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Abstract

Hidden Markov Fields (HMF) are widely applicable to various problems of image processing. In such models, the hidden process of interest X is
a Markov field, which must be estimated from its observable noisy version Y. The success of HMF is due mainly to the fact that X remains Markov
conditionally on the observed process, which facilitates different processing strategies such as Bayesian segmentation. Such models have been
recently generalized to ‘Pairwise’ Markov fields (PMF), which offer similar processing advantages and superior modeling capabilities. In this
generalization, one directly assumes the Markovianity of the pair (X,Y). Afterwards, ‘Triplet” Markov fields (TMF) have been proposed, in which
the distribution of (X,Y) is the marginal distribution of a Markov field (X,U,Y), where U is an auxiliary random field. So U can have different
interpretations and, when the set of its values is not too complex, X can still be estimated from Y. The aim of this paper is to show some connections
between TMF and the Dempster—Shafer theory of evidence. It is shown that TMF allow one to perform the Dempster—Shafer fusion in different

general situations, possibly involving several sensors. As a consequence, Bayesian segmentation strategies remain applicable.
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1. Introduction

Hidden Markov Fields (HMF) are widely used in various
image-processing problems (see [8,18,37], among others).
They consist in considering two stochastic processes X=
Xy)ses and Y=(Y);es, in which X=x is unobservable and
must be estimated from the observed Y=y. The qualifier
‘hidden Markov’ means that the hidden process X has a
Markov distribution. When the distributions p(y|x) of Y
conditional on X=x are simple enough, the pair (X,Y) retains
the Markovian structure, and likewise for the distribution p(x|y)
of X conditional on Y=y. The Markovianity of p(x|y) is crucial
if one’s purpose is to estimate X =x from Y=y. HMF have then
been generalized to pairwise Markov fields (PMF [21]) and
triplet Markov fields (TMF [1,24]), which are more general and
still allow one to recover X=ux from Y=y. In particular, PMF
have been proposed to solve the texture modeling problem,
which is rather difficult and needs approximations when using
HMEF [17]. Considering that the pair (X,Y) is a PMF consists in
assuming that the pair (X,Y) is a Markov field, which ensures
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the Markovianity of p(y|x) and the Markovianity of p(x|y).
Such a model is not necessarily a HMF because X is not
necessarily a Markov field. Thus compared to HMF, the
Markovianity of p(y|x) allows better modeling, and the
Markovianity of p(x|y) allows the same processing properties.
The generalization of PMF to TMF consists in introducing a
third process U=(Uy);es and considering that (X,U,Y) is a
Markov process. The process U needs not have a physical
existence and the problem remains the same as above:
estimating X=x from Y=y. The Triplet models are more
general than the Pairwise models because the distribution of
(X,Y), which is a marginal distribution of (X,U,Y), is not
necessarily a Markov distribution. However, the classical
processing methods remain workable in the TMF context, as
long as the set of values of U is not too complex. As specified in
[1], this third random field U can have different meanings.
In particular, it can model the fact that the field X may not be
stationary, which seems to present encouraging perspective [2].

The aim of this paper is to propose new applications of TMF
to the problem of Dempster—Shafer fusion (DS fusion) in a
Markov field context. Although DS fusion is now well known
and widely used in various situations [5,9,11,19,32-34,38], its
use in the Markov field context is very rare; only a few papers
deal with this kind of models [3,6,10,15,31,36]. To be more
precise, we show how the use of TMF allows one to
simultaneously integrate the possibly evidential aspects of
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the prior information and the possibly evidential aspects of the
sensors. The first integration can be of interest when the hidden
scene is non-stationary, and the second one enables one to
extend different classical multisensor images analysis (see
[14,29,35], among others).

Let us mention that similar extensions have been proposed
in the case of Markov chains. In fact, hidden Markov chains
(HMC) have been generalized to pairwise Markov chains
(PMC [23]), and triplet Markov chains (TMC [25]). In
particular, evidential priors have been introduced in HMC
[7,28], resulting in an improvement in the efficiency of the
unsupervised segmentation of non-stationary chains [12].
Moreover, still more complex models, including partially
Markov chains or semi-Markov chains, have been recently
proposed in [26,27]. All these models can be possibly extended
to Markov trees, and some first ideas are presented in [13].
However, although these very general ideas have inspired the
main ideas of the present paper, the Markov field models—and
the related problems such as, for instance, parameter
estimation—are very different from the Markov chain models
and the related problems. Therefore, below we will concentrate
on Markov fields with no further consideration of Markov
chains.

The organization of the paper is as follows. The basic
notions and calculations relating to the theory of evidence are
recalled in Section 2, while Section 3 is devoted to the
introduction of evidential priors in the context of Markov
fields. The use of evidential sensors is discussed in Section 4,
and the general model, including evidential priors and
evidential sensors, is specified in Section 5. Section 6 contains
conclusions and some future prospects.

