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ABSTRACT

Classical hidden Markov chains (HMC) can be inefficient
in the unsupervised segmentation of non stationary data.
To overcome such involvedness, the more elaborated
triplet Markov chains (TMC) resort to using an auxiliary
underlying process to model the behavior switches within
the hidden states process. However, so far, only this
latter was considered non stationary. The aim of this
paper is to extend the results of a recently proposed TMC
by considering both hidden states and noise non
stationary. To show the efficiency of the proposed model,
we provide results of non stationary synthetic and real
images restoration.

1. INTRODUCTION

The HMC is a pairwise stochastic process Z = (X,Y) =
(X, Y,)N_, in which, X is an unobservable Markov chain
that is to be estimated from its observable noisy version
Y. In such a model, the distribution of Z is given by
p(2) = p(z1) [IN=; P(24]2,—1) and when the classical
noise assumptions hold, we have

p(anzn—l) = p(xnlxn—l)p(ynlxn) (1)

Throughout this paper, each X, will take its values
from a finite set of classes Q = {wy, ..., wg} and each ¥,
will take its values from R.

Although this model seems to be quite simple, it
permits a good restoration of X in a very wide range of
situations. Hence, it has been extensively used in
different fields that include signal and image processing
[2, 3, 6, 9]. Its efficiency is majorly due to the different
Bayesian techniques, like MPM and MAP, which allow
the estimation of X from the whole Y within an acceptable
computational complexity. However, in the unsupervised
context and when the data are non stationary, the
estimation becomes poor due to the mismatch between

the estimated stationary model and the data. To
overcome this drawback, authors in [7] use an underlying
discrete process U = (U,)N_; to take into account the
regime switches within X. The resulting model is a
particular case of the so called triplet Markov chain
(TMC) [8] which extends, itself, the pairwise Markov
chain (PMC) [4].

In this paper, we intend to extend the previous model
so that it takes into account the heterogeneous behavior of
both p(x) and p(y|x). For this purpose, we propose a new
TMC whose underlying process U models regime
switches of both p(x) and p(y|x). Such a modeling can be
of a great importance since it allows one to
simultaneously model visual aspect variability within the
same class, due to the lighting conditions for instance,
and the heterogeneous interactions between image
classes.

The remainder of this paper is organized as follows:
section 2 briefly reminds the TMC formalism. Section 3
describes our new TMC and its computational
developments. Section 4 is devoted to experiments
conducted on synthetic and real images. Future
improvements and conclusion are given in section 5.

2. TRIPLET MARKOV CHAINS

Let us consider two sequences of random variables
X=WX,...,Xy) andY = (V,,...,Yy ), where each X,
takes its values from a finite set of classes Q=
{wq, ..., wg} and each Y, takes its values from R. The
problem is to recover X from Y. The model Z = (X,Y) is
said to be a triplet Markov chain (7MC) if there exists an
underlying process U = (Uy, ..., Uy ) with each U, taking
its values from a finite set A = {A,...,Ay} such that
T=(,X,Y) is a Markov chain. Let V = (U,X).
T = (V,Y) is then a pairwise Markov chain (PMC). This
makes the computation of the distributions p(x,|y),
required to perform MPM restoration, affordable even
when Z is not Markovian. This shows the greater
generality of TMC over PMC, which is more general than
HMC.



3. NON STATIONARY NOISE- TMC

In this section, we describe our new TMC designed for
unsupervised segmentation of non stationary data hidden
with non stationary noise and its corresponding
restoration developments. All along this paper, this model
will be called non stationary noise- TMC (NSN- TMC) in
contrast to the TMC proposed in [7] that will be called
stationary noise- TMC (SN- TMC).

3.1. Model presentation

Let X = (X,)N_; be a non stationary unobservable
process that is to be estimated. According to TMC
formalism, one can introduce an underlying process to
model the regime switches of X. Let U = (U)N_, be
such a process, p(x|u?) is then Markovian. Let now U2 =
(UHN_,be another hidden process and Y = (¥;,)N_,be a
noisy version of X. Throughout this paper, U = (U?, U?)
will be assumed to be Markovian. More explicitly, we
propose a TMC with transition probabilities given by
p(tnltn—l) = p(unlun—l)p(xnlxn—l'urll)p(Ynlxn'urzl)-
Furthermore, if each U} (respectively U2 ) takes its
values from a finite set A* = {A},...,A},} (respectively
A% = {22, ..., 22)), p(x|ul) (respectively p(y|x, u?)) is then
non stationary. The new underlying process UZ?,
introduced here, may model the presence of shadows in
aerial images or clouds in some SPOT images, which
may affect the visual aspect of the hidden classes that are
to be recovered from Y.

