀE»rÃ~ÁK¾8Q HO¼BQ¢Ê.½5º �
M*¼BQh¼E» U ′
= f(U), V

′
= g(V )

� / ÁKÊ�Qmº �KÁK¾8Q
ºRM2ÁK½1Q��
� ���

c(σ(U
′
), σ(V

′
)) ≤ c(σ(U), σ(V ))

g �(> 8 ÎJi
� ����� JD¼BQfÀFÁe¼,1²À0Ã~¼E¾L»]QDNJ¼"H �
M*ºK¾vÂJ¼$ºK¾«À$¼f¾«¼DN��?Ë&¼E¾ZNB¼0¾&» � Ê&¼%NB¼,M*ºhÀFÁ$Ë[Ê6M*¼ CUV NKÊ�À$ÁKÊeËZM*¼ (U, V )
� ������� É«Á;ÃH»

Z
¼BQ$»nÊ.¾OË«½5Á,À$¼BQ1Q$Ê�Q Q¢»?º;»4Ã~Á;¾&¾«ºKÃH½5¼[NB¼WÀ$Á,¼,1 ÀEÃ~¼0¾&» Q,NB¼DH �
M*º;¾xÂx¼Fº;¾[À$¼

(ck,Z)k≥1
¼0»�M*¼ZË[½FÁ,À$¼BQ Q¢Ê�Q

Y = (f(Zn))n∈ �
Á �

f
¼BQ¢»"Ê.¾«¼�ºFËJË M Ã~À$º;»4Ã~Á;¾�H^¼BQ$Ê.½Fº �
M*¼ � ��M*ÁK½1Qd¾[Á;Ê�Qdº �=Á;¾9Q

∀k ≥ 1, ck,Y ≤ ck,Z

� �BH^ÁK¾8Q$»r½5º;»4Ã~Á;¾ � � � C < -,C5A9:*) % )$C�C51 + )�A +&�h! 1 + C5- Y A �0+L!E� 5.' <5�e! ) � 5 � : % 7 < 1`7 < '2-E)F- 5 � U % C � 5 � Cf) < '*U&A&CaX
C5'
f
� Cq)mA +(�o% 7979:2' !,% )F'*1 +²NO� CqA <$% U8: �JQ % :21 < C

σ(f(U)) ⊂ σ(U)
>�c 3 ' + - MJ% :*'*)5- g �.>98 ÎJi[5(- ! 1JA9: �o% :21 < CW5 �

: % 5.-EX + '_)F'*1 + 5 � C ! 1 �E|j! ' �,+ )$C"5 �jN -@: %B+(MB�e%;+&!0�B>\Py%F<��Ep.�0N 79: �BQ 7L1JA < : �m! 1 �0|^! ' �,+ )
α
Q Cq' + 1BALC + 1B)51 + C

σ(U) = F Q σ(U
′
) = F ′ � )

σ(V ) = G Q σ(V
′
) = G′ Q '=: � Cq) ! : % ' <7Y A �

sup
A∈F ′ ,B∈G′

|P (A ∩ B) − P (A)P (B)| ≤ sup
A∈F ,B∈G

|P (A ∩ B) − P (A)P (B)|

� %;+ C�: �^!,% Cw1�
�: � C % 7979:2' !,% )5'21 + C
f
� )
g
C51 + )wU(' � �,! )5'2/ � C Qa% z %B+ )�: � C´' + - MJ% :*'*)5-eC�5 %;+ C�: � C 5 � A p C �0+ C Q

+ 1JA&C % /B1 + CW5.1 +&! - Mx% :2'_)F- 5 � C ! 1 �E|j! ' �0+ )$C 5 ��N -
: %;+&MB�,%B+&!E�
c(σ(U

′
), σ(V

′
)) = c(σ(U), σ(V ))

> �}+
7 %A< )F' ! A9:*' �
<eQ C5' + 1BA&C 7 <5�,+ 1 + C 7[1BA <

f
� )
g
: � C T 1 +&! )F'*1 + C?5 �W< -
7 %A< )F'_)F'*1 + 5 �

U
� )
V
g + 1;)5- � C <F� Cc7 �,! )F' s

/ �,NO�0+ )
FU

� )
FV
i Q\+ 1JA&C �0+ 5.-@5(A('2C51 + C Y A � : � C ! 1 �E|j! ' �0+ )$C 5 �^N -@: %B+(MB�e%;+&!0� C51 + )d- Mx% A p R !0� A p 5 �

FU (U), FV (V )
� )�5.1 +&!´+(� 5.-@7 �,+ 5 �0+ ) Y A � 5 � : %^! 1`7(A9: � 5 �

(U, V )
>

c 3 �Ep ) �0+ C5'*1 + 5 � :r3 ' + - MJ% :2'*)5- g �.>98 Îxi % A p 7 < 1 !E� C5C5A&C <5� 7L1xC � CqA < : �ONO�0NO�^%F<FM A NO�,+ ) Y A � 5 %;+ C : �^!0% C
U('2/ %F< '*- >
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� � ) # -01 < V NW� 7 �@<5NO� )�5 � 5.-O5.A(' <5� : % Cb) < A ! )5A <F� 5 � 5.-
7 �0+ 5 %;+&!0� 5 � C !$#&%KG`+(� C&5 ��b�%F< IB1K/�7 %F< )5' � :=: �,NO�0+ )
1BULC �@< /J- � C�5 ��!E� :=: � 5.A 7 < 1 !E� CFC5A&C ! 1 N 79: � ) >&¶ '

Y
� Cq)nA +&�´!$#&%KG`+&� 5 � b�%A< IJ1K/D7 %A< )F' � :>: �0NO�,+ )�1BULC �@< /J- �BQ '>:

�Ep '`Cb) �
Z
!$#&%=GH+(� 5 �"b�%A< IJ1K/ � )7A +(��T 1 +&! )F'*1 +hNO� CqA <$% U8: �

f
) � :=: � C Y A �

∀n, Yn = f(Zn)

� %;+ C[: �]!0% CW5 � C !$#&%KG`+(� C ! 1BA879: � C � )O) < '=79: � )FC Q : %�T 1 +&! )F'*1 +
f
� Cq) :43 % 7978:*' !0% )5'21 + ! 1v1 < 5.1 +(+ - � CqA < :r3 � C s

7 %J!E� Y . ¶ 1BA&C,5 � C ! 1 + 5('_)F'*1 + C % CFC �
COM - + - <$% : � COg~Cq) % )5'21 +(+L%F< '_)F- � ) !�%A<c< '`C s < - ! A < <F�0+&!0�BQ /B1B' <f%;+&+(�Ep.�h� i Q: � C !$#&%=GH+(� C�5 �[b�%A< IJ1K/�C51 + ) �
<FM 165.' Y A � C � )
β
srN -@: %B+(MB�e%;+ ) � C >a¶ 1BALC !0� C ! 1 + 5.'*)5'21 + C�C5A <

Z
Q : � C !$#&%=GH+(� C

5 �%b�%F< IB1K/)7 %F< )5' � :=: �,NO�0+ )�1BULC �@< /J- � C�g � ) �0+ 7 %F< )5' ! A9:2' �
< : � C �+bk�n% i�Cq1 + ) � :=: � C % A&CFCq' �
<FM 165.' Y A � C � )
β
s

N -
: %;+(MJ�,%B+ ) � C > � � 79:2A&C Qa+ 1BA&C ! 1 +(+&% '2CFC51 + CwA + NO% �b1 <$%;+ ) 5 � : % /v'_) � CFC � 5 � 5.- !
< 1J'2CFC %;+&!0�BQ«!E�^Y A(' + 1BALC
7 �
<FNW� )�5 �f! 1 +(+&%KG ) <5�dM`<��J!E��% A p ' + - MJ% :*'*)5-eCfg �(> Í �;i � )Wg �.> Í : i+: % /v'*) � C5C � 5 � 5.- !B< 1B'`C5C %;+&!0� 5 � : %WT 1 +&! )F'*1 +
5a3 % A.)F1 ! 1K/ %F< ' %B+&!E�J>\Py%F<W�Ep.�0N 79: �BQ C5'

Z
� Cb) M -,1 N -E) < ' Y A �0NO�,+ ) �
<FM 165.' Y A � g % / �,! A +(� 5(- !B< 1B'`CFC %B+&!E�j�0pvs

7[1 +(�,+ )F' � :>: � 5.A ! 1 �E|j! ' �0+ )
βn
Q{!0�mY A(' � Cb)�A +(� 7 < 1A7 < '2-E)5-^/J- < '_XL- � 7 %A< : � C N 165.V
: � C P
��¸7�+b C51BA&C?: � C

# z�7L1B) # VeC � C"5 � � 1BA !j� ) % : >2Q}69� 3 < i Q{+ 1BA&C,7L1JA(/B1 + C %;|[<FNO�
< : %�! 1K/ %A< ' %;+&!0� 5(- !B< 1 G ) �Ep 7[1 +(�,+ )5' � :=: �,NW�,+ )
5.VeC Y A �

Yn ∈ L2+ε
% / �e!

ε > 0
>a¶ '�: %�!$#&%KG`+(� 5 �[b�%F< IB1K/ � Cq)wA + ' T 1 <5N - NO�,+ ) M -,1 N -E) < ' Y A �0NO�,+ ) �
<FM 1 s

5.' Y A � g !E��Y A(' ! 1 <c<F� Cc7L1 + 5�R : % 5.- !
< 1J'2CFC %;+&!0�´�0p 7L1 +(�0+ )5' � :=: � 5 � C
φn
i Q[+ 1BALC % /B1 + C �,+&! 1 <5� 5.- !B< 1B'`C5C %;+L!E�

�Ep 7[1 +(�,+ )5' � :=: � 5 � : %W! 1K/ %A< ' %;+&!0�BQx% / �,! 5 � C ! 1 + ) <$% ' + ) � C N 1B' + C T 1 < ) � C�CqA < :r3 �0p '2Cq) �,+&!E� 5 ��N 1 NO�0+ )FC M`<��J!E�
R%:43 ' + - Mx% :2'_)F- 5\3 u U <$%;M ' N 1K/ >.@ 1JA&Cn)5' < 1 + C
5 �f!0� C <F�0N^%F<$Y A � C;5 � A ph! 1 +&! :2A&C5'*1 + C X
Y cD% /v'*) � C5C � 5 � 5.- !B< 1B'`C5C %;+&!0� 5 � : % 5.-@7 �,+ 5 %;+L!E� 5 � C �+bk�n% g � ) + 1B) %BNWNO�,+ )[5 � : % ! 1K/ %F< ' %;+&!0� i
7 � A.) � ) <5� 1JU.) �,+ A � 7 %A< : %^! 1 +(+L% '`C5C %;+&!0� 5 � C
7 < 1`7 < '2-E)F-,C�5(A 7 < 1 !E� C5C5A&C N^%A< IJ1K/x' �0+�! 1 N 78: � ) Q 78:*A&C
T~%B! '=: � RW-0)5A85.' �
<�6 Èx8e<r>

Y cD%´N 1�5(-
:2'2C % )F'*1 + 7 %A< �+bk�n% 5 � C�7 < 1 !0� CFCqA&C�5 �ZN -@: %B+(MB� CyCb) % )5'21 +&+&% ' <5� C�C �,N U9: � 79:2A&C % 5 % 7.)5- �7% A p
7 < 1 !0� CFCqA&C 5.1 + )^: % 5(-
7 �0+ 5 %B+&!E� 5.- !B< 1 G ) <F% 7('=5 �0NO�0+ ) >=�}+O� l � ) Q;! 1 NONW��+ 1JA&C +(��N 165.-
:2'2C51 + C 5(' <F�,!Es
) �0NO�,+ ) Y A � : � C.5 �0+ Cq'*)5-eC

p(yn, yn+1)
Q : � C.5 �,+ C5'_)F-,C.5a3 1 < 5 <F� CqA97[- < ' � A <F�

p(yn, yn+2), . . . , p(yn, yn+p)+(� Cq1 + ) Y A � 5 � C ! 1 + Cq- Y A �0+&!0� C?5 � :43 # z47[1;) # V,C ��Ä 7 < 1 !0� CFCqA&C N^%A< IJ1K/x' �0+ 7 %A< )F' � :>: �0NO�0+ )f1JU&C �@< /J-¢Æ >
�7+ N 165.V
: � �+bk�n% ) � : Y A � C % 5.-@7 �,+ 5 %B+&!E� C51B'*)mR 5.- !B< 1B'`C5C %;+L!E��<F% 7('T5 ��% 5.1 +L! 5 � Ca5 �0+ C5'*)5-,C
p(yn, yn+p)