2. Theory of evidence

Let us consider a finite set of classes Q={wi,...w}, and its
power set P(Q)={A,,...A,}, with q=2k. A function M from
P(Q) to [0,1] is called a ‘basic belief assignment’ (bba) if
M(@)=0 and ) scpioyM(A)=1. A bba M defines a
‘plausibility’ function P1 from P(Q) to [0,1] by
PI(A) = > 4np+z M(B), and a ‘credibility’ function Cr from
P(Q) to [0,1] by Cr(A) = >_gcs M(B). For a given bba M, the
corresponding plausibility function Pl and credibility function
Cr are linked by PI(A)+Cr(A°)=1. So, each of them
defines the other. Conversely, Pl and Cr can be defined
by some axioms, and each of them defines an unique
corresponding bba M. More precisely, Cr is a function
from P(Q) to [0,1] verifying Cr(&)=0, Cr(Q)=1, and
Cr(UigsA)) = 3 1igier (=DM Cr(Mje A;), and Pl s a func-
tion from P(Q) to [0,1] verifying analogous conditions, with <
instead of > in the third one. A credibility function Cr
verifying such conditions is also the credibility function
defined by the bba M(A) =54 (1) FICr(B).

Finally, each of the three functions M, Pl, and Cr can be
defined in an axiomatic way, and each of them defines the two
others. Furthermore, when M is null outside singletons, the
corresponding Pl and Cr are equal and become a classical

probability. Thus a probability is obtained for a particular M,
which will be called ‘probabilistic’ in the following.

When two bbas M, M, represent two pieces of evidence, we
can combine—or fuse—them using the so-called ‘Dempster—
Shafer combination rule’, or ‘Dempster—Shafer fusion’ (DS
fusion) which gives M =M, ® M, defined by:

M(A) = (M, ®M;)(A)

1

S E—— Z Ml(Bl)M2(32)7 fOI' A ?‘: @,
(B;.B,)EQ?/B,NB,=A

0, for A=@
2.1)

Let us notice that the constant

H=1-)" > M, (B))M(B,)

ACQ | (B,,B,)EQ*/BiNB,=A+Q

= > Mi(B)My(By)

(B1,B,)EQ*IB,NB, =@

has an intuitive meaning and can be interpreted as the degree of
conflict between the two pieces of evidence modeled by the
bbas M, and M.

In the following, we will use the proportionality symbol * o< ¢
which is very practical to manipulate the DS fusion. Therefore,
(2.1) will be written as:

M(A) = (M ®M)(A)x Y M (B)Mx(By)
BiNB,=A

(22)

knowing that A# & and M(A)=(M,® M,)(A) is obtained by
dividing the r.h.s. of (2.1) by the sum

M, (B)M,(B,)
ACQ [ (B,,B,)CQ?/B,NB,=A+D

As mentioned above, we will say that a bba M is
‘probabilistic’ when, being null outside singletons, it defines
a probability and we will say that it is an ‘evidential’ bba when
it is not probabilistic. As can be seen easily, when either M, or
M, is probabilistic, the fusion result M is probabilistic.

In particular, one can see that the classical calculus of the
posterior probability is a Dempster—Shafer fusion (DS fusion) of
two probabilistic bbas. For example, let us consider two random
variables X and Y taking their values in Q= {w;,w,} and R,
respectively. Let M be the law of X (which is a probability on Q,
and thus also a bba null outside singletons), and let p(y|x=w,),
p(|x=w,) be the distributions of Y conditional on X=w; and
w,, respectively. For observed Y=y, let M the probability on Q
defined by M;(w;)=p(ylx=w)/(pQlx=w,)+ pHlx=w,))
and M,(w;) = pOylx = 0)/(p(ylx = w1) + p(ylx = ,)) (which
can be written M;(x) « p(y|x), where p(y|x) is the distribution of
Y conditional on X=x). Then a very simple calculus shows that
the posterior distribution of X, i.e. its distribution conditional on
Y=y, is the Dempster—Shafer fusion of M, with M. This simple
fact opens numerous perspectives of extension of the posterior
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distribution of X: if we replace either M, or M, by a bba which is
not null outside singletons, then the fusion My and M, gives a
probability which is an extension of the posterior distribution of
X. Such a fusion result can then be used, in a strictly same
manner as the classical one, in different Bayesian techniques for
estimating X from Y=y. Studying these different extensions in
the Markov fields context is the very aim of the paper.

Let us consider the following two examples, which briefly
describe how the DS fusion can be used in the image analysis
context.

