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Exact Fast Computation of Optimal Filter in
Gaussian Switching Linear Systems

Stéphane Derrode and Wojciech Pieczynski

Abstract—We consider triplet Markov Gaussian linear systems
(X,R,Y), where X is hidden continuous random sequence,
R is hidden discrete Markov chain, Y is observed continuous
random sequence, and (X, Y) is Gaussian conditionally on R. In
the classical “Conditionally Gaussian Linear State-Space Model”
(CGLSSM), optimal filter is not workable with a reasonable com-
plexity. The aim of the paper is to propose a new model, quite close
to the CGLSSM, belonging to the general and recently proposed
family of models, called “Conditionally Markov Switching Hidden
Linear Models” (CMSHLMs), in which the computation of op-
timal filter with complexity linear in the number of observations
is feasible. The new model and related filtering are immediately
applicable in all situations where the classical CGLSSM is used
via approximated filtering.

Index Terms—Conditionally Gaussian linear state-space model,
Kalman filter, optimal statistical filter, switching systems.

I. INTRODUCTION

ET us consider threq random  sequences
- Xi = (Xla"'aXN)vRiN = (Rl’v"' ’RN) and
YV = (Yy,...,Yx), where the sequences X3 and Y take

their values in IR"* and IR? respectively, while R} is discrete
finite, each I?,, taking its valuesin 2 = {1,..., K'}. Both X¥
and R{" are hidden, while Y7 is observed. The process R" can
be seen as modeling the random “switches” of the distributions
linked with (X%, Y4V), which can be of utmost importance in
non stationary situations. The “optimal filter” problem we deal
with in this paper consists in the sequential search of (R, X¥)
from Y{¥. More precisely, with usual notations for conditional
probabilities and conditional expectations and variances,
we search Pl |y, EXog [ rgn, yi Y]
and EXo1 X [rng1s yrt from
plra |¥7), BIXy | 70, ¥7 1 BIXn X | 70, 7] and
¥ni1. The optimal filter is then given by E[X,, 1 |y71'] =
Zrnﬂ Prost | YITTHEX g1 |70t Y7 and its
variance by Var[X, 11 |yt = EX.1XT |yr*] -
E[X41 | yrilJrl]E[X%;l | yiLJrl} WithE[X,L+1X£+1 |y71L+1] =
Zr,,,ﬂ (Tt | ygL+l)E[Xn+1X3:+1 | Prt1s yliH_l]' Such a
problem is of importance in numerous situations and hundreds of
papers deal with different solutions for several decades. In this
paper we deal with the simple “Conditionally Gaussian Linear
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State-Space Models” (CGLSSMs) [1], [2], though the presented
results are likely to be extended to other more sophisticated
models in references mentioned above [3]-[5]. There exists
numerous applications, among which tracking problems are of
importance [6].

In CGLSSMs the distribution of T = (X, RY YY)
is obtained by setting together two classical and widely used
models that are “Hidden Markov Chains” (HMCs) and “Linear
Gaussian State-Space Models” (LGSSMs). Roughly speaking,
(XX RY) has the structure of an HMC and, conditionally on
R, (XY, YY) is a LGSSM. Then, when RY is known, the
problem is solved by the classical Kalman filter and, when R
is not known, the problem has no known solution with a reason-
able complexity and approximate methods are used. The aim of
the paper is to introduce an alternative model, which is not more
complicated than CGLSSM, which is close to it, and which does
allow fast and exact optimal filtering.

More precisely, a CGLSSM T = (X R, YY) is given
by the distribution p(x1,r1,y,) of (X1, Ry, Y1) and the recur-
sions p(t,+1 | t,.) verifying

R Markov with p (i1 | X7, 07, 7)) = p(rae | m); (1)
Xﬂ,+1 = A71,+1(Rn+1) Xn + Cn+1(R71+1) Un-‘rl; (2)
Yn+l - B’IL+1(R'IL+1) Xn+1 + Dn+1(Rn+1) Vn+17 (3)

with

An-l—l (Rn—"-l)v B'n-‘,—l (Rn-l—l)a C7L+1(RIL+1)7 DTL+1(RTL+1)
appropriate matrices depending on switches, and U, 1, V11
white Gaussian noises independent each from the other and
such that for each n = 1,...,N — 1,(U,41,V,y1) is
independent from TZI. In such a model the marginal
distributions p(x,,, 7, ¥, ) are, in the general case, mixtures of
Gaussian distributions with a number of components
exponentially increasing with 7.