Y A(' ! 1 + / �@<5MJ�0+ )O/ �
< C <$% 7('T5 �0NO�,+ )j/ �
< C
p(yn)p(yn+p)

Q !E��Y A('�7 �@<5NO� ) 5 �]+(�]T~% ' <F�
% 797 � : Y A\3 R 5 � C # z�7L1B) # VeC � C,5.-q�qR T 1 <5N A9:2- � CWC5A < : � 7 < 1 !E� C5C5A&Chg ' > �J> : % :21B'
5 � : %kN^%F<FM ' +&% : � i QD� )
5.1 +&! :2' N '*) � : � C < '2C Y A � C�5 �7N^% A(/ % '`C � C % 5.- Y A % )5'21 + C % A p 5(1 +(+ - � C >x� �,! '87 � A.) ! 1 + Cq'`Cq) �
<"�0+ A + ) � Cq)
5 �^! 1 # - <F�0+&!0� 5.A N 1�5(V
: � 7 %F< <F% 797[1 < ) % A p 5.1 +(+ - � C >\¶ ' + 1BA&C�/J1BA9:21 + C N 165.-
:2'2C �
<�� )dC �0MJNO�0+ ) �@<
5 � C^7 < 1 !E� C5C5A&C}R,5.-
7 �0+ 5 %;+&!0� :*1 +(M A �BQ '=:[C �0N U9: � 7 < - T - <$% U9: � 5a3 �0+^T~% ' <F� :r3 # z�7L1B) # VeC ���Ep 79:2' ! '_) �0NO�0+ ) Q
7 %F< �Ep.�0N 79: � 7 %A< :r3 �,N 79:*1J' 5 �w!$#&%KG`+(� C ! 1BA979: � 1JA^) < '=79: � )�7 %A< )F' � :>: �0NO�,+ ) N^%F< IB1K/v' �,+(+(� CZg /B1J' <w6 Í � Î <
7L1JA < : % C �0MJNW�,+ ) % )F'*1 + 5 � C
7 < 1 !E� CFC5A&C�R N - N 1J' <F� :*1 +(M A � i >

�O��� � �E�f�d���$��� ��� ���q�Z�a�{�,�����{�E�f�

@ 1JA&C % U[1 < 5.1 + C 5 %B+ C !0� )5) � C �e! )F'*1 + :43 � Cq)5' N^% )F'*1 + 5a3 A +(�7�+bk�n% C !,% : % ' <5�JQ C � :21 + : �nN 165.V@: � 5.- !B< '_)^5 %;+ C
: % C �,! )5'21 +h�(> Í > 8(> Í >J@ 1JA&C <F% 797 � :21 + C"U < '2V0/ �0NO�0+ );:43 % 7879:*' !0% )5'21 + 5 � : %fN -E) # 165 �ZÄ u +.T �@<5�,+&!E��� 1 <+bo%F<FM ' + CÇÆ
7[1BA < :r3 � Cb)F' N^% )5'21 + 5a3 A +(��!$#&%=GH+(� 5 � b�%A< IJ1K/�Cq) % )5'21 +(+L% ' <5�

Y = (Yn)n≥1
Cc7[- ! '*X&- � 7 %F< A +(�]! 1A7(A9: �B>

� 1 NONO� 5 %B+ C
: % C �,! )F'*1 + 2 > �(Q(+ 1BA&C �,+ 5.-O5.A('`Cq1 + CZA +]� Cb)F' N^% ) � A <w�n� u 7[1BA <´�+b �n%^� )�7[1BA < : � C Y A � :=: � C
+ 1JA&C;7L1JA(/B1 + C % /B1J' < 5 � C T 1 <FN A9: � C �0p 78:*' ! '*) � C >
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¶ 1J'_)�A +(��!$#&%KG`+&� 5 �Db�%A< IJ1K/
Y = (Yn)n≥1

< - � :=: �d� )´Cq) % )5'21 +(+&% ' <F�BQ ) � :=: ��Y A � C % :21B'{Cq) % )5'21 +(+L% ' <5�d� )
: %�! 1A7(A9: � 5 �

(Y1, Y2)
% 5 NW� )q) �0+ ) <F� Cc7 �,! )F'*/ �0NO�0+ );5 � C;5 �,+ Cq'*)5-eC

fθ, θ ∈ Θ
g]5 �wTb> 5 > <

Fθ
i � )

cη , η ∈ Υ
>(¶ '

y = (y1, . . . , yN )
� Cb)ZA + - !$#L%;+ )5'=:>:21 +DQ C % :21 M;s / <F% '2C �0N U9: %;+&!0� C03 - !
< '*)?X

L(θ, η) =

N∑

i=1

log (fθ(yi)) +

N∑

i=2

log (cη(Fθ(yi−1), Fθ(yi)))
g �.>98 Í=i

c\�d!,% : ! A9:&5 � :r3 �(b � + - !E� C5C5'_) � : %%< -,C51A:2A.)5'21 + 5 � C�- Y A % )F'*1 + C + 1 <FN^% : � C�C5A('*/ %B+ ) � C




∑N
i=1 ∇θ log fθ(yi) +

∑N
i=1 ∇θ log (cη(Fθ(yi−1), Fθ(yi))) = 0

∑N
i=2 ∇η log (cη(Fθ(yi−1), Fθ(yi))) = 0

g �.>98B8 i

� 1 NONO�}+ 1JA&C.:r3 % /B1 + C.5.-b�qR7/xAD5 %;+ C&: % C �e! )5'21 + 2 > �&Q : � C{- Y A % )F'*1 + C + 1 <5N^% : � C +(� 7 �
<FNO� )5) �0+ ) 7 % C.5\3 1JU.) �,+ ' <
5a3 �Ep 7 <F� CFCq'21 + %B+&% :2zx)5' Y A � 7[1BA < : �kN^%Kp ' N A N 5 � / <F% '2C �0N U9: %;+&!0�BQ}� )�5 � Ca7 < 1 ! -O5.A <F� C)5a3 1`7.)5' N '2C % )F'*1 +
+ A N - < ' Y A � C51 + ) + - !0� CFC % ' <F� C+7[1BA <
< -,C51BAd5 <5��!E� C5z.Cb)FV NO�B>

c\� C N -E) # 165 � C�5a3 � Cb)F' N^% )5'21 +^�0+ 5 � A p -E) % 7 � C u ��b�� ) 1 NO+ '2U(A&C�g~/B1J' < C �,! )5'21 + 2 > �(>98 i 7 < -eC �,+ )F- � C�5 %;+ C
: � !,% C N A8:_)F'*/ %F< '2- � C03 % 7879:*' Y A �0+ ) �0+&! 1 <F� g~/B1J' < 6 2&Í < 7[1BA < A +&��% 7979:2' !0% )F'*1 + 5a3 1 NO+ '2U(A&C^R :r3 � Cb)F' N^% )F'*1 +
C �0N ' s 7 %A<F%BN -0) < ' Y A � 5a3 A +(�Z!$#&%=GH+(� 5 �
b�%A< IJ1K/.i >ec{%�N -0) # 165 � u ��b�! 1 + Cq'`Cb) � �,+ : %�< -eCq1`:*A.)F'*1 + 5.AOC5zvCq)5V NO�
C5A('*/ %B+ )





∑N
i=1 ∇θ log fθ(yi) = 0

∑N
i=2 ∇η log (cη(Fθ(yi−1), Fθ(yi))) = 0

g �.>98;� i

7[1BA < : �eY A � :=: �^+ 1JA&Cf1JU.) �,+ 1 + C?79:2A&C T~%J! '=: �,NW�,+ )�A +(� C51A:2A.)F'*1 +�%B+&% :2zx)5' Y A �BQ 1BA 7L1JA < : �,Y A � :�: � Cf1`7.)5' N ' s
C % )5'21 + C + A N - < ' Y A � C�C51 + )�79:2A&C´Cq' N 79: � C � )�7 �
<5T 1 <FN^%;+ ) � C >a� � C5zvCq)5V NO��! 1 <c<F� Cc7[1 + 5 % :21 < C7Ra: %OT 1 +&! )F'*1 +
� Cq)5' N^%;+ ) �

GIFM (θ, η) =
(
∇θL

′
m ∇ηL

′
)′ Q 1�
 + 1JA&C % /J1 + C + 1;)F- Lm 7[1BA < : % :21 M;s / <F% '2C �0N U9: %;+&!0� 5 �: %�N^%A<5M ' +&% : �J>

£�¤��Z¤�� �]¬J®(° � ¯S®(°b¨"± �7ªD¬ �����k¯ ¯��"ªD© ©«¨}³w­wµbªD¬
� 7 %A< )F' < 5 � C�5.-0/ � :21A797 �0NO�,+ )$C"C5A < : % 7 < 1;� �e! )F'*1 + 5 � C T 1 +&! )5'21 + C � Cq)5' NO%B+ ) � Cwg~C �,! )5'21 +j�(>9� i QB+ 1JA&C�7 < 1 s

7[1JC51 + C«A +&�}+ 1BA&/ � :=: � 7 < 1 ! -@5.A <F� 5a3 � Cq)5' NO% )5'21 + 5 � C 7 %F<$%;N V0) <F� C 5a3 A +dN 165.V
: � �+bk�n%(>,cD% :21 M;s / <F% '2C �0N U9: %;+&!0�
! 1 N 79:*V0) � 5.A N 165.V
: � g]5.- !B< '_)�5 %;+ C;: % 7 %F< )5' �f�.> Í >98.> Íei C03 - !
< '*)

Lc(φ) = log p(x, A) +

N,K∑

i,k=1

1k(xi) log f(yi, θk) +

N,K,K∑

i,k,l=1

1k,l(xi, xi+1) log cηkl
(F (yi, θk), F (yi+1, θl))

@ 1JA&C�' + ) < 165.A&'2C51 + C % :*1 < C+: % :*1 M;s / <$% '`C �0N U8: %B+&!E�7N^%A<5M ' +&% : � 5.A�7 < 1 !E� CFC5A&C
(Zn)1≤n≤N

5.-EX + ' � 7 %A<



ÍBÍ : ���������
	��
������������������������������� �"!#�
�%$&�('&���)��	*�
�+�,$-'.�+�

Lc,m =

N∑

i=1

log(p(zi, φ))

=
∑

i,k

1k(xi) log (πkf(yi, θk))

� )�: %�T 1 +&! )5'21 + � Cq)5' N^%;+ ) �

g ��� 
 ((x,y), φ) =
(

∇AL
′
c

(
∇θk

L
′
c,m

)
1≤k≤K

(
∇ηk,l

L
′
c

)
1≤k,l≤K

)′ g �.>98 2vi
@ 1JA&C 7 < 1A7[1JC51 + C�5a3 � Cb)F' NO�@< : � C�7 %A<F%BN V0) <F� C 5 � : % �+bk�n%m�,+�< -,C51A:2/ %;+ )�:r3 - Y A % )F'*1 + 5.-EX + ' � 7 %A< : % 7 < 1 s
� �,! )5'21 + 5 � : %WT 1 +&! )5'21 +�� Cq)5' NO%B+ ) �

g ��� 
 Q ' > �J>

G ��� 
 (y, φ) = Eφ [g � � 
 ((x,y), φ) |y ]
g �.>98B� i

@ 1JA&C A.)5'=:*'`C51 + C(:43 % : M 1 < '*) #(NO�7��� u 7L1JA < : %?<F�,!$#(�@<F!$#&� 5 � C <F%J! ' +(� C�5 � :r3 - Y A % )F'*1 +
G ��� 
 (y, φ) = 0

QJ!0�wY A('
5.1 +(+(� : � C T 1 <5N A9: � C�5 �D< - s?� Cq)5' N^% )5'21 + C7' N 78:*' ! '*) � C´C5A('2/ %;+ ) � C�7[1BA < : � C 7 %A<F%BN V0) <F� C�5 � C�:*1J'2C 5a3 - N '`C5C5'21 +
� )�5 � C ! 1`7(A9: � C

7[1BA <
1 ≤ k, l ≤ K,





θ
(n+1)
k

) � : Y A � ∑N
i=1 π

(n)
i,k ∇θk

log f(yi, θk) = 0

η
(n+1)
kl

) � : Y A � ∑N
i=1 p

(n)
i (k, l)∇ηkl

log cηkl
(F (yi, θ

(n+1)
k ), F (yi+1, θ

(n+1)
l )) = 0g �.>98;È i

cD% / �@< C5'*1 + Cb)F1 !$#&% Cq)5' Y A � 5 � �n� u s u � b�! 1 + Cq'`Cq) �o�,+ : % < -,C51A:2A.)5'21 +�% / �,! 5(1 +(+ - � C ! 1 N 78:*-0)5- � C)5 �
:r3 - Y A % )5'21 + g �.>98 2vi Q=!E�nY A&'45.1 +(+(� : � C NO�,NW� C T 1 <5N A9: � C 5 �"N '`C � C{R"�b1BA <�Y A � :r3 �,Y[> g �.>98;� i N^% '`C&7[1BA <S!$#&%JY A �
! : % CFC �

k
� ) !$#&%JY A �"! 1JA979: � 5 ��! : % CFC � C

(k, l)
>K@ 1JA&C&7[1BA&/B1 + CaX +&% : �,NO�0+ ) < -0' + ) �@< 7 < -E) �
< : % 7 < 1 ! -O5.A <F� u ��b s