Example 2.1. Let us consider the problem of satellite or
airborne optical image segmentation into two classes Q= {w;,
w,} ‘forest’ and ‘water’. Thus we have two random fields X=
X,)ses and Y=(Y;);<s, €ach X, taking its values in Q= {w,
w,} and each Y, taking its values in R. Let us assume that there
are clouds and let us denote by w,. the ‘clouds’ class. Thus, in
the classical probabilistic context, there are three conditional
distributions on R:p(yx,=w), p(yslx;=w,) and p(y|x;=w,).
This classical model admits the following ‘evidential’
interpretation. If we are only interested on the classes
Q={w;,w,}, the class w, brings no information about them,
and thus w,. models the ignorance and is assimilated to Q.
Finally, the classical probability ¢”* defined on {w;,w,,w.} by
qyx(wl) ocp(y.ylxs = (1)1), qyx(w]) ocp(yslxs = (*)2)’ and q x(wl) x
p(yslxs = w,) is interpreted as a bba M, defined on P(Q)={w,
02, Q} by Mr({w}) *p(yslx,=w), Ma({ws}) *p(y,lx,=wy),
and M>(Q) xp(y,|x,=Q). In other words, M,(Q) models the
ignorance attached with the fact that one cannot see through
clouds. An interesting result states that when M, is a Markov
probabilistic field distribution, its DS fusion with M, remains a
Markov distribution, which generalizes the classical calculus
of Markov posterior distribution [3]. Furthermore, when clouds
disappear, M(Q) becomes null, and such a °‘generalized’
Markov model becomes a classical HMF. So, the generaliz-
ation we obtain embeds HMF particular case. Different
Bayesian processing methods can then be based on the fused
Markov distribution obtained this way. Roughly speaking,
when the prior distribution is a Markov probabilistic bba, its
fusion with a more general evidential bba does not pose
problem and Bayesian processing remains workable in this
more general context.

Example 2.2. Let us consider the problem of segmentation of
an observed bi-sensor image Y=(Y1,Y2)=(y1,y2) into three
classes. So, we have Q={w,w,,w3}. Imagine that the first
sensor Y is sensitive to W1,07,0w3 and {wy,w,,w3} (to fix ideas,
it is an optical satellite sensor and there are clouds, modeled as
in Example 2.1). Imagine that the second sensor Y is sensitive
to {w1,w,} and ws (to fix ideas, it is an infrared satellite sensor
and w;, w, are ‘hot’, while w3 is ‘cold’). Let A;=
{o b {w {osh {w,w,ws} ), Ay={{w,ws},{ws}}, and
A x={{w1} {wa}.{ws),{w,w2}}. As above, y1 defines a
probability M' on A; and, in a similar way, y* defines a
probability M? on Ay AsM "'and M? are also bbas on P(Q), we
can fuse them, and the result M>=M"@® M? is a probability on
A . Finally, M? can be fused with a probabilistic Markov

field, resulting in a Markov distribution which extends the
classical posterior distribution.

3. Triplet Markov fields with evidential priors

Let S be the set of pixels, and X,Y two random fields defined
on S as specified in Section 1. Thus for each s € S, the variables
X, and Y, take their values in Q={wi,...,w;} and R,
respectively. The problem is to estimate X from Y, with
immediate application to image segmentation. Considering a
triplet Markov field (TMF), consists in introducing a third
random field U= (U,),<s, Where each U, takes its values in
A={4y,...,A,;}, and in assuming that T=(X,U,Y) is a Markov
field. The distribution of 7= (X,U,Y) is then a classical Gibbs
one:

p(t) = v exp [—Z MC)]

ceC

3.1

Classically, (3.1) means that the distribution of T verifies
p(tlt,. r#s)=p(tt,.,r& W), where (W,),cs is some neighbor-
hood system (W, is the set of neighbors of s). C is the set of
cliques associated with (W), (a clique is either a singleton,
or a set of mutually neighbors pixels).

In this model, X and Y are interpreted as usual, as for U, it
can have physical meaning or not. More precisely, there are at
least three situations in which U models some reality: (i) the
noise densities are unknown, and are approximated by
Gaussian mixtures; (ii) there are subclasses in at least one
class among wy,...,w;; and (iii) U models different stationa-
rities of the field X (see [1] for (i) and (ii), and [2] for (iii)).

Important is that (X,U) can be classically simulated
according to the Markov distribution p(x,u|y), which enables
to implement their different Bayesian estimations methods. For
example, the classical Maximum Posterior Mode (MPM)
method gives X=(X;),es such that for each s&S
p(&ly) = max, cq p(x,ly). This estimate can be computed
once the postérior marginal distributions p(x,|y) are known:
as p(xgusly) can be classically estimated from a simulated
Sample’ P(xsb’) is given by P(Xx|)’)=ZuﬁeAP(xs,usb’)- Of
course, U can be estimated similarly if it is of interest [2].