3.2. MPM Restoration

The MPM Bayesian decision rule is computed according
to  [®=2%upu(y)] & [X, = argmax; ¢, (D]  with
¢ (1) = p(x, = w;|ly). MPM is a Bayesian technique
that ensures a minimal misclassification rate when N is
large enough.

To make segmentation possible, we have to compute
the posterior distributions p(x,|y). As T = (U,X,Y) is a
IMC, T = (V,Y) is then a PMC with V = (U,X).
Subsequently, the marginal posterior distributions
p(v,|y) are workable thanks to the modified forward and
backward functions [4]. In fact, we have p(v,|y) «
an(Vn)Bn(vn) where  a,(vy) = p(Vy, ., Yn, v) and

Brnn) = 2nsts o Yu ¥ v). Both of them are
computed using this iterative method derived from the

very well-known Baum’s algorithm [1]:

a;(v) = p()p (1 lve);

pp1(Vnyr) = (V)P (W1 V)P W1 lVnea),  (2)
’ Bv(vy) = 1;
Bn(vy) = Z Prs1Wns DD Wns1 V)P Yns1vn1),  (3)

Un+1

Wlth p(vn+1|vn) = p(un+1|un)p(xn+1|xn:u'}1+1) and
p(|v) = p(y,lx,,, u2) as specified in section 2.

The posterior distributions are then derived as follows

Pl = ) ply) @

and the estimates of U may be derived in the same way.

Pnly) = Y ply) ()

3.3. Parameters estimation

In this paper, we consider Gaussian noise densities.
Accordingly, the noise parameters to be estimated are
K X L means pu = (,ui_]-) and K X L standard deviations
0 =(0;;) with1<i<K and 1<j <L. On the other
hand, the distribution of U which is assumed to be PMC
here is given by the matrix A =[ayy] waen Where
app =pUp =Alup_y =2), ie. (M XL)*> parameters.
Finally, X is governed by M matrices P = (B,,)M_; with
K? parameters per each. For parameters estimation, one
can use either the Expectation-Maximization algorithm
(EM) or its stochastic version SEM. In this paper, we used
EM.

The parameters are then estimated in the following
iterative manner:

e  Choose an initial set of parameters ©° =
4% P ul a9.

e  For each iteration, we compute ¥, (v, Vptq) =
PV, Vp4aly) and &, (vn) = p(v,|y) according to 0.

wn(vn' 17n+1) & an(Un)AZnunHP3%+1’xn_xn+1ﬁn+1(vn+1)(6)

fn(vn) = Z lpn(vn' 17n+1) @)

Un+1

Then we derive @9+ as follows

Zg=1 Zvn &n(n)ynl [CenuB)=(wp27)]

q+1 _
Hij =

8
7I\l]=1 ZVn fn(vn)l[(xnvu%):(mi'lﬁ)] ( )

n_ Do Zn 600 = ) Voo ©
b Ih-1o, f"(v")l[(xn,ug):(mi,aﬁ)]

aq+1 _ Zﬁ;% Zvn lpn (vn' 17n+1) 1[(un,un+1)=(l,ll)]
Ad 2%:1 Zvn ’fn (Un) 1 [up=4]

(10)

N-1
prt_ Z0d T U0 V) Uty ) <G
mw,w’

(11)

Zﬁﬂ Zvn Y (W, p4 1)1 [ 41.x0) =)

e  We repeat the previous step until an end
criterion is reached.

4. EXPERIMENTS

The aim of this section is to test the performance of the
proposed NSN- TMC and to demonstrate the gain in
classification accuracy when taking into account the
heterogeneous behavior of noise densities, which are
assumed to be Gaussian here. For this purpose, we



achieved some experiments on 128 x 128 images. In this
paper, we show the results of MPM restoration on two
images using the EM estimation algorithm.