�n� u 5 � : %�N^%B+ '*V <5� C5A('2/ %B+ ) � X
Í >w�n% : ! A9: �
< : � C
7 %A<F%BN VE) <F� C

An+1
� )
θn+1

! 1 NONO� 7L1JA < A +(���+bk�n%;s tnu
8(>w�n% : ! A9: �
< : � C N '`C � CZR��b1JA < 5 � C Tb> 5 > < 5 � C
:21B'`C
5a3 - N '2CFCq'21 +
�&>w�n% : ! A9: �
<

ηn+1
! 1 NONW� -0) %B+ ).:r3 �(b � 5 � C ! 1A7(A9: � C Q U % Cq-yC5A < : � C.5(1 +(+ - � C N '`C � C\RS�b1BA < (

F (yi, θ
(n+1)
k )

)
1≤i,k≤N,K

£�¤��Z¤�� ���Z³ �\§&° � ªD± ®v¯S®(°b¨ ±�¬
@ 1JA&C7'=:=:*A&Cq) < 1 + C�5 %B+ C !0� )q) � C �,! )5'21 + :r3 ' +6U A �0+&!0� 5 � : % 5(-
7 �0+ 5 %B+&!E�W! 1 + 5.'*)5'21 +(+(� :>: � 7[1BA < : � C �+bk�n%

5 %B+ C;: � C
7 #&% C � C
5a3 � Cq)5' NO% )5'21 +�� )�5 � C �0MJNO�0+ ) % )5'21 + 5 � C N -
: %;+&MB� C�Cq) % )5'21 +(+&% ' <F� C >&� �,! ' + 1BALC;7 �@<5NO� )�5 �
NO� )5) <F�d�0+ -0/v'=5 �0+&!0� :43 ' + )F- <F� )�5 � : % 7 < '`C ���,+ ! 1 N 7.) � 5 � : % 5.-@7 �,+ 5 %;+L!E�d�0+ ) <5� : � C�1BULC �@< / % )F'*1 + C+7L1JA <
Y :43 � Cq)5' N^% )5'21 + 5.A N -
: %;+(MJ� ∑K

k=1 πkf(yi, θk)
Q

Y :43 � Cq)5' N^% )5'21 + 5 � :r3 % A.)51 ! 1K/ %A< ' %;+L!E� 5(A 7 < 1 !E� C5C5A&Cn1BULC �@< /J- Y
Q

Y : � ) % A p 5\3 �@<c<F� A <��,+ C �0MJNW�,+ ) % )F'*1 +h+ 1 +.s CqA87 �@< /v'`Cq- �B>@ 1JA&C´'>:=:2A&Cb) < 1 + C�CqA < 5 � C 5.1 +&+ - � C <$% 5 %F< < - � :=: � C Q : �^! 1 N 7L1 < ) �0NO�0+ )?5 � C % : M 1 < '_) #(NO� C 5 � C �0MJNO�0+ ) % )5'21 +
7 %A<w�+bk�n%Ks tnu � ) �+bk�n%O% / �,!´! 1A7&A9: � C >
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@ 1JA&C N 1 + ) < 1 + C})51BA();5a3 % U[1 < 5jR,:43 % 'T5 � 5 �´Y A � : Y A � C �0pv�,N 79: � C Y A � : � C �+bk�n%Ks tnu <5� 7 < 165.A&'2C �0+ ) N^% :
: % :21B'^5.A�7 < 1 !0� CFCqALC�1JU&C �@< /J-

Y
Q :*1 < C Y A ��+ 1BA&C % /B1 + CwA +(� 5.-
7 �0+ 5 %;+&!0�O! 1 + 5('_)F'*1 +(+(� :=: �B>a@ 1JA&Cw) <$% '*)51 + C

7[1BA <m!0� : % ���Ep.�,N 78: � CVX + 1JA&CmC5' N A9:21 + Ca5 %;+ C : � 7 <5�,N ' �
<h!0% CjA +(� �+bk�n% R 5 � A p ! : % CFC � C 5.1 + ) : � C
:21B'`C%5\3 - N '`CFCq'21 + Cq1 + )[5 � C%:21B'`C MJ%;NON^%(Q�� )�) � :=: � C Y A � : % 5(-
7 �0+ 5 %B+&!E� ! 1 + 5.'*)5'21 +(+&� :=: � Cq1J'_)[7[1 < )5- � 7 %A<
A +(��! 1A7(A8: �]Mx% A&CFCq' �0+&+(�B> � %;+ Ca: � 5 � A p '2V NO�]� )a: � ) < 1B'`C5'*V NW�]!,% C Q '>:wC03 %;M '_)a5 �]N -@: %B+(MB� Cq) % )F'*1 +(+&% ' <F�
5.1 + ) + 1BA&C +(��! 1 +(+L% '`C5C51 + C�7 % C�: % :21B' Q&N^% '2C�5.1 + ) + 1JA&C´Cq1 NWNO� C7C	� < C Y AD3 '=: +&� C03 %;M '_) + ' 5\3 A +&�O�+bk�n%;s
tnu + '(5a3 A +(���+bk�n% X\'=: C,3 %;M '*)"5a3 A +·!$#&%;N 7 5 � b�%A< IJ1K/ !0%B!$# - Q 5.1 + )": � C�1JU&C �
< / % )5'21 + CdC51 + ) ! 1 <c< -
:2- � C
! 1 + 5.'*)5'21 +(+&� :=: �,NW�,+ ) % A p�! : % C5C � C >

P 1BA <DNW� )q) <5�}�,+ -0/v'T5 �0+&!0� : %�Y A % :2'_)F-�5 � :r3 � Cb)F' N^% )F'*1 + : % :*1J'A5.A?7 < 1 !E� CFC5A&C Q0+ 1BA&C\A.)5'=:*'`C51 + C&: � C T 1 +&! )5'21 + C
5a3 % A.)F1 ! 1K/ %F< ' %B+&!E�w� )�5a3 % A.)F1 ! 1 < < -
: % )5'21 +DQxN^% '2C % ALC5C5' : � C ! 1 �E|j! ' �,+ )$C
5 �dÅ��0+ 5 % :=: � )�5 ��¶ 7 �,%A<5N^%;+ g /J1B' <
2 > �(> Íei ! 1 NWNO� ' + 5.' !,% ) � A < 5 � : % 5.-@7 �,+ 5 %;+L!E� 5 �

Y
>}c 3 % / %;+ ) %;MB� 5 ��!0� C[5 � A p 5 �
<F+ '2V <F� C NO� C5A <5� CD5 �

5.-@7 �,+ 5 %;+L!E�d� Cq)�5 �d+&� 5.-
7 �0+ 5 <5�fY A � 5 � : %^! 1A7(A8: �JQ&! 1 + ) <F% ' <F�0NO�,+ )7R[:r3 % A.)51 ! 1 < < -@: % )5'21 +\>.c\� A <7�0p.%BNO�0+
+ 1JA&C 7 �@<5NO� )"5 � C5-
7 %A<5�@< : %hY A % :*'*)5-[5 � :r3 � Cb)F' N^% )F'*1 + 5.A N -
: %;+(MJ� 5 � : %hY A % :*'*)5-[5 � :r3 � Cb)F' N^% )F'*1 + 5 � : %
5.-@7 �,+ 5 %;+L!E�B>

c 3 
�
�
�� ����
 � � Cb)�A +(�d�+bk�n% RD5 � A p^! : % C5C � C}) � :>: � C Y A � : � C�:*1J'2C+5a3 - N '`C5C5'*1 + C51B' �0+ )�5 � C(:21B'`C Mx%;NON^%
γ(1, 1)

� )
γ(3, 2)

>LcD%ON^% ) < ' !0� 5 � ) <F%B+ Cq'*)5'21 + 5 � : %j!$#L%=GH+(� 5 �,b�%A< IJ1K/
X
� Cb)

A =

[
0, 8 0, 2

0, 2 0, 8

] >[c\� C
5.-@7 �,+ 5 %;+L!E� C ! 1 + 5.'_)F'*1 +(+(� :>: � C7C51 + ) <F� 7 < -,C �0+ )F- � C+7 %A< 5 � C ! 1`7(A9: � C MJ% A&CFCq' �0+(+&� C;7[1BA < )F1BA.) � C
: � C ! : % CFC � C
' + 5 �Ep - � C%7 %F< : ��! 1 �0|j! ' �0+ )[5 ��! 1 < < -@: % )5'21 +

ρkl, k, l = 1, 2
>S@ 1BA&COC5A9797[1JC51 + C Y A �

ρ11 = ρ22 = 0, 8� ) Y A �
ρ12 = ρ21 = 0

>D� � )q) � 5 �
<F+ '2V <F��# z�7[1;) # V,C � C5' MJ+ '*X �^Y A � : � C´1JU&C �@< / % )5'21 + C�C51 + )´' + 5.-@7 �,+ 5 %B+ ) � C
! 1 + 5.'*)5'21 +(+&� :=: �,NW�,+ ) % A p -E) % )$C�:21 < C Y A � : � C�-E) % )$C´C51 + )?5.'*l[- <5�,+ )$C^g !0�WY A(' ! 1 < <5� C_7[1 + 5 % A p C 1 +(� C TE< 1 +(s
)5'2V <F� C$i >

@ 1JA&C\C5' N A9:21 + CaA +(�"!$#&%KG`+(� 5 � :*1 +(MB� A <
N = 1000

Q¢� ) + 1BA&C : %
<F� Cq) % A < 1 + C 5 �yN^%;+ '*V <5�}+ 1 +.s CqA87 �@< /v'`Cq- �
7 %A< A +(�j�+bk�n%;s tnu � )�A +(�^�+bk�n%(Q[�0+ A()5'=:*'`C %B+ )wA + % : M 1 < '*) #(NO� u ��b s?�n� u g - Y A('*/ % : �,+ )dRW:r3 % : M 1 < '_) #(NO�
�(b 5 %;+ C�: �O!0% C �+bk�n%;s tnu i >a@ 1BA&C 5.-O5.A('`Cq1 + C�5 � C 7 %F<$%;N V0) <F� C � Cq)5' N -eC : � C T 1 +&! )F'*1 + C 5 � 5.-
7 �0+ 5 %;+&!0�
) # -01 < ' Y A � C;7[1BA < : � C N 165.V
: � C �+b �n%O� ) �+bk�n%Ks tnu
� >

u : % 787 %F<$%=G ) 5 %;+ C : � C Y A % ) <F�WM`<F% 7 #(� C 5 � : % X M A <5�^�.> Í Y A � : � C"5.1 +&+ - � Cw'`CFCqA � C?5.A N 1�5(V
: �h�+bk�n%
C51 + )wU(' �0+o� Cq)5' N - � C 5 %;+ C�: ��N 165.V
: �^�+b �n% XZ7 < - ! '`Cq- NO�0+ )�: � ) % A�5 �WÅ��0+ 5 % :>: � ) : �D<5# 1)5 �O¶ 7 �e%F<FN^%;+
C51 + )7) < V,C�U(' �0+ <F� Cq)5'*)5A(- � CwCqA < : � C�3 7 <5�,N ' �@< C�5.- !,% : %;MB� C >&P�%A<�! 1 + ) <F�BQ : ��N 165.V@: �W�+b �n%Ks t u +(� 7 �@<5NO� )
7 % C�5 �D<5� Cb)F'_)FA �
<�! 1 + / �0+&% U9: �0NO�0+ )�: % 5.-
7 �0+ 5 %;+&!0� 7[1BA < : � C � 7 <F�0N ' �@< C�5.- !,% : %;MJ� C ! 1 < <5� C_7[1 + 5 %;+ ) % A p
:21B'`C

p(y1, y2)
Q
p(y1, y3)