We now deal with the main point of this paper, i.e. we want
to explain how the classical computing of the posterior
distribution in hidden Markov fields can be extended to DS
fusion when the hidden data become ‘evidential’. Let us
consider the classical hidden Markov field, with p(x)=
Y €Xp [_ ZCEC q’c(xc)] and p(y|X) = HsESp(yslxs)' Then the
distribution of (X,Y) is defined by

p(-x’ )’) =7 eXp _Z (pc(-xc) + ZLOg[p(yslxs)]

ceC SES

(3.2)

The key point is to use the observation that p(x|y) given by
(3.2) can be seen as the result of the DS fusion of p(x)=
y exp[—.ec @.(x.)] with the probability distribution ¢’(x)
(y is fixed) obtained by normalizing p(y|x). More precisely,
putting
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7w =1] K(p(yslxg)/Zp(yslxs - w))]

SES wEQ

(we will write ¢ (x) « [ [,es p(slx,) in the following), we have
pxly)=(p®¢")(x) (where p is the Markov distribution of X).
This provides numerous possibilities of extension of p(x|y), by
replacing in p®¢g” either p or ¢* by a mass function. In this
section we shall show that when the Markov probability
distribution p is replaced in p @ ¢’ by a ‘Markov’ mass function
M, the M®¢” can be seen as a marginal distribution of a
particular TMF. An important consequence of this observation
is that M@ g’ can be used to estimate X from Y. Now, let us
consider a set of classes Q and the power set P(Q). Let n=
Card(S) and M° be a bba defined on [P(Q)]" by

M°(4) = v exp [—Z %(A»} (33)
ceC

where C is the set of cliques corresponding to a given
neighborhood defining the Markovianity, A=(A,);cs, and
A.=(A)se.. Such a bba will be called ‘evidential Markov
field’ (EMF). We see that an EMF extends the classical Markov
field, the latter being obtained when M is null outside {{w;},
....{wy}}". Both EMF M° and the probability distribution ¢’
(given by p(ylx) = []ses p(yslx,)) define a ‘hidden” EMF
(HEMF). We have the following result.

Proposition 3.1. Let M° be an EMF defined on [P(Q)]" by
(3.3), and M" a probability over Q" defined from the observed
field Y=yER" by M'(x) = ¢"(x)  [[,es p(y;lx,). Let A=P(Q)
and AC QX A such that (w,\) €A if and only if wEA.

Then the probability distribution M=M"@®M" is the
marginal distribution p(x|y) =" ,cp@ P(x, uly), where p(x,
uly) is a Markov distribution obtained from the TMF T= (X,U,
Y), the distribution of which is defined on (A XR)" by (3.1),
with

(p(,'(tc) = (pc(xc’ uC’ y()

{ wc(uc)s for Card (o>1,
= 34

wc(uc) _LOg(P(Yxlxs))» forc = {S}

Proof. We have

M) = M OM")(x) x> " exp [—Z wu»] | JECRES)

xEu ceC SES

= exp [—Z Vel + log<p<ys|xs>>]

XEu ceC sES

In the sum above x=(x,) <y is fixed and u = (u,) < 5 varies in
[P(©)]" in such a way that x; € u, for each s €S, which means
that u = (u,) < varies in such a way that (x,u) € A". This means

that M(x) can be written as

M(x) Z

exp|— > Vel + > log(p(y,lx,)

ul(x,u,y)EA" XR" ceC SES
= ) explocte e Yol
ul(x,u,y)EA"XR"

which completes the proof.
O

Example 3.1.. One possible application of the HEMF above is
inspired by the successful use of the similar hidden evidential
Markov chains in the situations where the unknown process has
unknown parameters and is not stationary [12]. Thus, let us
consider the problem of segmenting an observed image Y=y
into two classes Q= {w1,w,}, and let us assume that the hidden
class image X=x is strongly heterogeneous and can hardly be
modeled by a stationary Markov field. As HEMF is a particular
TMF, the parameter estimation method proposed in [1] can be
applied and thus unsupervised segmentation is workable. One
can then compare two unsupervised methods: the classical
HMF based method, and the new HEMF one.

Two examples of unsupervised segmentation performed
with the classical HMF and the proposed HEMF are presented
in Fig. 1. We consider two classes Q= {w,w,}, and assume
that both HMF and HEMF are Markovian with respect to the
four nearest neighbors. Therefore, we have an EMF on (A)",
with A=P(Q)={{w;}.{ws},{w,wr}}={A1,42,A3}, the distri-
bution of which is given by (3.3). We then consider a simple
energy function given by the following potential functions. For
horizontal cliques c=(t,s), we take ¥ .(A1,42) = — a1y, Y(A1,-
)= —aon, V(Ao,A3)=—ozy, and Y(A,A) =¥ (A2,42)=
V¥(A3,A43)=0. The same is done for vertical cliques, with ayy,
ooy azy instead of a1y, aoy, and azy. Moreover, .. is null for
the cliques singletons.