We propose two contributions:

1) we modify the CGLSSM above by replacing C,,+1(Rn+1)
with C,41(R"T1) in such a way that in the modified
model, the marginal distributions p(x,,,r,,y.) give the
conditional distributions p(X,,¥r | ) Gaussian. Thus
the general form of margins p(X,,, *, y») does not depend
on n—however the parameters can vary with n—, which
seems to us to better suit real situations;

2) we associate with the modified model, called “Model
17, a new model, called “Model 2”, which belongs to
the “Conditionally Markov Switching Hidden Linear
Models” (CMSHLMs) family introduced in [7]—and
thus in which fast exact filtering is possible—and
which is “close” to the Model 1. In particular, for each

v s N =1, p(Xpy1 | %5) and p(y,. | X,,) are iden-
tical in both models. Then we specify how the fast optimal
filter runs.
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Let us insist on the fact that we do not consider Model 2 as an
approximation of a given Model 1, but rather as an alternative
model, close to Model 1, but allowing fast optimal filtering.

II. MoDIFIED CGLSSM AND ASSOCIATED CMSHLM

Let us denote Z,, = (X,,,Y,)T and W,, = (U,,, V)T,
and let us consider the CGLSSM defined by (1)-(3)
above. Conditionally on RY = ri, the covariance matrix
T'x, (r}) of the Gaussian distribution of X,, depends on
r? = (r1,...,r,). Indeed, we have classically the recur-
sion I‘xnﬂ(r'fﬂ) = Apti(rna)Tx, (C)AT () +
Chnt1(rne1)CE 4+1(ny1) and thus the margmal distributions
p(Xn, ¥n | 7n) are mixtures of K™ ! Gaussian distributions. Let
us search for a model having desired marginal Gaussian distri-
butions p(X,,, ¥, | ), and thus such that its covariance matrix
Tz, (r,) only depends on 7,,. Such models can be defined re-
cursively: for a given desired sequence I'z, (r1), ..., 'z, (rn),
let us consider the following CGLSSM, called Model 1: R
verifies (1) and

Xpt1 = Ant1(Rny )Xo + Cogr (RyTULpr; (B)
Cn+1(R”+l)Cn+1 (R;:-H) = FX)1+1 (RnJrl)_
A, (Ryy)Tx, (Ry )A£+1(Rn+l)5 (5)
Yot1 = Buy1(Rot1) X1 + Daga(Rug1) Vaga. (6)
We can also say that Model 1 is a classic CGLSSM in which
C.4+1 depends on both R, and R,1 in such a way that
P(Xn, ¥ [ T1) = p(Xn. Yo [ 7).
Reporting X, 1 given by (4) into (6), (4)—(6) can be written
Zny1 = A71L+1(R”+1)Z + Bn+l (RZH)WWM: (7
with A} (R,41) and BL | (R F!) defined by
Apg1(Rat) 0

A7L+1(Rn,+1) = |:Bn,+1(Rn+1)An+1(Rn+1) 0:| (8)
Bn—',—l (R7l+1) =
[ Covia (R : ] ©)
Bn+1(Rn+1)Cn+l(R:ﬁ_l) Dn+1(Rn+1)

We define the Model 2 associated with the Model 1 given by
(1), (7)—(9) as the model verifying

Zoy1=Ar (RITYZ,+ B2, (RITYW,01,  (10)
with AZ (R given by
Api1(Rust) 0
2 n+1) _ n+1 n+1
An+1 (Rn ) - |: 0 En+1 (R:L+1):| (11)
with
VL+1 (Rn+1) = Bn+l(Rn+1)A1L+1(Rn+1)
I‘Xr,,,Yn. (R'VL)(FYV,,, (Rn))71 (12)
and B2, ,(RI’"') such that the covariance matrix

I'z,., (Rn41) is the same as in Model 1, which gives
I‘Zn+l (Rn+1) :A%H-l (R:iJrl)I‘Zn (R'n) (A?H-l (RZJrl))T
+ B (R (BY (RET)T. (3)
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Thus B2 (R2T1)(B2  (RT))7 is recursively given from
AZ ((R2Y) and Tz, (R,). Tz, ,(Rny1), the covariance
matrices common to Model 1 and Model 2.