� )
p(y1, y4)

g �0+k!0�WY A(' ! 1 +&!0�
<F+(� : �D<F# 1�5 �^¶ 7 �e%F<FN^%;+ i >\� � :>: �EsÇ! '�5.- !B< 1 G )w) < VeC
<$% 7('T5 �0NO�,+ ) % / %;+ )"5 � ) < 1BA(/ �
< : % ! 1BA < U �O% C5z N 7.)51B)5' Y A � g4R�5.- !
< 1J'2CFC %B+&!E���Ep 7[1 +(�,+ )F' � :>: � i 5 � C?5.1 +&+ - � C
< - � :=: � Cdg]5 �dNW�,NO��Y A � : %O! 1JA < U � ) # -,1 < ' Y A � 5.A�7 < 1 !E� C5C5A&C �+bk�n% -E)FA85.'2-ei >

c\� C?5 � A p '2V NO�O� )d) < 1J'2C5'2V NO�O�Ep.�0N 79: � C % A p(Y A � :=: � C + 1BA&C + 1JA&C�' + )F- <F� CFCq1 + C�Cq1 + )?5 � C N -
: %;+(MJ� CdCq) %;s
)5'21 +&+&% ' <5� C Y A(' +(� Cq1 + )"7 % C,5 � C?7 < 1 !E� C5C5A&C �+bk�n%&> u : C,3 %;M '*),5 �m!$#L%;N 7 5 �ab�%A< IJ1K/oR U < A('_) ! 1 < < -
:2- X
+ 1JA&C M - + - < 1 + C�)51JA.)"5a3 % U[1 < 5

ε = (εs)s∈S
A +(�^!$#&%BN 7 5 �ON^%F< IB1K/ MJ% A&CFCq' �0+ g]5 � )bz�7 �ON 1Kz �,+(+(� C N 1 s

U('=: � CFi,5 � ) � :=: � Cq1 < ) �jY A �j+ 1BALC"7(A('`CFCq'21 + C ! 1 +(+&%=G ) <F� : % :*1J' N^%F<FM ' +&% : � g]:*1J' + 1 <5N^% : �j!E�,+ ) < - � < -@5.A&'_) � i >
Py%F<�% 7978:*' !0% )5'21 + 5 � : %^T 1 +L! )5'21 + 5 �%< -@7 %F< )5'*)5'21 +

φ
Q«+ 1JA&C�1JU.) �,+ 1 + C % :*1 < C�A +(�%< - % :2'2C % )F'*1 +

u = (us)s∈S5a3 A +(��! 1A7(A8: �dMx% A&CFCq' �0+&+(� 5 � )bz�7 �fN^%A< IJ1K/x' �0+D>v@ 1BA&C�7L1JA(/B1 + C M - + - <F�
<Z% :*1 < C�A +]N -@: %B+(MB� Cq) % )F'*1 +(+&% ' <F�
� J?23($- A *E:B23- QSRTQ�2�8 A 2�
 5 7 < �$A *�����I������1( ) *B-�/D0�23-�
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<FNO� ))5\3 'T5 �0+ )F'_X �@< 5 � C C 1 +(� C 5.'`Cb)F' +&! ) � Cm' + 5.-@7 �,+ 5 %;NONO�0+ ))5 � : � A < 7 < 1`7 < '2-E)F-,C 5 �
< - U - p '2/v'_)F-h-@: �e! ) < 1 NO%BMB+ -0)5' Y A �BQ 7 %A<F!0��Y A �]!E� :>: �EsÇ! ' � Cb)W7[1 < )5- % 7 < VeC %B+&% :2z.C ��#&% A() �Es < -,C51A:2A.)5'21 + 7 %F< : �
C !0% : % ' <F�

σ2
b

>D@ 1B) <F� 1JU.� �,! )5' Tn� Cb)"5.1 +&! 5 �[<$% CFC �,N U9: �
< : � C�/ �e! ) � A < C 5 � C Ä5! 1v1 < 5.1 +(+ - � C´C_7 �,! ) <$% : � CbÆ
µ =

(µ1, . . . , µp) ∈ Dp �0+ A.)F'>:2'2C %;+ )7A +&�f+ 1;)F'*1 + 5 � C5' N '=: %A< '*)5- �,+ ) <5� / �,! ) � A < C µ Q[!E�fY A �f+ 1BA&C T~% '2C51 + C�5 %;+ C: �´!,% 5 <F� 5 � : % C �0MJNW�,+ ) % )F'*1 + U % zB-eCq' �0+&+(���,+h!$# 1J'2C5'2CFC %;+ )"A +(�wT~%;N '=:>: � 7 %F<$%;N -0) < ' Y A � 5 � :21B'`C;5a3 - N '2CFCq'21 +D>
P 1BA <7!0� : %(Q.+ 1JA&C�A.)F'>:2'2C51 + C�A +(� 5.- ! 1 N 7[1JC5'_)F'*1 + 7[1A: % ' <F� 5(A�/ �,! ) � A <

µ
X

µ = ‖µ‖ × µ
g È(> 3Ji

1�
 + 1BA&C % /B1 + C ‖µ‖ =
√∑p

i=1 |µi|
2 � )

µ = µ
‖µ‖

QaY A ��+ 1JA&C % 797 � :21 + C <5� C_7 �,! )5'2/ �,NW�,+ )�: %m+ 1 <FNO��� )�: %
5.' <5�e! )F'*1 + 5 �

µ
>

� 
�� �����
��
 �4��������� JDºo¾[Á;½ HO¼�NJ¼
µ
¼BQ¢»w½F¼BM Ã �$¼ 
�M*ºkÀ$ÁFH7ËZM*¼cGJÃH» ��NKÊ�Ë[½FÁ,À$¼BQ Q¢Ê�Q � � ¾ ¼ �w¼E»

�
Q¢Ã

(Yn)n∈ �¼BQ$»�Ê.¾�Ë[½5ÁeÀ$¼ Q1Q¢Ê�Q�Q¢»ÇºK»rÃ~ÁK¾&¾«ºKÃH½5¼dº;Ê Q0¼$À$ÁK¾ NOÁ;½cNK½5¼ � Ê&¼
M*À$ÁK¾ � Ê&¼ �?¾[ÁK¾ ¾ �FÀ$¼BQ1QEº;ÃH½5¼
HO¼0¾&»}ºKÊ.»ÇÁK½��rÂB½5¼BQ1Q$Ã 3 � � ¾«ÁKÊ�Qº �KÁK¾8Q
∀p ≥ 1, σ2

p =

p∏

k=1

(1 − |µk|2) × σ2
0

g È(> Í,Îxi
Á	�
σ2

0 = E [YnY
?
n ]
¼BQ$» M*º �=º;½¢Ã~ºK¾«ÀF¼ NJ¼

Y
¼0»
σ2
p

¼BQ$» M*º �=º;½¢Ã~ºK¾«ÀF¼ NJ¼�M 0 ¼E½¢½5¼0Ê.½�NB¼}Ë«½ �1NKÃ~À0»4Ã~Á;¾ M_ÃH¾ �$ºKÃH½5¼ NJ¼
YnË&ºK½

Yn−1, . . . , Yn−p
�bÀ,3 �"º;¾&¾[¼ Gv¼ +����

�
� � Ê&ºK»rÃ~ÁK¾ � + ��� � � � J{ºaQ$Ê.ÃH»Ç¼[NB¼BQ7Ë«Ê.ÃTQ Q0º;¾[À$¼ Q σ2

p

¼ Q¢»�N��$À0½5ÁKÃTQ1Q0ºK¾L»?¼
¼0»DHWÃH¾[Á;½ �$¼OË&ºK½�� �f¼
MIM*¼�À$ÁK¾��K¼0½4ÂJ¼ � NBÁK¾«À

�
N 0 Á	�#M�0 ÁK¾ N��1NKÊ.ÃH» � Ê&¼ M2¼OË«½5Á@N;Ê.ÃH»OÃH¾@S}¾LÃ,NB¼BQ HOÁONKÊ6M2¼ Q�NB¼BQ

À$Á,¼,1 ÀEÃ~¼0¾&» Q%NB¼^½ �	�Z¼ GJÃ~ÁK¾ ∏
k(1 − |µk|2)

À$ÁK¾��K¼0½4ÂJ¼ �}ÉLÃaË&ÁKÊ.½�»?Á;Ê.»
k � |µk| 6= 1 �

ÀF¼$À0Ã�¼BQ¢» � � Ê.Ã��KºRM*¼0¾&»�
)M*º
À$ÁK¾ �=¼0½4Âx¼E¾«ÀF¼,NB¼?M2º%Q �E½¢Ã~¼ ∑

k |µk|
2 � �K¼E½1Q�Ê.¾[¼ M_ÃIH�ÃH»Ç¼d¾«ÁK» �F¼ ‖µ‖2

∞
� � ¼E»}¾«ÁKÊ�Q�QEº �=Á;¾9Q � Ê&¼"NJºK¾8QdÀ$¼fÀ$º Q�� M 
 �M*º M ÃIH�ÃH»Ç¼[NKÊ�Ë[½FÁ@N;Ê.ÃH» ÃH¾OS}¾&Ã � �0½¢Ã S ¼,M*¼ QdÃH¾ �rÂxºRM_ÃH» �BQ?Q¢Ê.Ã��=º;¾&»Ç¼ Q � �

1 − ‖µ‖2
∞ ≤

∞∏

k=1

(1 − |µk|2) ≤ exp(−‖µ‖2
∞)

g È(> ÍBÍ=i
J{º �FÁ;½¢¾[¼�ÃH¾�3 �E½¢Ã~¼0Ê.½5¼7¾�0 ¼BQ¢»xË(ºRQn»r½ �BQ"ÃH¾ 3EÁ;½ HOº;»4Ã��K¼yË[Ê.ÃTQ � Ê&¼
M*¼{Ë[½FÁ@N;Ê.ÃH»{ºFËJË(º;½¢»4Ã~¼0¾&»�
 M�0 ÃH¾&»Ç¼0½ �=ºFMIM*¼ [0, 1]

¼E» � Ê&¼
� A 2 � 2 A * �$7 N$*1:;*"/�/�* A ,.<>, /H* *B-�/4N$5=($($Z;*D0�2 7�A 2�
 5 7 < �$A *�N$*��45 A <>5=F=5 7 5 ��
 ��
���� σ2

∞ = exp
“R 1/2

−1/2
log (S(f)) df

” I
� � 5 � - � /�, A ,.-H5=($- A ) ,.N$*;(G/H, /�Z 1 − (a + b) ≤ (1 − a)(1 − b) ≤ e−(a+b) I
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NBº;¾9Q �$¼$ºKÊ&À$ÁKÊeË NB¼,Q¢ÃH»4Ê&º;»4Ã~Á;¾9Q
�
¾«ÁKÊ�Q�º �KÁK¾8Q ‖µ‖2

∞ > 1 �
H^ºKÃTQ�À$¼BM2ºdË&¼0½ HO¼0»;NJ¼DHOÁ;¾&»r½5¼E½ � Ê&¼,M*º �KºK½¢Ã~º;¾[À$¼

NB¼,M�0 ÃH¾L¾[Á �KºK»rÃ~ÁK¾
σ2
∞
¼ Q¢»nÀ$Á;¾&»r½��RM �$¼ZË(º;½"M*ºj¾[ÁK½ H^¼ ‖µ‖2

∞
�

@ 1JA&C ! 1 + C5'=5(- < 1 + C % :21 < C Y A � : � C ! : % C5C � C Y A �d+ 1JA&C <F�,!$#(�@<F!$# 1 + C�C51 + ) !0%A<F%J! )5- < '`C5- � C�7 %A< 5 � C7/ % : � A < C
N 1Kz �,+(+(� C % A()51BA < 5 � C Y A � :>: � C%: � CW1BULC �@< / % )F'*1 + CWCq1 + ) < -@7 %F< )5' � CWC5z N -0) < ' Y A �,NW�,+ ) > � %B+ C%: �]!,% C�1�
 : � C
1BULC �@< / % )F'*1 + C�Cq1 + )?5 � C 7[1B' + )$C"5 � e p Q : % C5' N '=: %A< '*)5- �0+ ) <5� 5 � A p 1JU&C �@< / % )5'21 + COg 1JA�A +(� 1BULC �@< / % )F'*1 +o� ): % / % : � A <�N 1Kz �,+(+(� i � Cq) NW� CqA < - �h�,+ ) �@<5NO� 5 � 5.'2Cq) %B+&!E�h� A ! :*'T5.' �0+(+&�BQy� )[: % ) <F% 5.A ! )F'*1 + 7 < 1BU % U('=:*'`Cb) �
! : % CFC5' Y A � 5 ��!0� ) % 7 < '*1 < ' � Cb) :r3 A.)5'=:*'`C % )5'21 + 5 � :21B'`C 5a3 - N '`C5C5'21 +²MJ% ALC5C5' �,+(+(�J> � � 7 �0+ 5 %B+ ) Q :r3 # z�7[1;) # V,C �
MJ% A&CFCq' �0+(+&�W+ 3 � Cb)"7 % CdC % )5'`C T~% '2C %;+ ) � 7[1BA < : � C ! 1 �E|j! ' �,+ )$C?5 �W< - U&�0p '21 + 7 %A<F!0�OY A\3 '=:2CfC51 + ) ! 1 + ) <$% ' + )$C�R
% 787 %F< ) �,+ ' <�% A ! 1 N 7 %B! ) Dp