According to Proposition 3.1, we have to consider the triplet
Markov field defined by

V. (u,),
—log(p(yslxy)).

for ¢ = (s, 1),

0c(t) = 0c(Xe e, ye) = {

for ¢ = {s}

where (x,u5) are in A= {(w,{w}),(w,{w,w2}), (W2, {w2})(wn,{-
w1,w2})} =1{01,0,,03,04}. Thus, putting v,=(x,u,), we have a
standard hidden Markov field (V)Y) and for each s&S, the
probability p(v,|y) on A={3,,0,03,04} can be estimated by using
the Gibbs sampler. The estimates obtained this way enable us to
compute p(x,=w|y)=p,=3|y)+p(,=3:|y) and p(x,=
woly)=p(vs="03]y) + p(vs=">,4]y), which are then used to perform
the Bayesian MPM segmentation. Concerning the classical hidden
Markov field used, the potential functions are y/.(w1,w,) = — oy for
horizontal cliques, ¥ .(wi,w,)=—ay for vertical cliques,
Y(w1,01) =¥ (2,0,) =0 for horizontal and vertical cliques, and
Y. is null for the cliques singletons. The estimates of all parameters
in both models are presented in Table 1, and the different images
are presented in Fig. 1.
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First class image First observed image | Classical HMF based |New HEMF based
X=x Y=y segmentation : error | segmentation : error
rate = 11.0%, rate = 5.4%
x \ T PR <
4 & i
. a 18
Second class image | Second observed Classical HMF based | New HEMF based
X=x image ¥ =y segmentation :  error | segmentation :  error
rate = 12.8% rate = 6.7%

Fig. 1. Two class images corrupted by Gaussian noise N;(0,1) and N»(2,1), and unsupervised segmentation results based on classical HMF and new HEMF.

The estimates, obtained with ICE, are presented in Table 1.

Let us mention a more general model, in which both p(x)
and p(y|x) are Markov fields (see examples of such models in
[1]). In particular, we can chose a model generalizing the
classical model (3.2), in which p(ylx) = [[ses P(Oslxs) is
replaced with p(y[x) =y exp[=>.ec X (X y)]. As above,
we can then consider

exXp [_ ZCEC Xc(xc’ yc)]
Z)CE.Q" exp [_ ZCEC Xe(Xes yc)}

M'x) =g x) =

o< exp _Z(xc’ yc)

ceC

which here is a Markov field.
Then we have the following result:

Proposition 3.2. Let M° be an EMF defined on [P(Q)]"
by (3.3), and M' a classical Markov field defined over

Q"  from the observed process Y=y&ER" by
M'(x) < exp[—"ec Xe(xe ye)]. Let A=P(Q) and A€EQ XA
such that (w,A)E A if and only if wEA.

Then the probability distribution M=M"®M" is the
conditional distribution p(x|y)=p(x,y)/p(y), where p(x,y) is a
TMEF. More precisely, T=(X,U,Y) is a Markov field defined on
(AXR)" by (3.1), with @ (1) = @ (Xe,Uesye) = YelUe) + Xe(XeYe)-

The proof is analogous to the proof of Proposition 3.1
above.

4. Triplet Markov fields with evidential sensors

In this section we will consider that the prior information on
the hidden field X is given by a probabilistic classical Markov
distribution p(x) = v exp[—=>_.cc ¢.(x.)], and the information
provided by the observations (one sensor Y; or numerous
Sensors Ysl, ..., Y{") can be ‘evidential’. Let Q={wi,...,0n} and
A=P(Q) as above. We will say that a sensor ¥4 ‘is sensitive’ to

Table 1
Parameters estimates and error ratios of the unsupervised segmentation methods based on classical hidden Markov fields (HMF) and hidden evidential Markov fields
(HEMF)
Parameters Real Image 1 Image 2

HMF HEMF HMF HEMF
I 0.00 -0.3 0.02 0.88 0.02
723 2.00 1.86 2.03 2.01 2.02
gy 1.00 0.85 1.00 1.36 0.94
o> 1.00 1.05 0.97 0.99 0.67
g, Ay 0.25, 0.31 0.29, 0.33
Qon, Qv 0.38, 0.44 0.47, 0.55
03H, A3y 0.01, 0.01 0.02, 0.02
ay, oy 0.65, 0.82 0.41, 0.50
Error ratio 11.0% 5.40% 12.8% 6.7%

See Fig. 1 for visual results.