4.1. Experimental images

Let us consider the case where Q = {w;,w,}.
Experiments are conducted on the following image sets,
where images are converted to and from one-dimensional
sequences using the Hilbert- Peano scan [5]:

e Experiment 1: We generate a 128x 128
synthetic image in the following way: U =
(U,U?) is Markovian with A = {41, A}, A1}
and A% = {A%,23} . The first realization u, is
drawn randomly (uniformly) from A! X A? and
the following realizations are generated
according to transition probabilities given by the

matrix
[955 3 1 0 1 0 1
| 3 955 0 1 0 1 |
A —Ll1 0 95 3 1 0
A 103| 0 1 3 955 0 1 |
1 0 1 0 955 3
o 1 o0 1 3 o955

p(x|ut)is then non stationary. The first
realization x; is randomly drawn from Q and the
following ones are generated according to U?

where
(099 0.01 (077 023
P =loo1 0.99]’P’1%_ 0.23 0.77] and

_[0.55 0.45

Py = [0.45 0.55]'
The resulting class- image is then noised
according to X and U? as
follows: p(yn |2, = w;, u2 = /1}2) = f;;(m)
where f; ; is a Gaussian density with y; ; as mean
and o;jas standard deviation. In this
experiment, we used the following parameters
o [—1.25 —0.75] S [1 1
=1 o075 1250 %711 1
Segmentation was also performed using real

parameters of the proposed NSN- TMC to
compare its results with those obtained using a
SN- TMC considering densities stationary using
the following average parameters

wi=[ Tibeu=l

e Experiment 2: We considered the Nazca bird
non stationary image (Fig. 2) that we noised
using the same densities parameters of the first
experimentation according to X and UZ. This
latter was generated randomly using the
following transition matrix:

Ao s = 0.998 0.002
uptz 0.002 0.998
The first realization u? was randomly drawn
from A2,
Notice that authentic U is unknown here and is
to be estimated.

4.2. Experimental results

X =%y1=844 X =3%571=841
Figure 1. MPM restoration of a synthetic non stationary
image.

The restoration results of the first experiment using
EM estimation algorithm are presented in Fig.l. The
misclassification rates of MPM restoration based on real
and estimated parameters of the proposed NSN-TMC and
the SN-TMC are given in tab. 1

For the second experiment, the restoration results are
provided in Fig. 2. The corresponding misclassification
rates are given in tab. 1.



X=%1=484 U2 =14% 1 =551
Figure 2. MPM restoration of Nazca bird non stationary
image.

TABLE L.

MISCLASSIFICATION RATES OF MPM RESTORATION

Experiment Experiment 1 Experiment 2

NSN SN NSN SN NSN SN
TMC- | TMC- | TMC- | TMC- | TMC- | TMC-
0 E(9) 9 0 0 [

Ty (%) 8.44 9.20 8.41 9.23 4.84 5.36

Ty1 (%) 2.86 3.70 3.78 433 - -

T2 (%) | 576 - 7.60 - 5.51 -

As stated by Bayesian theory, taking noise non
stationary aspect into account yields better results as
illustrated in tab. 1. This demonstrates again the ability of
triplet Markov chains to model some kinds of data that
classical models cannot handle.

The interest of the last experiment is crucial since we
deal with a non generated hidden process. As shown in
Fig.2, our model allow to satisfactorily restore both
processes Uland U2. The first represents the three
stationary parts of the hidden process: black labels are
assigned to the image background, grey labels to the bird
body and white labels to the bird wings and primaries. On
the other hand, the second process presents the two noise
stationary parts where black labels are assigned to the
dark part of the image and white labels to the bright one.

5. CONCLUSION

In this paper, we proposed a new triplet Markov chain to
model switching data hidden with non stationary
independent noise. We have chosen unsupervised image
segmentation via Hibert-Peano as illustrative application
field and showed how the new model can take such
situations into account. As perspective for further work,
we propose to extend the present model in three
directions. First, we intend to consider the case where U?
is continuous which would have more intuitive meaning
when, for instance, this latter represents light. Second, we
may consider a more general 7TMC when p(z|u)follows a
PMC. Third, we suggest considering 7MC for situations
where we dispose of more than one image taken in
different conditions (different day-times for instance) or
provided by different sensors with different sensibility
degrees towards external conditions like light ones
(modeled by U?).
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