� ) Y A � : %�+ 1 +.s :2' + - %A< '*)5- 5 � C ) <$%;+ C T 1 <5N^% )F'*1 + C + - !E� C5C % ' <F� C"RD: � A <Z!0% : ! A9:yg � )
: ��T~% '2U9: ��+ 1 N U <F� 5 � C < - ! A < <5�,+&!E� C A()5'=:*'`Cq- � C$i +(� 7 �@<5NO� )�7 % C
5a3 % /B1J' < A +&�f% 797 < 1 p ' N^% )5'21 + 5 �f!0� )5) � :21B' >

c 3 A.)F'>:2'2C % )F'*1 + 5 � :*1J'2C´C5A < 5 � C � Cc7 %B!0� C + 1 +.s?� A ! :2'=5.' �0+ C�7[1JC �D<$% 7&'=5 �,NO�0+ ) 5 � C�7 < 1JU9:*V NO� C ! 1 N 79: �Ep.� C
7[1BA < : % 5(-EX + '*)5'21 + 5 � : % 5.'`Cb) %;+&!0�f�0+ ) <F� : � C�1BU&C �
< / % )5'21 + C � )�: � 7 < 1BX8: N 1Kz �,+ gE7 %A<7�Ep.�0N 79: � :21 < C Y A � Y7[1JCFCqVO5 � A +(� Cq) < A ! )FA <F�WM -01 N -0) < ' Y A �^! 1 NONO� A +(� / %F< '*-0)5- 6 ÍBÍ@3 < i Q\� ) % A&CFCq'^7[1BA < : �j!,% : ! A9: � l �e! )5' T 5 � C
5 �,+ Cq'*)5-eC�g + 1B) %;NONO�0+ );: � C ! 1 + Cb) %;+ ) � C�5 �´+ 1 <5N^% :2'`C % )5'21 +]6 Í,Î � < i >(� � :>: � C sÇ! ' T 1 + )�' + ) �@< / �0+ ' < 5 � C T 1 +&! )5'21 + C
Cc7L- ! ' % : � C !E� Y A&'n' N 79:2' Y A � : � 79:2A&CWCq1JA(/ �,+ )%:43 % ULC �,+&!E� 5 �mT 1 <5N A9: �h%;+L% :2zJ)F' Y A � 7L1JA < :43 � Cq)5' N^% )F'*1 + 5 � C
7 %A<F%BN V0) <F� CD5 ��!0� C%:21B'`C >�P 1BA <O! 1 + )51BA <5+(�@<�!0� C%7 < 1BU9:2V NO� C QS+ 1BA&CWA.)F'>:2'`Cq1 + CWA +(� % 797 < 1 !$#(� A()5'=:*'`Cq- �h�,+
! : % CFC5'_X !,% )F'*1 +W! 1 + C5'2Cq) %B+ ) �0+ :r3 A()5'=:*'`C % )5'21 + 7 %A< )F' � :>: � 5 � :r3 ' +.T 1 <5N^% )5'21 +^! 1 + ) �0+ A � 5 %B+ C�: � C"1BU&C �
< / % )F'*1 + C > u :
C,3 %BM '*)&5a3 �0p 79:*1J'_) �
< A + ' Y A �,NO�0+ )&:r3 ' +.T 1 <FN^% )F'*1 + 5 � 5.' <5�e! )5'21 + 7[1 < )5- � 7 %F< : � / �,! ) � A <

µ
Q0� )&5 �"! 1 + Cq'T5.- <5�@<\Y A �

5 � A p / �e! ) � A < C
µ1

� )
µ2

C51 + )ZCq' N '>: % ' <5� C C5' : � 7 < 165.A('*)7C !,% : % ' <5� 5 � C MA<$%;+ 5 � A < C + 1 <FN^% :2'2C5- � C
R(〈µ̄1, µ̄2〉)� Cq) M`<F%B+ 5]gE:21 < C Y A � : � C"/ �,! ) � A < C"C51 + ) ! 1 N 79: �Ep.� C$i�1JA : � 7 < 1�5(A('_)�C !,% : % ' <5� 〈µ̄1, µ̄2〉

gE:21 < C Y A � : � C"/ �e! ) � A < C
C51 + ) < - � :`CFi >[� � )5) �fN -0) # 165 ��% 5.-b�qRO-0)5- % 7979:2' Y A(- � R 5 � C�5.1 +(+ - � CZ) �Ep )FA � :=: � C � )�5a3 �Ep 7 <F� CFCq'21 + 5 �fM V +(� C
5.1 + );: %�! : % CFC5'_X !,% )F'*1 +^� Cq);5.' |j! '=: � 7 %A<F!0�wY A\3 � :=: � C % 797 %F< )5' �0+&+(�0+ )nRD5 � C � C_7 %J!E� C�5 �wMA<$%;+ 5 � C+5.' NO�,+ Cq'21 + C
6 :K<?> � %B+ C + 1;) <F�}!0% C Q,!E� : %;<F� /v' �,+ )DR ! 1 + Cq'T5.- <F�
<\Y A � :43 ' +(T 1 <FNO% )5'21 + 7[1 < )5- � 7 %F< : %�+ 1 <FNO� ‖µ‖ � Cq)\U �,% A ! 1BA87N 1B' + C"5.'`C !B< ' N^%;+ ) �^� )�A()5'=: �mY A � : % 5.' <F�,! )F'*1 +

µ̄
7 %A<F!0�jY A � )51JA&C?: � C �n¸ Cq1 + ),5 �j+ 1 <FNO� ' +(T - < ' � A <5� R

Í >7� � : % <F� /v' �0+ ) % :*1 < ChR A.)F'>:2'`C �@<�! 1 NONO� ' + 5.' !E� 5 � C5' N '=: %A< '*)5- : � ! 1xCq' + A&C)5 � :r3 %B+(M : ��T 1 <5N -�7 %F< : � C
5 � A p / �,! ) � A < C

µ1
� )
µ2
>Zb�% : MA< -�)51JA.) Q[+ 1JA&C % /J1 + C�/vA 7 < - ! -@5 �0NONO�0+ ) Y A � ‖µ‖ ! 1 + ) �0+&% '_)wA +(� 7 %F< )5' �5 � :43 ' +(T 1 <FNO% )5'21 + C5A < : %o! 1 N 79: �Ep '*)5-a5.A 7 < 1 !0� CFCqALC QDY A('+7 � A.) %;N -
:2'21 <F�
< : � C�C �,MBNO�0+ ) % )5'21 + C�1BU.) �0+ A � C

% / �e! : � C(5.' <F�,! )F'*1 + C >J@ 1JA&C�7 < 1`7L1xCq1 + C % :21 < C�5 � A p^N -E) # 1�5 � C+5 � C �0MBNO�,+ ) % )F'*1 + U % zB-eCq' �0+(+&� A.)5'=:*'`C %;+ ) C51B'*)
A + ' Y A �0NO�,+ )

µ̄
Q C51B'*)

µ̄
� ) ‖µ‖ >

��¤��Z¤�� ��ª�� ¨����Dµbª ¬J®v¯S®(°q¬J®(°���­�ª ³�¯�§(¯ � �a®.§&°���­�ª ­7®.°5µq°5¬ �
c\�mN 165.V@: ��! : % CFCq' Y A � 7[1BA < : %o! : % CFC5'_X !,% )F'*1 + 5 � 5.1 +(+ - � CD5(' <F�,! )5'21 +(+(� :>: � C ! 1 + Cq'`Cq) �j�,+ :43 A.)F'>:2'2C % )F'*1 +

5 � :*1J'2C�5 � � 1 + b '2C � C sn� '`C #(�@< 7[1BA < : %jN 165.-@:*'`C % )5'21 + 5 � C�:21B'`C�5\3 - N '`CFCq'21 +\> u ! ' Q 5 %;+ C�: � ) <$% '*) �0NO�,+ ) 5.A
C5' MJ+&% : <$% 5 %A<y+ 1BALCy' + ) < 165.A('`C51 + C�: % 5.-
7 �0+ 5 %;+&!0� C_7 % )5' % : � 7 %F< A +(�ZN 165.-
:2'2C % )F'*1 +m�+bk�n%Ks tnu g bo!0cD%J!$# : %;+
5 %B+ C 6 ÍeÎA3 < 1JA t %B+(�
< � �0� ¼0»nºRM��d5 %;+ C 6 :=< ) <F% '_) �0+ )
: �d!0% C�' > ' > 5&i Q(� )�: ��N 1�5(V
: �fY A �´+ 1BA&C�A.)F'>:2'`Cq1 + C;7L1JA < : %
:21B'.5a3 - N '`C5C5'*1 +h� Cb)7A +(� :*1J'.5 � � 1 +�b '`C � C sÇ� '2C #(�@<7! 1 N 79: �Ep.�J>

c 1 < C Y A �W+ 1BA&C�/J1BA9:21 + C �0p 79:*1J'_) �
< R : %mT 1J'2C ‖µ‖ � ) µ Q\+ 1JA&CdCqA8797L1xCq1 + C Y A\3 '>:"C,3 %;M '*)?5 � 5 � A pkMA<$%;+(s5 � A < CW' + 5.-@7 �,+ 5 %;+ ) � C Q ) � :=: � C Y A � : % :21B'
5a3 - N '2CFC5'*1 + 5 � :r3 1JU&C �@< / % )5'21 +
(‖µ‖ , µ)

C,3 - !B< '*/ �
p(‖µ‖ , µ) =

p1(‖µ‖)p2(µ)
Q 1�


p2
� Cb)´A +(� :*1J'^5 � � 1 + b '`C � C sÇ� '2C #(�@<w! 1 N 79: �0p.��� )

p1
� Cq)wA +(� :21B' MJ%BNONO%&> � %;+ C !0�

!0% C Q : � 7 %F<$%;N V0) <F�
θk
5 � : % :21B'�5 � : %j! : % CFC �

k
� Cq)

θk = (θ1k, θ
2
k) = (ak, bk, κk, ξk)

1�

ak
� )
bk
C51 + )�: � C

7 %A<F%BN V0) <F� C;5 � : % :*1J' MJ%;NON^%(Qv� )
κk
� )
ξk
Cq1 + ) !0� A p 5 � : % :21B'.5 � � 1 +Vb '2C � C sÇ� '`C #(�
<e>

� � 7 �0+ 5 %;+ ) Qa! 1 NONO��+ 1JA&C :r3 % /J1 + C N 1 + ) < -%5 %B+ C :43 �Ep.�,N 78: � 5 � : % C �,! )5'21 + �(> �&> �&> � 7L1JA < :43 ' + ) �0+ C5'*)5- Q
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Í Èx8 ���������
	��
����� �6���
�V�(�%	8��	 �
�;� ����' � �(� !-���?�;�����(�V�(�%	 ���������

@ 1JA&C + 1JA&C«' + )F- <F� CFCq1 + CaR;:r3 �0p 7 <5� C5C5'*1 + 5(A !$#&%;N 7�-
: �,! ) < ' Y A � 5 %B+ CaA +?<F� 7[V <F� 1 < ) # 1 + 1 <FN^% :
(eh, ev, ez)

Q
5 %B+ C : �eY A � :

ez =
−→
k
>D@ 1BA&C % 797 � :*1 + C % :21 < C�7L1`: %A< '`C % )5'21 + : %h+&% )FA <F� / �,! )51 < ' � :=: � 5 � :43 1 + 5 � 78: %B+(� 5 %;+ C

: � 79: %;+
(eh, ev)

g
eh
� Cq) :43 %Kp.��# 1 < ' C 1 + ) % : � )

ev
� Cq)�:r3 %Kp.� / �
< )5' !0% :`i Q 7 �
< 7 �,+ 5.' ! A9: % ' <F� R : % 5.' <F�,! )5'21 + 5 �

7 < 1A7 %BMJ% )5'21 + −→
k
>&c 3 1 + 5 � C03 - !
< '*) �0+�T 1 +&! )5'21 + 5 � :r3 1 < 5.1 +(+ - �

z
Q /B1J' < X M A <5� g È(> Í È i�X

E(z) = Eh(z)eh +Ev(z)ev
g È(> Í
2vi

1�

Eh(z)

� )
Ev(z)