66 W. Pieczynski, D. Benboudjema / Image and Vision Computing 24 (2006) 61-69

B e A if the knowledge t hat x, € B modifies its probability law
(see also Examples 2.1 and 2.2).

4.1. The case of one sensor

We first recall the extension of the classical HMF (3.2)
which has been proposed in [3], and then we propose two new
extensions: one for the HMF with spatially correlated noise,
and another for the PMF. Therefore, let Q ={wy,...,w;}, A=
P(Q) as above, and let A; C A such that each Y, is sensitive to
the elements of A;.

The classical HMF (3.2) will be called below ‘HMF-IN" (IN
for ‘independent noise’), and we will call HMF a PMF such
that the hidden field is a Markov one. Therefore, there are three
models of increasing generality: HMF-IN, HMF, and PMF.
The interest of such distinction will appear below.

So, the extension of HMF-IN, proposed in [3] and validated
by different applications, is the following. In HMF-IN, the
posterior distribution p(x|y) is the DS fusion p(x|y)=(p ® ¢”)(x)
of p(x) =y exp[— Y cec ¢ (x)] With ¢'(x) = [Ties p(y, ). As
the considered sensor is only sensitive to the elements of A, let
us consider ¢*(x*) « [[,es p(vslxs ), where x* = (x; )5 and
each x; varies in A;. Then one can see that p(x|y)= (p ® ¢"*)(x)
remains a Markov field, written as

pUly) = yrexp | =Y gox) + Y Log| Y p(ylx))

ceC = x,ex!

A.1)

where the sum _, . p(y,|x;) is taken over x5, x, being fixed.

To consider the first new extension, let p*(x*,y)=
v exp[—> cec e (xc.y.)] be an HEMF distribution on
(A)"XR", which means that its marginal distribution p*(x*)
is a Markov one: p*(x")=7"exp[—Y .ec@c (x1)]. As a
consequence, p*(y|x*) is written

ceC ceC

P OIx") = v/ exp l—z Qe Y+ Y <pé*(x:>] (4.2)

Then (4.2) defines

R P Olx") .
qy’(X)=< - *)“p(yIX)
> owem,y PO
and one sees from (4.2) that ¢"*(x")=~vy(y)exp

[~ cec e (e, y) + e @ (x2)] is a Markov field. Then
fusing p(x) = v exp [_ZCEC (pc(xc)J with ¢”*(x*) is a prob-
ability which extends the classical posterior p(x|y) (which is
obtained again for A reduced to singletons). Therefore, we can
state:

Proposition 4.1. Let us consider:

(i) aclassical probabilistic Markov field M° on Q", defined
by M°(x)= 1 exp [— > ec (pc(xc)] , which classically
models a prior information;

(i)) an HEMF distribution p*(x*,y)= v exp [— > e
@. (x2,y.)], which means that the marginal distribution

p*(x*) is a Markov one: p*(x*)=1y/exp[—> .ec
o (x)]; and

(iii) the bba M' defined on (A;)", for fixed yER", by
p*(y|x*) given by (4.2);

(iv) and the set A={(w,A)EQ X AlwEA}.

Then the DS fusion (M°®M")(x) is the probability p(x|y),
which is the marginal probability of p(x,x*|y) defined from the
distribution of the TMF T=(X,X*,Y) given on A" XR" by

p(xa X* ’ )’)
o exp [—Z Px) =Y @il y) + > ol (x: )] 4.3)
ceC ceC ceC

As a consequence, different Bayesian segmentation tech-
niques can be implemented.

Proof. We have

M°®M"H(x)

> [exp [—Zq)o(xc)] exp [—Zq):(xi,ya +> ol )} }

xex” ceC ceC ceC

xEX* ceC ceC

xex*

=) exp {—Z {«pc(xc) +or (e y) = > o (xi)”

which completes the proof.

O

To consider the second new extension, let p*(x*) = vy exp
[~>cec @c(xi,y,)] be a pairwise evidential Markov field
(PEMF) distribution. p*(x*,y) is not necessarily an HEMF
and thus the form of the marginal distribution p*(x*)
is not mnecessarily known. However, p*(x*|y)«exp
[=Ycec @ (xé,y,)] is Markovian one. We can then develop
all calculations above concerning the first new example with
p*(x*|y) instead of ¢°*"(x"). Finally, we can state:

Proposition 4.2. Let us consider:

(1) a classical probabilistic Markov field M° on Q" defined
by M°(x) =y exp[—>_.ec ¢.(x.)], and modeling some
‘prior’ information;

(i) a PEMF distribution p*(x*,y)=17 exp[—Y .ec
@e (6, yOl;

(iii) the bba M' defined on (A )" by p*(x|y);
(iv) the set A={(w,A)EQX A |lwEA]}.