Finally, for each » = 1,..., N — 1, the marginal Gaussian
distributions p(x,,, ¥ | ) are the same in Model 1 and Model
2. To see the difference between them, let us compute the equa-
tion shown at the bottom of the page. We have for Model 1 and
Model 2 respectively

1 +1 a' ,31
T, s, (REF) = A (R () = | 5 0]

2 92

0, (R = AL R, () = [ ]

We find that @' = a2.8' = £2,8" = &, but x! =

BIL+1(R71+1) n—l—l( IL+1)I‘X (Rn) whereas 1X2 =
Bt (Ros1)Ani1(Rot )Ty, v, (Ro)Ty, (R.) Ty, x,

(R,,). Thus we can state the following result, which specifies
the “closeness” of both models.

Proposition 1: Let us consider the Model 1 given by eq. (1),
(7)—(9), and the associated Model 2 given by eq. (1), (10)—(13).
We can state:

1) For each =n = 1,....N — 1, the
Gaussian conditional distributions
p(xn Yn | Tn) p(xn+l: Yn+41 |Tn+l)7p( ntl |I.n+1)

p( nt ety and p(%,01,¥n |T,L+1) are the same

in models 1 and 2, and the only difference comes from

(X, Yna1 | tPFL). In particular, p(x,41|Xn, ) and

P(¥n | Xn: s ), which are used in building Model 1, are
the same;

2) Distribution p(x%¥ |r¥) is Markov in both models with
identical dlstrlbutlon while p(yd |r¥) is Markov in
Model 2, but not in Model 1.

Proof: Point 1) comes from the very construction of the
Model 2 above. To show that p(x) |r{) is Markov with iden-
tical distributions in Model 1 and Model 2, we remark that
eq. (4) is valid for both of them. The fact that p(yI |r{) is
not Markov in Model 1 is a classic property. To show that it
is Markov in Model 2, let us first remark that the second line
in matrix A2, (R2*1) is of the form [0 E,4;(R2™!)] and
let us set [ for1(R2TY) g1 (R7F1)] the second line of the
matrix B7,+1(R;?+1). We have, according to (10), Y, 41 =

"+1(Rn+ )Y'n + f’n—l—l(RZ—i_l)Un—'rl + g'n,—‘,-l(RZ_i_l)V'n—&-l
where (U, 41, V,,41) is independent from (X7, Ry, Y7T). This
implies that p(y3" |rY) is Markov. O

Let us show that Model 2 is a “Conditionally Markov
Switching Hidden Linear Model” (CMSHLM) introduced in
[7]. The latter verifies:

T = (X, Ry, Y}) is Markov with

P(Tnt1: Yt | Xns "oy ¥u) = P(T0t 1, Yot | Ty Yn)
((R‘lw, YN) is then Markov) ; (14)

X1 =Fop (RETLYI)X 4+
G (ROTLYIPO)Wg + Hopg (REFL YT (15)

Iz...z, (RZ“) =

FXn+1Xn (RZ—H) I‘Xn+1Yn (RZ-H)
FYn+1Xn (REJrl)

FY)L+1Y71 (R2+1 )
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with Foo(RIFLY?MY G (RFL YT
appropriate matrices, W, appropriate white noise,
and H,,Jrl(R"Jr1 Yt appropriate vectors.
P(rn1 |yn+ )aE[Xn+1 | 7o, yn+l} and
E[X,,,_HX,,,H |rn+1,y1+1] can then be computed from
p(”)n—&-l;yn-l-l |T‘n,Yn),Fn+1(rﬁ+17yn+l) H +1( ntl yZ+1)

p(r, |y7)andE[X,, [r,,yT] with complexity 1ndependent
from 7 as follows:

> Pt Yot | 7o yu)p (ra | 37)

Tn

S e Yo [ Tasya)p (ra | 2)

T Tl ™

P (ron [¥77)

(16)
P(Fots Yoot | 0 ¥ )0 (e | Y1)

Zp("'n—i-lv Yop | "‘n*v Yn)p ("'ny* | yT)

('rn, | ’rnr‘rl ny’l) =

(17)

E (Xt [, ¥77] = D p (v | P 1)

(Fn-i-l ( "HaYZH) Xy |70, ¥1 ]+ Hon ( v .VTH)) ;
(18)

= Zp (7‘n | Tt Y?H)

E [XZH X | Tnils Y?—H]

(Fo (17 v P E [X X5 \'fmyl wi (T2 Y
Fn—l»l ( n—‘,—l7 y;i—H) [ " | o, yn H71;|»1 (rn-‘,-l y::+1)+
Hn_H ( Tl+1’ yZ—H)ET [ | Tns y1 F;j;.}.l (I_n-‘,-l 71+1)+