C51 + )
: � C ! 1v1 < 5.1 +(+ - � C ! 1 N 79: �Ep.� C
5 � :43 1 + 5 �B>.� :=: � CZ1 + )
7[1BA <Z�0p 7 <5� C5C5'*1 +
{

Eh(z) = Eh0e
ikzeiδh

Ev(z) = Ev0e
ikzeiδv
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��� È(> Í È Y P�< 1`7 %;Mx% )F'*1 + 5(A !$#&%;N 7�-@: �e! ) < ' Y A � 5 %B+ C�: % 5.' <F�,! )F'*1 + −→
k
� ) � :>:2'=7&C � 5 � 7[1A: %F< '2C % )F'*1 + 5 %;+ C

: � 79: %B+ 7 �
< 7 �0+ 5.' ! A8: % ' <F� R −→
k

@ 1JA&C;7[1BA(/J1 + Cn/B1J' <Z% :*1 < C+7 %A<�!0� )5) � - !
< '*)5A <5��Y A � : � :2' � A 5(- !B< '*)�7 %F< :r3 �0p ) < - N '_)F- 5(A�/ �,! ) � A <7!$#&%;N 7
-
: �,! ) < ' Y A ��� Cq) A +(�w� :=:*'=7&C � 5 %B+ C(: � 79: %;+

(eh, ev)
>J�"+ 7L1`: %A< ' N -E) < ' �BQx!E� )5) �w� :=:*'=7&C ��� Cq)(7 %A<F%BN -E) < - � 7 %F< : � C

%;+&M : � C;5a3 ' +&! :*' +&% '2C51 +
ψ
� )�5a3 � :=:2'>7.)F' ! '_)F-

χ
>L� � C %;+(M : � CZCq1 + )
5(-EX + '`C
7 %A< : � C <5� : % )5'21 + C�C5A('2/ %B+ ) � C

tan(2ψ) =
2Eh0Ev0
E2
h0 −E2

v0

cos(δ0)

tan(χ) = ±aξ
aη

1�

δ0 = δv − δh

� Cb) : % 5.'*l[- <5�,+&!E� 5 � 7 #&% C �W�0+ ) <5� : � C 8m! 1 N 7L1xC %B+ ) � C Q[� )
2aξ, 2aη

Cq1 + )�: � C :21 +(MJ� A < C
g <F� Cc7 > i�5 � C M`<F%B+ 5 � )�7 � )5'*) %;pv� C�5 � :43 � :=:2'>7&C �B>Jc\� A < ' + ) �@< 7 < -0) % )F'*1 +�M -01 N -0) < ' Y A �n� Cq)(5.1 +(+ - � 7 %F< : % X M A <F�
g È&> Í �;i >vc 3 %B+(M : �

χ
!,%F<$%B! )5- < '`C � : %�T 1 <FNO� 5 � :r3 � :=:*'=7&C �BQ(% ' + C5' Y A � C51 + C �,+ C
5 � 7 %A<F! 1BA < C C5A('2/ %;+ )�C51 + C5' MJ+(�

gE7[1A: %F< '`C % )5'21 +�Mx% A !$#(� Cq'
χ < 0

Q 7[1A: %F< '2C % )F'*1 + 5 < 1B'*) � Cq' + 1 + i >D� � C %;+&M : � C´C03 �Ep 7 < ' NO�,+ ) �0+oT 1 +&! )5'21 + 5 � C
!0%A<F%J! )F- < '2Cq)5' Y A � C+5 � :r3 1 + 5 � X

sin(2χ) = sin(2α) sin(δ0)

tan(2ψ) = tan(2α) cos(δ0)
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α
� Cq) 5.-0X + '�7 %F<

tanα = Ev0

Eh0

>[�}+kM - + - <$% : Q&+ 1JA&C�5('2C51 + C Y A � :r3 1 + 5 ��� Cq)�7[1A: %F< '2C5- ��� :=:*'=7.)5' Y A �Es
NO�0+ ) >&¶ ' : % 5.'_l«- <F�0+L!E� 5 � 7 #&% C �

δ0
� Cb)Z- MJ% : � R ±π

2

N 165.A9:21
2π
Q : % 7L1`: %A< '`C % )5'21 +^� Cb) ! ' <$! A9: % ' <5�JQJ� )7Cq'

δ0� Cq) + A9:=: �JQ : % 7[1A: %F< '2C % )F'*1 +m� Cq) <F�,! )F'>:2' MB+(�J>
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c 3 1 + 5 � 79: %;+(� 5 � :r3 �,Y[> g È&> Í@2xi+7 � A.) % A&CFCq' � ) <F�?<5� 7 < -,C �0+ )5- � 7 %F< A + / �,! ) � A <
g
5 � e 4

% 797 � :2-f/ �,! ) � A < 5 �
¶ )F1BI � C

g =




g0

g1

g2

g3




=




|Ev |2 + |Eh|2
|Ev |2 − |Eh|2
2<(EvE

∗
h)

2=(EvE
∗
h)




=




|Ev0|2 + |Eh0|2
|Ev0|2 − |Eh0|2
2Ev0Eh0 cos(δ)

2Ev0Eh0 sin(δ)




g È(> Í � i

g0
� Cq) :r3 - +(�
<FM ' � )F1;) % : � 5 � :r3 1 + 5 �BQ

g1
� Cq) : % 5.'_l«- <F�0+L!E�W�0+ ) <F� : � Cw- +&�
<FM ' � C�7L1`: %A< '`Cq- � C # 1 < ' C 1 + ) % : �0NO�0+ )
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g2, g3
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! 1 N 7L1xC %B+ ) � C
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v
> � %B+ CD: � !0% CD5a3 A +(� 1 + 5 �h! 1 N 79:*V0) �,NW�,+ )%7[1A: %F< '2C5- � g !E� Y A(' � Cq)D7 <F� C Y A � : � !0% C

5 � :r3 1 + 5 � - N '2C � 7 %A< : � <F% 5 %F<eQ : % 5.-
7[1A: %F< '`C % )5'21 + -E) %B+ )D5.A �m% A p 5(- T~% A()FC,5 � :43 %;+ ) �0+(+(� i Q{+ 1BA&C % /B1 + C
g2
0 = g2

1 + g2
2 + g2

3

>&c\� / �e! ) � A < 5 �f¶ )F1BI � C � Cq) <F� :2'*- % A 7 %A<F%BN V0) <F� 5 � :43 � :=:*'=7&C � 5 � 7L1`: %A< '`C % )5'21 + X

g = g0




1

cos(2ψ) cos(2χ)

sin(2ψ) cos(2χ)

sin(2χ)




g È(> Í È i
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ψ
� )
χ
C51 + )�: � C %;+&M : � C
5a3 ' +L! :2' +&% '2C51 + � )�5a3 � :=:*'=7.)5' ! '*)5- >L@ 1BA&C
7[1BA&/B1 + C
5.1 +&!�% CFCq1 ! ' �
< RW)F1BA.)�/ �,! ) � A <

5 �d¶ )51JI � C"A + 7L1J' + )
5 � : % C_7 # V <F� 5 � <F% zJ1 +
g0
g % 797 � :*- � : % Cc7 # V <5� 5 �´P 1J' +L!0%F< -ei}/B1J' < X M A <F� g È(> Í : i >vc\� C

7[1B' + )$C Y A('\C � C5'_)FA �0+ )7C5A < :43 - Y A % ) � A <�! 1 < <5� C_7[1 + 5 �0+ )ZR�A +&� 7[1A: %F< '`C % )5'21 + <F�,! )5'=:*' MB+(� g !0%F<
χ = 0

i Q.Y A %B+ )
R !E� A p�Y A('{Cq1 + ) % A p 7 � : � C Q '=:2C ! 1 < <5� C_7[1 + 5 �0+ )ZROA +(� 7[1A: %F< '2C % )F'*1 +h! ' <$! A9: % ' <5� g

χ = π
4

i >&�"+ X +\Q : � 7[1B' + )
(χ, ψ) = (0, 0)

! 1 < <F� Cc7L1 + 5]R : % 7[1A: %F< '2C % )F'*1 +V<5�e! )F'>:2' MJ+(��# 1 < ' C 1 + ) % : �JQ&� ) : � 7[1B' + )
(χ, ψ) = (0, π2 )

R : %
7[1A: %F< '2C % )F'*1 + / �e! )F' !,% : �B>
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�}+ <F� / %B+&!$#(�BQ :43 1 + 5 � < -E) < 165.'*l[A&C5- �m� Cq),: % Cq1 NWNO�m! 1 # - <5�,+ ) � 5 � Cf1 + 5 � C < -0) < 165.'_l«A&C5- � C?7 %F< : � C ! '*U9: � C
-
:2- NO�,+ ) % ' <5� C�5 %B+ C"A +(�7NO�0NO�w!,% C �Es 5.'`Cb) %;+&!0�BQBY A(' � Cq)+5.1 +&! A +&� / %F< ' % U9: �7% :2- % )F1B' <5� / %A< ' %;+ ) % A ! 1BA < C�5.A
) �,N 7&C � )7/J- < '_X %;+ )+:r3 ' + - MJ% :*'*)5-

g2
0 ≥ g2

1 + g2
2 + g2

3

g È(> Í �Bi
b�% : M`< -
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5 � 7 < -@5(' ! )5'21 + 5.' <5�e! ) � C
σ2,d
p

� ) < -E) < 1 MJ% 5 � C
σ2,r
p

Q - MJ% : � CZg <5� C_7 �,! )5'2/ �,NW�,+ )$i�R ∥∥erp∥∥2
= ‖X1 − P2,p(X1)‖2

� ) ∥∥edp∥∥2
= ‖Xp+1 − P2,p(Xp+1)‖2 >&¶ ' + 1JA&C <5�,N 79: % � 1 + C;: � C �
< <5� A < C < -E) < 1 MA<$% 5 � C � )�5.' <5�e! ) � C;7 %F< : � A <

�Ep 7 <F� CFC5'*1 + �,N 7(' < ' Y A � g~R�7 %F< )5' < 5\3 A + - !$#&%B+ )F'>:=:21 +
x1, . . . , xN

i Q :r3 % : M 1 < '_) #(NO� 5 � t A <FM�� Cb)W' + '*)5' % :2'`Cq- �
7 %A<

ed0,N = ed0,N = xN

� )�: � C �@<c<F� A < C�C51 + ) !0% : ! A8:*- � C < - ! A < C5'*/ �0NO�0+ );7 %F<

7[1BA <
p ≥ 1,





edp,n = edp−1,n + µne
r
p−1,n−1

erp,n = erp−1,n + µ?ne
d
p−1,ncD%oN ' + ' N '2C % )F'*1 + 5 � : % / �@< C5'*1 +·�0N 7(' < ' Y A � 5 � CD7(A('`C5C %;+&!0� C%5a3 �
< <5� A <

σ2,d
p

� )
σ2,r
p

5.1 +(+&� :r3 � Cb)F' N^% ) � A <
C5A('*/ %B+ )�5 �

µp
X

∀p ≥ 2, µ̂p =
2
∑N
n=p+1 e

d∗
p−1,ne

r
p−1,n−1

∑N
n=p+1

∣∣edp−1,n

∣∣2 +
∣∣erp−1,n−1

∣∣2
g t > : i
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edp−1,n

� )
erp−1,n−1

Cq1 + ) <5� C_7 �,! )5'2/ �0NO�,+ )
: � C �@<c<F� A < C;5 � 7 < -@5.' ! )F'*1 + 5.' <F�,! ) �d� ) < -0) < 1 MA<$% 5 � R%:43 1 < 5 <F�
p − 1

5 �
xn

� )
xn−1

>\� � : %j! 1 < <5� C_7[1 + 5 % A&CFCq'SRjA +(� / �@< C5'*1 +]�0N 7(' < ' Y A � 5(A ! 1 �E|j! ' �,+ ) 5 ��! 1 < < -@: % )5'21 +
7 %A< )F' � : �0+ ) <F���
< <5� A < 5 � 7 < -@5.' ! )F'*1 + 5.' <F�,! ) ��� ) �
< <F� A < 5 � 7 < -@5(' ! )5'21 + < -0) < 1 MA<$% 5 �B>
� ¤���¤ � � µ �}¨}§&°b® 
 � ª �7ª � ­7§
� §
��� ­�µb¯�§&°5¬ �

P 1BA < !$#&%JY A �o�0+ )F' �@<
p
Q :r3 % : M 1 < '*) #(NO� 5 � t A <FM !$#(�@<F!$#(� : ��! 1 �0|^! ' �,+ ) Y A(' N ' + ' N '2C � :43 �
< <5� A < 5.A