Then the DS fusion (M°®M")(x) is the probability p(x|y),
which is the marginal probability of p(x,x*|y) defined from the
distribution of the TMF T=(X,X*,Y) given on A" XR" by

pax" ) exp| =D 9. =D 9l 0 ye)

ceC ceC

4.4)
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As a consequence, different Bayesian segmentation tech-
niques can be implemented.

Let us notice that an HEMF is also a PEMF, and thus when
considering an HEMF we have the choice between two
different ways of using some ‘prior’ information modeled by a
classical probabilistic Markov field.

4.2. The case of numerous sensors

Let us consider r sensors: ¥, = (Y;, ...Y"). We take r=2 for
the sake of simplicity (the extension to r>2 is immediate, see
also the next section). So, we have Y,= (Y!,¥?) and y,=
(v, ¥?) denote its realization. We will assume that the sensors
are independent, which means that in the classical case that we
are going to generalize, the random fields Y', Y? are
independent conditionally on X.

As above, let us consider the same Q={wi,...,w;}, A=
P(Q), and A, CA, A,CA such that each Y! is sensitive to
the elements of A, and each Y? is sensitive to the elements
of A,. Furthermore, let A;,C A be the set of sets ACA
such that there exists A{CA; and A,CA, verifying
A :Al ﬂAz

As in the previous subsection, let us first recall the
extension of the classical bi—senscl)r HME-IN proposed in [3].
The first sensor produces ¢ *(x*)o [[iesp(ilxs), the
second produces qyz’*(x*) « [[,es p(y21x5), and the infor-
mation provided by the observation (Yl,YZ)Z(yl,yz) is given
on (4,,)" by

¢ ) = (¢ @)

=11

sES

> poslhpGig | @)

1.2
XN =x;

Then p(x|y) is given by a formula similar to (4.1), obtained
by replacing p(y,|x;) with D Ay PO PO X, We
see that the sensors can be fused ‘pixel by pixel’, which is the
reason why there is no need for triplet Markov fields when the
extensions of HMF-IN are considered.

Let us now consider the new case of spatially correlated
sensors. As above, we have two cases: (X*,Y) is an HEMF
with known Markovian p(x*), or (X*)Y) is a PEMF with
unknown p(x*)].* In the ﬁrzst case we apply (4.2) to each
sensor to get ¢’ (x) and ¢°*(x™), and we have the following
proposition.

Proposition 4.3. Let M° be the Markov field on Q" defined by
M°(x) =y exp[— Y cec 9c(x,)], and let M', le be bba’s
dezﬁned on (A)" and (A,)", for fixed yER", by ¢ " (x*) and
@ (x*). Let A={(w,A,Ay)) EQ XA} X Alw €A, N AL

Then the DS fusion (M°®M' ® M?)(x) is the probability
p(xly) defined by the TMF T= (X,X*' X*2Y) whose distri-
bution on 4" X R" is given by

P, ) cexp| =) polx)

ceC

= oty Y el el

4.6)
ceC ceC
DR B R e GOt
ceC ceC

as a consequence, different Bayesian segmentation techniques
can be implemented.

The proof is similar to the proof of Proposition 4.1.

This second case is quite similar to the second case of the
previous subsection: we obtain a proposition analogous to
Proposition 4.2 above, with the only difference that in p*(x*|y)
we have y=(y',y%).

5. General model

We assumed in the previous sections that either the prior
information, or the observation provided by sensors, were
probabilistic and modeled by some Markov fields. This enabled
us to see how different classical models can be successively
extended to more and more complex—or simply different—
situations. This section is devoted to an ultimate extension:

Let us consider rsensors: Y=(Y,....,Y"), and Y’ = (Y!) < for
i=1,....,r. Let M° be a prior EMF defined on (Ag)" by
M°(x*) = yq exp[=>_ec 92(x:)], and for i=1,....r let M’ be
the EMF defined on (A", for_fixed y’, by a PEMF
M(x*)y= v, exp|—> cec ¢.(x2",y")|. Let us consider A the
set of all ACQ such that there exists at least one (Ap,A1,...,A4,)
EAgX A X XA, for whichA=AyNA;N---NA,. Then the
DS fusion gives M=My®M,; @ --- ®M" defined on A" by

Mx")

L —e0 et .. EXD [—Zqﬂ(va“) -> {Zwi(xj’}y")} }

@Ot ceC 1<i<r [ceC

(5.1

and thus, as in the particular cases above, M can be interpreted
as a marginal distribution defined on A" of the EMF defined on
(A)" = A" X (Ap)" X (A)" X=X (4,)by

] * >:<,() >:<,1 #r
M x " x,..x )

o Ly =0 nymi A EXP |:_Z(Pi(x:’0) - Z [Z@i(x:’i,yi):| :|

ceC 1<i<r [cEC

5.2)

Let us notice that, on the contrary of the two previous sections,
the result M(x*) is not necessarily a probability measure. However,
it is still possible to perform statistical segmentation using the so-
called ‘maximum of plausibility’ principle. More precisely, once
M(x}) is estimated, we compute the plausibility of each x,;=w €Q
by Pl(x;=w)=3",c,» M(x), and then the estimated £ = (&,),cs is
given by X, = arg max,, Pl(x, = w).