Gn+1 ( Z—I»l?yxkl)G:il—l ( Z+17y:1l+1) +
Hn—H ( n+17 YZH) Hn—‘rl ( ::—H-? yz+1)
(19)
Proposition 2: Model 2 defined with (1) and (10)—(13) is a
CMSHLM (14)—(15).
Proof: Let

Qs () = B2, (rih) (B2, ()"

— Qn+1 (I‘"+1) 72L+1 (rvyi—i_l)
g (e 1 (T2F)

Let us first verify (14). TY is Markov and
we can  write  p(Ppa1, Yeil \xn,yn,rn) =
p(r'rl+1 | XnsYn, Tn) (yn-l—l | Xns Yn,T n+ ) AC'
cording to (1) we have p(rn+1 | Xy ¥y ') =
P(rp+1 ) and, according to (10)—(11), we have

(yn+1 | X, Y, T ""’1) = p(Vns1 | ¥n, 7). The two equali-

tleS glve [)( Trnt+ls Yn+1 | Xy Tny yn) = [J( Fn+1ls Yn+1 | Trs Yn)~

Let us then verify (15). According to (10) the distribution
P(Xnt1: Yot1 | Xn, Yas 1'”+1) is Gaussian with mean

2 n+1y | Xn | _ An+1(’n+1)Xn
At (27) [yn} - [Em( ”“)yn}
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and variance Q41 (r7 1) (E,41(r"™1) is given in eq. (12)).
Using the classical Gaussian conditioning rule we can say that
the distribution p(x,, 11 | X,., y**1, £7*1) is then Gaussian with

mean and variance respectively given by A,L+1(T,L+1)X,L +

§L+1(rﬁ+i)( IL4-21(r7L+1)271(};’7L+1 _ iEn+11( :; )Yn)l and
: Qn+1(rg+ ) n+1(rn,+ )( n+1(rg+ )) rL—‘,—l(rn+ )

Then we can state, according to classic properties of Gaussian
laws, that (15) is verified with

Foi (REFLYH) = A (Rus),
Hon (RIFLYIH) = Q7L (R
(Qi (RE)) ™ (Yo = Eps (RIF)Y,)
Gt (Rl::“,Y:z“) (Gsr (R, YM))T
Lo (R - Q2 (R
(Quer (RIT)) Q;’;H (R™).20)
Finally, the optimal filter in the switching system (4)—(6) E

for giVen FZ (Tll) 1’(7 n |y ) [ n | Ty y?]a and Yu+1
1) consider I'x, ., (r41) and C,L+1(R”+1) verifying (5),

whichprovide 'z, , with (6)and A2, (R2) with (11),
12);

2) compute Qui1(ri ™) = BI, (riTH(BL ()T
with (13);

3 compute Fyyy (10, yit), Gy (0 yit)
(G (™ yp )T and H,pq(rp*lynt!)  with
(20);

4) compute p(7'n+1: Yn+1 | T, yn) -
Prng | PPy | ), knowing that

P(Yn+1 |r Lya) is  Gaussian with  mean
E, i (rt )yn and covarlance matrix Q5 (r21);

5) compute p(’rnJrl ‘ Y1 )a E[Xn+1 | T+, yn+1] and

B[X1 X1 [ Pnsr, y7 1] with (16)-(20).

III. EXPERIMENTS

Letus considerm = ¢ = 1 (both X¥¥ and Y{" are real valued
processes), and the stationary case where the distributions of
(Z,,,72,.+1) are independent from 1, ..., N — 1 in both models.
Thus An+1 = A, Bn+1 = B,Cn,_;'_l = C and _Dn+1 = D.
Each R,, takes its values in {2 = {1,2} and we set, for both
models, and for i = 1,2: a; = A(rn, = i),b; = B(ry, = i)
and 0? = I'x, (r, =4) = DTy, (r, =4). Then for (2,
i, Ry p1 = j) we have for Model 1

17y (lj 0
A= [%‘bj 0]’
and ( )
2 2.9 bi (02 — a.202
B i) (Bl(5. iNT = 0y — a;70; RCE VI
(i.0) (B™(i,5)) {bj (‘7.2 _ajz [2) a —b; aJZ 2

According to eq. (11) and (13) the assoc1ated Model 2
is given by the equation shown at the bottom of the page,

2/ N _ | @y 0
A (1'7]) o |: 0 (]/jbjbi

and

B(i.) (86, = |, ()

2 2 2
—a; 0] b](a

2 272
— a;202b;”)