ÄqN 165.V@: � % A.)51 < - MA<F� CFCq' T Æ�5\3 1 < 5 <F�
p
% 797 < 1 !$#&%B+ )V: � / <F% '"7 < 1 !0� CFCqALC

X
>w@ 1BA&C�C % /B1 + C Y A � :*1 < C Y A\3 A +

7 < 1 !E� CFC5A&C � Cb) � l �,! )5'2/ �0NO�,+ ) % A()51 < - M`<5� C5C5' TbQ C % 5 �,+ Cq'*)5-�Cc7 �e! ) <$% : �o� Cb) - Mx% :´R 1
|Ap(f)|2

Q 1�

Ap(f) =

1 −∑p
k=1 a

(p)
k e−2iπkf

>ncD% < - M A9: %F< '_)F- 5 � : % 5 �0+ Cq'*)5- C_7 �,! ) <$% : � 5 �
X
7 � A() � ) <F��NO� C5A < - ��% :21 < CW7 %A<

:r3 ' + )5- M`<F% : �
J2
p =

∫ π/2
−π/2

∣∣∣∂A(f)
∂f

∣∣∣
2

df =
∑p

k=1(2πk)
2
∣∣∣a(p)
k

∣∣∣
2 >

P 1BA < 5.-E) �
<FN ' +(�@< 5 � C �n¸ ! 1 <c<F� Cc7[1 + 5 %B+ )FCZR^A + Cc7 �,! ) <5��% A.)F1 < - MA<F� CFC5' T�Y A&'{C51B'*)�:*'`CFC �JQ 1 +V<F�0N 79: %B!0�
: %WY A %B+ )5'*)5-fR N ' + ' N '2C �
< 5 %;+ C;:r3 % : M 1 < '_) #(NO� 5 � t A <5M

min
µp

{
σ2,d
p + σ2,r

p

} g t > 3xi
7 %A< : %�T 1 +L! )5'21 +&+(� :=: � < - M A9: %A< '`C5- �W6 ÍeÎ <

min
µp

{
σ2,d
p + σ2,r

p + λJ2
p

} g t > Í,Îxi
1�


λ
� Cq)}A +O# z�7 �
< 7 %F<$%;N V0) <F�B>J� � )5) �ZN ' + ' N '`C % )5'21 +^% A +(� Cq1`:*A.)F'*1 +W%B+&% :2zx)5' Y A � 7 �@<5NO� )q) %B+ )(5 � 79:2A&CyA +&�

� Cq)5' N^% )F'*1 +)< - ! A < C5'2/ � X

∀p ≥ 2, µ̂p =
2
∑N
n=p+1 e

d∗
p−1,ne

r
p−1,n−1 + λ(2π)2

∑p−1
k=1 k

2a
(p−1)
k a

(p−1)
p−k∑N

n=p+1

∣∣edp−1,n

∣∣2 +
∣∣erp−1,n−1

∣∣2 + λ(2π)2
∑p−1

k=1 k
2a

(p−1)
k a

(p−1)
p−k

g t > ÍBÍ=i
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@ 1JA&C <$% 797 � :21 + CS' ! '6: � C ! 1 +&!0� 7.)$C�' N 7[1 < ) %B+ )$C�5 � : % ) # -01 < ' � 5 � C !$#&%KG`+&� C�5 ��b�%A< IJ1K/ Qe� )(5 � C < -,C5A9:_) % )$C
! 1 +(+ A&C+5 �d! 1 + / �
<FMB�0+L!E�B>.� � C <F% 797 � :`CnC51 + )�U % C5-,C � CFC �0+ )5' � :=: �,NO�0+ )�C5A < : � Cn1BA(/ <$%;MB� 5 � t < - N^% A85 698;�=<\� )
:r3 %A< )F' ! : � ' + ) < 165.A ! )5' T RD: % ) # -,1 < ' � 5 � C !$#&%KG`+(� C;5 �"b�%F< IB1K/W5 � ��' �
<F+(� z 6 ÍeÎ �,<?>

� �0� ��¡h��� �O¡��Z�������{���{�0�f�h�
¶ 1J'_)

X = (Xn)n≥0
A +(�}!$#&%=GH+(� 5 ��b�%F< IB1K/�R�/ % : � A < C&5 %;+ C

(E, E)
� Cc7 %B!0�yNO� C5A < - >E� :=: � � Cq) # 1 N 1 M V +&�

C5'+: � CD7 < 1BU % U('=:*'*)5-eCD5 � ) <$%;+ Cq'*)5'21 +
P (Xn+1 |Xn )

C51 + )�)51BA() � C%: � C NO�0NO� C%7[1BA < )51JA.)
n
>�cD�h+ 1Kz % A 5 �

) <$%;+ Cq'*)5'21 +
P (x,A)

� Cq),: %�T 1 +&! )5'21 + ) � :>: �mY A � ∀x ∈ E, ∀A ∈ E , P (Xn+1 ∈ A |Xn = x ) = P (x,A)
>

� < 1J'2C�1`7L- <F% )5'21 + C+7 � A(/ �0+ ) � ) <F� 5.-EX + ' � C7R%7 %F< )5' < 5.A + 1Kz % A
P

Y % 7L- <F% )5'21 + CqA < : � C NO� C5A <F� C XLC5' ν � Cb)�A +(�fNO� C5A <F� CqA < (E, E)
Q[% :*1 < C + 1BA&C + 1;)51 + C

νP
: %^NO� C5A <5�

5.-EX + ' � 7 %A<
νP (A) =

∫
P (x,A)ν(dx)

\
Y % 7L- <F% )5'21 + C5A < : � C T 1 +L! )5'21 + C,XaC5' h � Cq)´A +(�fT 1 +&! )F'*1 + h : E → e Q[+ 1BALC�5.-0X + '`C5C51 + C�: %^T 1 +&! )F'*1 +
Ph(x) =

∫
P (x, dy)h(y) = E [h(X1) |X0 = x ]

\
Y % 7L- <F% )5'21 + C5A < : � C + 1Kz % A p 5 � ) <$%;+ C5'*)5'21 + X(C5' Q � Cb)ZA + % A.) <5�´+ 1Kz % Aa5 � ) <F%B+ Cq'*)5'21 +DQx+ 1BA&C;5.-0X + '`C s
Cq1 + C+: �d+ 1Kz % A 5 � ) <$%;+ C5'*)5'21 +

PQ(x,A) =
∫
P (x, dy)Q(y,A)

>[¶ ' + 1BA&C�'*)5- < 1 + C;:r3 1`7L- <F% )5'21 +\Q.+ 1JA&C
1BU.) �0+ 1 + C

P (Xn ∈ A |X0 = x ) = P . . . P (x,A) = P n(x,A)
>

cD% 5.'2Cq) %B+&!E�d�,+ / %F< ' % )5'21 + )51B) % : �f�,+ ) <5�W8WNW� CqA <5� C
ν1
� )
ν2
Q A.)F'>: � 7[1BA < :43 -E)FA85 � 5 � : %j! 1 + / �
<FMB�,+&!E� 5 � C

!$#&%KG`+(� C
5 �?b�%F< IB1K/ � Cb)�5.-0X + ' � 7 %F< X

‖ν1 − ν2‖TV = 2 sup

A ⊂ E

|ν1(A) − ν2(A)|

�}+ X +\Q C5'
x ∈ E

Q
Px
5(-,C5' MJ+(� : % 7 < 1BU % U('=:*'*)5-?5.A 7 < 1 !E� CFC5A&C

X
:*1 < C Y A �

PX0 = δx
>

� �(� � ��� �h�$�S�E�f�����n���h���d���S� �n� �Z�
@ 1JA&C(5(1 +(+ 1 + C N^% ' + ) �,+&%;+ )(: � C(7 <5�,N '*V <5� C�5.-EX + '_)F'*1 + C}' N 7L1 < ) %;+ ) � C�7[1BA < :43 -E)FA85 � 5 � : % Cb) % U('=:2'_)F-�5 � C

!$#&%KG`+(� C
5 �?b�%F< IB1K/jCq) % )5'21 +(+L% ' <5� C >
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É«Á;ÃH»
A ∈ E � M*¼\Ë[½5¼
HWÃ~¼E½ »?¼
H7Ë Q�NB¼n½5¼0»ÇÁKÊ.½ ¼0¾ A ¼ Q¢»ZM*º �KºK½¢Ã~º �
M*¼7ºFM �$ºK»ÇÁKÃH½5¼

τA = inf {n ≥ 1 : Xn ∈ A} �
/ Á;Ê�Q´¾«ÁK»ÇÁK¾8Q

τA = ∞ M*ÁK½1Q � Ê&¼DM*ºmÀ10(º��H¾[¼�¾[¼�½5¼0»?Á;Ê.½¢¾[¼ �0ºFHOº;ÃTQ�¼E¾ A �
� ���?��� �����&��� ��������� )���� � � � � 	2�����
� �
	��

É«Á;ÃH»
ϕ
Ê.¾«¼WH^¼ Q¢Ê.½5¼)NB¼fË[½5Á �$º �0ÃIM ÃH» �)Q¢Ê.½

(E, E) �
Ê.¾«¼mÀ10(º��H¾[¼VNB¼ / ºK½cLJÁ �

X
¼ Q¢»

ϕ
�ÇÃH½¢½ �1N;Ê&ÀE»rÃ �BM2¼ �bÁ;Ê

ÃH½¢½ �1NKÊ&À0»rÃ �BM*¼ � Q¢Ã
ϕ(A) > 0 =⇒ ∀x ∈ E, Px(τA <∞) > 0

J{º´Ë[½FÁ �$º �0ÃIM ÃH» �
ϕ
¼BQ¢»nº$ËBË&¼BM �$¼[NKÃTQ¢»r½¢Ã �EÊ.»rÃ~ÁK¾ N 0 ÃH½¢½�� N;Ê&ÀE»rÃ �0ÃIM ÃH» �WNJ¼"M2ºmÀ10(º��H¾«¼ �

�7+&� 5(-EX + '*)5'21 + - Y A('2/ % : �0+ ) � 5 � : %
ϕ
s ' <c< -@5.A ! )5'2U('=:*'*)5- Q A.)5'=:2'2C %;+ )^: � C + 1Kz % A p 5 � ) <$%;+ Cq'*)5'21 +�� ) +(�nT~% '`C %;+ )

79:2A&CZ' + ) �
< / �,+ ' < : � ) �,N 7&C
5 �?<F� )51JA <Z� Cq)
: % C5A('2/ %B+ ) �

∃n ≥ 1, ∀x ∈ E, ∀A ) Y
ϕ(A) > 0, P n(x,A) > 0

�7+&�7! 1 + 5.'_)F'*1 + CqA | C %;+ ) � 5\3 ' <c< -@5(A ! )F'*U('=:2'_)F-�5a3 A +^+ 1Kz % A
P
� Cq)(:43 �Ep '`Cb) �0+&!0� 5a3 A +(� 5 �,+ Cq'*)5-

f
<5� : % )5'2/ �,NW�,+ )

R
ϕ
Y A('DC51B'*)7Cb) < ' ! ) �0NO�0+ )
7[1JC5'_)F'*/ �d� )�) � :>: �fY A � 7L1JA <

n ≥ 1
X

∃n ≥ 1, ∀x ∈ E, ∀A ∈ E , P n(x,A) =

∫

A

f(x, y)ϕ(dy)

u :DC5A | ) % :21 < C;5 � 7 < 1JA(/ �@<ZY A � : ��+ 1Kz % A
Pn

% 5 NW� )7A +(� 5 �,+ Cq'*)5- <F� : % )F'*/ �0NO�0+ )7R
ϕ
>

� 
�� �����
��
 � ��������� )���� ��� � � 	������
� �
	�� ��� � � � ��� ��� ��� ��� � ��� ��� � � 	(� 	 � � ��� � � 	
¹ZÁ;Ê.½ M2¼ Q�À10(º��H¾[¼BQ"NJ¼ / º;½cLBÁ � 
 �0»?º;»;N;ÃTQEÀ0½5¼0»]Q

�
Ê.¾«¼�À10(º��H¾«¼O¼ Q¢»
NKÃH»Ç¼fÃH½¢½ �1N;Ê&ÀE»rÃ �BM2¼"Q¢Ãy¾«ÁKÊ�Qfº �KÁK¾9Q �

∀x, x′, ∃nPn(x, x′) > 0

/ Á;Ê�Qhº �KÁK¾8Q�ºRM*Á;½1Q � � Ê.Ã��=ºFM*¼E¾«À$¼�¼E¾L»4½F¼aM 0 ¼cGJÃTQ¢»?¼0¾[À$¼�N 0 Ê.¾«¼�Ë[½5Á �$º �0ÃIM ÃH» �VQ¢»?º;»4Ã~Á;¾&¾[º;ÃH½5¼ � Ê.Ã´À10(ºK½rÂJ¼ »ÇÁKÊ�Q M2¼ Q
Ë&ÁKÃH¾&» Q�NB¼�M�0 ¼BQ4Ë&ºBÀ$¼�¼0»,M�0 ÃH½¢½ �1N;Ê&ÀE»rÃ �EÃIM_ÃH» � NJ¼ M*º HOº;»4½¢Ã~À$¼�NB¼o»4½FºK¾9Q¢ÃH»rÃ~ÁK¾