Example 5.1. Let us consider an example illustrating the
interest of the general model (5.2) and its use in a concrete
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situation. Imagine a satellite image representing a scene
containing a river (w), a sea (w,), urban area (ws), and forest
(wy4). Imagine that we have some prior knowledge about the
probabilistic distribution of ‘water’, which is {w,w,}, and
‘land’, which is {ws,w,4}, and that this distribution is a Markov
field. Thus we have Ay = {{w;, w,}, {w;, w3} = {2%, 29} and M°
is an EMF defined on (Ag)”, where n is the number of pixels.
Furthermore, there are two sensors: an optical sensor ¥, and an
infrared sensor Y2. The optical sensor cannot see any difference
between the river (w;) and the sea (w,), and there are some
clouds hiding part of the scene. Thus this sensor is sensitive to
Ay =g, wo} {wsh {wg, QY ={a}, A, A, A}, The infrared
sensor mainly detects temperature differences and can only
detect a difference between the urban area and other classes;
thus it is sensitive to A, = {{ws}, {w;, wy, wa}} = {12, 13}. The
EMFs M' and M? can then be searched as follows. The
observation Y'=y' is considered as the observation of a
classical probabilistic hidden or pairwise Markov field (U', Y,
where U' = (U!),g and each U! takes its values in A;. Let us
assume that (U',Y") is pairwise Markov field, with possibly
unknown distribution of U'. The distribution of (Ul,Y]) is
written p(u',y")=y"' exp[—=>.cc ¢t(ul,y})], and the corre-
sponding parameters can be estimated from Y'=y' by the
method proposed in [1]. Once these parameters estimated, we
have Markovian p(u'[y'), which is M"'. Then M? is found in a
similar way. Given the forms of A, A;, and A, we can see that
A={{w,wr},{ws}.{ws}} ={A1,42,A43}. Finally, according to
(5.2), we have to consider the subset ACAXAgX A XA,
such that (A,A0,A1,A>)EA is equivalent to A=AgNA;NA,.
Recalling that

Ay = {{w1, 602}, {0)3, w4}} = {/10, /13};

Ay = o), 0} {ws} {w,}, Q = {A{, /1%’ /1;, /th}§ (5.3)

A2 = {{(1)3}, {wl3w2’ (1)3}} = {/12,1%}

We see that A is the set of the following elements:
(AhAO, A1715)’ (AhAO, Aéll’A%)’ (AZ7AO9 Aé’k%)’ (AZaAO’A}b A%)’
(A37 AO, A%? A%)

Finally, we have an EMF M’ defined on 4" with (5.2).
Then sampling realizations of M’, we estimate M(x; ), which
is a bba on A={{wws},{ws},{ws}}={A1,A2,A43}. The
plausibility on Q= {wi,w,,w3,w4} is computed for each
X, =WEQ by Pl(x,=w,)="Pl(x,= w,) =M(x; = {w;, w,)}),
PI(x, = w3) = M(x; ={w3}), and Pl(x, = wy) = M(x; ={w,}),
which is then wused to estimate X=(%),e5 by
X, = argmax,, Pl(x; = w). Concerning the case of correlated
sensors, the adaptation of the modeling proposed in [22] to
the general models (5.1) and (5.2) does not pose particular
difficulties. Moreover, extending to such new models of
different classical parameter estimation methods, as for
example the method proposed in [20], could be viewed.

6. Conclusion and perspectives

The aim of this paper was to study the different possibilities
of using the Dempster—Shafer theory of evidence in multi-
sensor Markov fields context. Using the recent Triplet Markov
fields (TMF) model, we showed how different Dempster—
Shafer fusions, which generalize the classical calculation of the
posterior distributions, can be performed. The latter allow one
to propose Bayesian segmentation methods, which are then
workable in more general settings. Moreover, different model
parameters can be estimated with the general ‘Iterative
Conditional Estimation’ (ICE [1]), whose relationship to the
well known ‘Expectation-Maximization’ method (EM [16]) is
described in [4]. Some examples of real situations in which the
new models are of interest have been provided, likewise some
experiments involving unsupervised image segmentation.

Hyperspectral data analysis [14,35], which at present is an
active field of investigation, or even 3D Markov models for
image analysis ([30], among others) could possibly be areas in
which the fusion techniques proposed in this paper could be
applied.
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