;- otaibed)

2,2
oF - bila; o2’

2
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TABLE I
MSE ERROR OF F1, F2 AND F3 FILTERS WITH b; = (.3

’ P11 + p22 ’ o7

2 | o3 F1 ‘ F2 ’ F3
First series of data
05| 2 0.8014 | 0.8014 | 0.8019 (11.9%)
0.98 1.0 | 2 0.9270 | 0.9270 | 0.9282 (23.0%)
05| 2 0.8147 | 0.8147 | 0.8162 (30.1%)
0.80 1.0 [ 2 0.9296 | 0.9296 | 0.9318 (39.2%)
Second series of data
05| 2 0.8024 | 0.8023 | 0.8028 (11.9%)
0.98 1.0 | 2 0.9236 | 0.9236 | 0.9249 (23.0%)
05| 2 0.8147 | 0.8146 | 0.8162 (29.8%)
0.80 1.0 [ 2 0.9282 | 0.9281 | 0.9300 (39.2%)
TABLE 11

MSE ERROR OF F1, F2 AND F3 FILTERS WITH b; = 0.8

’ P11 + p22 ’ o7

2 | o3 F1 ‘ F2 ’ F3
First series of data
05| 2 0.7024 | 0.7026 | 0.7159 (11.4%)
0.98 1.0 | 2 0.7777 | 0.7778 | 0.8091 (21.7%)
05| 2 0.7109 | 0.7113 | 0.7427 (29.6%)
0.80 1.0 [ 2 0.7813 | 0.7816 | 0.8320 (38.4%)
Second series of data
05| 2 0.7010 | 0.7009 | 0.7140 (11.2%)
0.98 1.0 | 2 0.7745 | 0.7744 | 0.8045 (21.2%)
05| 2 0.7090 | 0.7086 | 0.7398 (29.5%)
0.80 1.0 [ 2 0.7777 | 0.7774 | 0.8288 (38.6%)

which gives Foy (e, yn ™), Hyp (e, y2+!)  and
G (xnt yn+1) by (20). Finally, the two models are
defined by the parameters o3,032,a1,as,b1,b2 and by the
distribution p;; = p(R1 =i, Ry = j).

We present two series of experiments. In the first series, data
are sampled according to Model 1, and in the second one, data
are sampled according to Model 2. Both series were filtered ac-
cording to three methods: (F1) is the Model 1 based optimal
filter with known switches, (F2) is the Model 2 based optimal
filter with known switches (conditionally on R}, Model 2 also
is a classical system but more general situations, where it would
be a Pairwise Markov Model, in which the classical Kalman
filter is workable [8], [9], could be considered), and (F3) is
the Model 2 based optimal filter with unknown switches. The
sample size is N = 1000 and we consider a1 = 0.3,a: =
0.6,b, = 0.2 and 07 = 2. We consider two cases: b; = 0.3
(Table I) and &; = 0.8 (Table II). Then we consider two pos-
sible values 0.98 and 0.80 for p11 + p22 = p(R1 = Rs) and
two possible values 0.5 and 1.0 for o5 . For filter F3, we also re-
port the error rate while estimating the switches by maximizing
p(r, | ¥T) (notice that these estimates of switches are not used
in F3). The results, which are means of 300 independent exper-
iments are expressed in term of the Mean Square Error (MSE).
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The presented results, and different other results not reported
here, show that it is difficult to obtain a significant difference
between F1 and F2, which is our main conclusion.

IV. CONCLUSION

We proposed a new model, very close to the classic “Condi-
tionally Gaussian Linear State-Space Model” (CGLSSM), but
allowing, in spite of switches, a fast optimal statistical filter.
This property is due to the fact that the model proposed belongs
to the family of models recently introduced in [7]. The distri-
bution of the switching sequence, that of the hidden continuous
sequence, and that of each observation at time 7, conditional
on the switch and the state at n, are strictly the same in both
models. So the new model can be immediately used in all situa-
tions the classical CGLSSM is. Simulation experiments numer-
ically show that the new model is fairly identical to CGLSSM.

The main conclusion is that the two models are so close that
it is difficult to see any difference at results level, at least in
the case of real-valued sequences considered. In addition, the
results obtained with the new model with known switches are
very close to those obtained when the switches are unknown.

As perspective for further works let us mention that we con-
sider the filtering problem in this paper, but the recent models
can also be used to deal with prediction [10] and smoothing [11].
Another perspective would be the parameter estimation problem
[12], [13].
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