P
��J{ÁK½1Q � Ê&¼ n ¼BQ¢»�Ê.¾&Ã 3EÁ;½ HO¼ ¼0¾

M*¼BQ��0»?º;»]Q
�
Ã �H¼ �(Q¢Ã ∃n, ∀x, x′, Pn(x, x′) > 0 �

M*º)H^ºK»r½¢Ã~ÀF¼aNB¼W»r½5ºK¾8Q$ÃH»rÃ~ÁK¾ ¼BQ¢»
N;ÃH»?¼´Ë[½¢ÃIHWÃH»4Ã��K¼ � / ÁKÊ�Q�º �KÁK¾8Q
ºRM2ÁK½1Q

A
Ë«½¢ÃIH�ÃH»rÃ��=¼ Q$Ã�¼E» Q0¼0Ê6M*¼BH^¼0¾&» Q¢Ã&M*ºOÀ10(º��H¾«¼"NB¼ / º;½cLBÁ ��¼BQ$»}¼0½4ÂxÁ@N;Ã � Ê&¼ � º �=¼$À�Ê.¾«¼wÊ.¾&Ã � Ê&¼yË«½5Á �$º �EÃIM ÃH» �Q¢»?º;»4Ã~Á;¾&¾«ºKÃH½5¼ZË(ÁRQ¢ÃH»4Ã��K¼OÀ 0&ºK½4Âx¼$ºK¾&»�»ÇÁKÊ�Q M*¼BQ �0»ÇºK» Q �

Py%F<FN 'a)51JA.) � C�: � C�5('2Cq) < '*U&A.)5'21 + C�5a3 ' < < -O5.A ! )F'*U&'>:2'_)F- Y A � 7[1JCFCqVO5 � A +&��!$#&%=GH+(� ' <c< -@5(A ! )F'*U9: �BQ '>: � Cq)�7[1JC s
C5'*U9: � 5 ��N 1 + ) <F�
<ZY A\3 '>: �0p '`Cq) � A +(� 5.'`Cb) < '2U(A.)F'*1 + ' < < -O5.A ! )5'2U9: �´N^%Kp ' NO% : �JQ 7 %F<;<$% 797[1 < )ZRD: %BY A � :>: � )51BA() � C
: � C % A.) <5� C�5.'`Cb) < '2U(A.)F'*1 + C 5a3 ' < < -O5.A ! )F'*U&'>:2'_)F- % 5 NO� )q) �0+ )wA +(� 5 �0+ C5'_)F- >«c\� C�5.'`Cq) < '*U(A()5'21 + C N^%Kp ' N^% : � C�C51 + )
% :21 < C )51JA.) � C�- Y A('2/ % : �,+ ) � C Q ' > �J> 7L1xC5C5V@5 �0+ )
: � C NO�0NO� C �,+ C �,N U9: � C + - M :2' MB�,% U9: � C >

c 3 ' <c< -@5.A ! )5'2U('=:*'*)5-kCq' MB+ '*X �oY A � )51JA.) �,+ C �,N U9: � 5 �
ϕ
srNO� C5A <F�]+ 1 +�+ A8:>: � 7 � A.) � ) <5�o% )q) � ' + )�5 � 7&A('2C

+ 3 ' N 7[1 < ) ��Y A � :-7[1B' + )
x ∈ E

> u : � Cq)w' + )5- <F� CFC %;+ )�5 � C % /B1J' < C5' !0� C �,+ C �0N U8: � C
7 � A(/ �,+ ) � ) <5��% )q) � ' + )FC7A +
+ 1 N U <F� X + '\1JA]' + X + '-5 ��T 1B'`C >a� � )q) � 7 < 1A7 < '*-0)5- Q&Y A(' �0+ ) <F%KG`+(� : % 5.-0X + '*)5'21 + 5.A ! 1 +&!0� 7.)�5 �,< - ! A < <5�,+&!E�JQ
C,3 ' + )5- <F� CFC �m% A p 7 < 1BU % U('=:*'*)5-eC,5 � C �,+ C �,N U9: � C {Xn ∈ A

' > C > } = ∩n≥0 ∪k≥n {Xk ∈ A} Q 1�
�' > C > C5' MJ+ '_X �Ä ' + X + ' NO�,+ )�C51BA&/ �0+ )qÆ >
� ���?��� �����&��� �������4����� ��� � ��� ��� �

� ¾«¼OÀ 0&º��H¾[¼jÃH½¢½ �1NKÊ&À0»4Ã �
M*¼ �bº �=¼$ÀWNKÃTQ¢»r½¢Ã �EÊ.»rÃ~ÁK¾ N 0 ÃH½¢½5¼1NKÊ&À0»4Ã �0ÃIM ÃH» � H^º
GJÃIH^ºRM*¼
ψ � ¼BQ¢»n½��FÀ0Ê.½¢½5¼0¾&»Ç¼,Q$ÃDË&ÁKÊ.½»ÇÁKÊ.»n¼0¾9Q0¼
H �
M*¼

A
»Ç¼BM � Ê&¼ ψ(A) > 0 �

M2¼ Q,NB¼0ÊAG À$ÁK¾ N;ÃH»4Ã~Á;¾9Q Q¢Ê.Ã��=º;¾&»Ç¼ Q Q0ÁK¾L» � �E½¢Ã S �$¼ Q
� ��� ∀x ∈ E, Px (Xn ∈ A

Ã �>Q �
) > 0

�
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Px (Xn ∈ A
Ã �>Q �

) = 1, ψ − ËdQ �
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Ê.¾[¼ À10(º��H¾«¼ NB¼ / º;½cLBÁ �k¼BQ$»dÃH½¢½�� N;Ê&ÀE»rÃ �
M*¼
�
Ë&Á Q1Q � NJºK¾L»fÊ.¾[¼�NKÃTQ¢»r½¢Ã �EÊ.»rÃ~ÁK¾

Q¢»?º;»4Ã~Á;¾&¾«ºKÃH½5¼
π
����M*Á;½1Q

X
¼ Q¢»

π − ÃH½¢½ �1N;Ê&ÀE»rÃ �BM2¼
� π

¼ Q¢»ZÊ.¾[¼WN;ÃTQ¢»4½¢Ã �0Ê.»4Ã~Á;¾ HOº@GJÃIHOºFM*¼j¼0»w¼ Q¢»
M�0 Ê.¾LÃ � Ê&¼WN;ÃTQ��
»r½¢Ã �EÊ.»rÃ~ÁK¾kÃH¾��KºK½¢Ã~ºK¾L»?¼%NB¼DM*ºhÀ 0&º��H¾«¼ � � ¼ZË M Ê�Q

� X
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f : (E, E) −→ e »Ç¼
MIM*¼ � Ê&¼ Eπ(|f |) =
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|f(x)|π(dx) <∞ � ��M*Á;½1Q

Px
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1

n

n∑

k=1

f(Xk) −→ Eπ(f)

})
) = 1 π − ËdQ g �w> Íei
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E
Q

) � :>: �fY A �

∀i ≤ p− 1, ∀x ∈ Ei−1, P (x,Ei) = 1
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∃ ν Ë«½5Á �$º �EÃIM ÃH» �DQ¢Ê.½ E, β > 0, C ⊂ E
» � � � ν(C) > 0

¼0» ∀x ∈ C, ∀A, P (x,A) > βν(A)
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X
' < < -O5.A ! )F'*U8: �JQB% / �e!�+ 1Kz % A%5 � ) <$%;+ C5'*)5'21 +

P
� )"A +&�

5.'`Cb) < '2U(A.)F'*1 + ' + / %F< ' %B+ ) �
π
A + ) # -01 < V NW���@<5M 1�5(' Y A � 7L1JA < : %W!$#L%=GH+(�

X
>

��� ��� ����� 
 � ������������
�� ��� ���&� ��� � � � � ��������	2��
�� ��� � � � � � ��� ������� " ������
��
ÉLÃ

X
¼ Q¢»ZÊ.¾[¼^À10(º��H¾[¼ NJ¼ / ºK½cLJÁ �hÃH½¢½ �1NKÊ&À0»4Ã �
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HO¼0¾&»�¼0½4ÂxÁ@N;Ã � Ê&¼
Q¢ÃyÃIM{¼ GBÃTQ¢»Ç¼fÊ.¾«¼�3EÁ;¾[À0»4Ã~Á;¾ 
 �=ºFM*¼EÊ.½1Qd½ �$¼
MIM*¼BQ

M � π − ÃH¾&» �rÂB½5º �BM*¼W¼0»"Ê.¾[¼WÀ$ÁK¾8Q$»ÇºK¾L»?¼
0 < r < 1

»Ç¼BM � Ê&¼

∀x, ∀n, ‖Pn(x, ·) − π(·)‖TV ≤M(x)rn
g �w> � i
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� Cb)

α− N -
: %;+(MJ�,%;+ ) � RWA +&� /v'*) � C5C �dM -,1 N -E) < ' Y A � X

αn = sup

A,B ⊂ E

|Pπ (X0 ∈ A, Xn ∈ B) − π(A)π(B)| = O(rn), r < 1

c\��N^% �b1 <$%;+ )�5 � g �w> � i�5.-
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Y A �d!E� )q) � /v'*) � C5C � 5 �f! 1 + / �
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HO¼0¾&»Z¼0½4ÂJÁONKÃ � Ê&¼,Q¢Ã

∃M > 0
¼0»
r < 1

»Ç¼BM � Ê&¼ ∀x, ∀n, ‖P n(x, ·) − π(·)‖TV ≤Mrn

c 3 A + ' T 1 <FNO�w�@<5M 165.' ! '_)F- � Cb) % :*1 < C - Y A('2/ % : �0+ ) � RD: %W! 1 + 5.'*)5'21 + 5 � � 1 � U8:*' + # � )�RD: %
φ− N -@: %B+(MB�e%;+&!0��Ep 7[1 +(�,+ )5' � :=: �JQ ' > �B>

' :B5=(�N$, /H,.5=( N$*
J�5O*;X A ,.( F A 5=X�2 A * � ∃µ <>*;-
��7 *1N$*10 7 5=X�23X�, A , /HZ , ∃δ > 0, ∃ε < 1,∃m, ∀B ⊂ E, µ(B) > ε =⇒

infx∈X P (x,B) > δ
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φn = sup

A,B ⊂ E

|Pπ (Xn ∈ B |X0 ∈ A ) − π(B)| = O(rn), r < 1
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X
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π
� �E½¢Ã SnºK¾&»+M�0 Ê.¾«¼DNJ¼ Q,NB¼0ÊAG�ÀFÁ;¾ N;ÃH»4Ã~Á;¾9Q?Q¢Ê.Ã��=º;¾&»Ç¼ Q��

� ��� M2ºhÀ10(º��H¾[¼O¼ Q¢»�Â��$ÁRH �0»4½¢Ã � Ê&¼BH^¼0¾&»Z¼E½4ÂxÁONKÃ � Ê&¼�¼0» ÃIMS¼cGJÃTQ¢»?¼ ε > 0
»?¼
M � Ê&¼ f2+ε QEÁ;ÃH» π �ÇÃH¾L» �?ÂB½5º �
M*¼

� ����� M*ºmÀ10(º��H¾[¼O¼BQ$»nÊ.¾&Ã 3EÁ;½ H �
H^¼E¾L»n¼0½4ÂJÁONKÃ � Ê&¼O¼E» f ¼ Q¢»�ÀFº;½¢½ �
π
�ÇÃH¾L» �?ÂB½5º �
M*¼

��M*Á;½1Q M2º �KºK½¢Ã~ºK¾«À$¼%NJ¼
(f(Xn))n≥0

¼BQ$» S}¾LÃ~¼�¼0» �KºKÊ.»

σ2
f = Eπ

[
(f(X0) − πf)

2
]

+ 2

∞∑

k=1

Eπ [(f(X0) − πf) (f(Xk) − πf)]

� ¼�ËZM Ê�Q
�
√
n( 1

n

∑n
k=0 f(Xn) − πf)

À$ÁK¾ �=¼0½4Âx¼�¼0¾�M2ÁKÃ �K¼E½1QdÊ.¾[¼ �=º;½¢Ã~º �
M*¼^ºRM �Fº;»?Á;ÃH½5¼�¾[Á;½ HOºFM*¼ N (0, σ2
f )
�
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