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On the Identification of Certain Rational Transfer
Functions from Truncated Autocovariance Sequences

F. Desbouvries and Ph. Loubaton

Abstract—Let H(z) = �1k=0 Hkz
�k be a q � p rational causal

minimum phase transfer function, and let(Rn)n2 be the autocovariance
sequence associated to the spectral densityH(z)HT (z�1): In this paper,
the authors address the identification problem ofH(z) from the truncated
autocovariance sequence(Rn)n6=0 for the caseq > p:

Index Terms—MIMO systems, rational transfer function matrices,
stochastic realization theory.

I. INTRODUCTION AND STATEMENT OF THE PROBLEM

Let H(z) = �1k=0 Hkz
�k be aq � p rational causal stable (i.e.,

analytic forjzj � 1) transfer function. We assume thatq > p; and that
H(z) is outer (or equivalently minimum phase), i.e.,Rank(H(z)) =
p; jzj > 1: Let us denote by(Rn)n2 the autocovariance sequence
associated to the “spectral density”H(z)HT (z�1) through the
identity

H(z)HT (z�1) =
n2

Rnz
�n

where the series converges in a neighborhood of the unit circle.
Stochastic realization theory addresses the identification problem
of H(z) from the sequence(Rn)n2 : This theory by now has a
rich history (see, e.g., [6], [4], [3], and the references therein). It
is a well-established fact thatH(z) is uniquely defined (up to a
constant unitaryp � p matrix) from the autocovariance sequence
(Rn)n2 : Moreover, a number of identification algorithms forH(z)
have been developed. In this paper, we address the identification of
H(z) from the knowledge of the truncated sequence(Rn)n6=0; i.e.,
R0 is assumed to be unknown. The hypothesisq > p is of course
necessary in this context; otherwise,H(z) is not uniquely defined
from the truncated sequence(Rn)n6=0:

Our motivations for addressing this problem stem from the blind
equalization problem in digital communications theory (see [5] and
[1]). In that context,p streams of emitted symbolsfsing

p
i=1 are

transmitted through a propagation medium and received at an array
of q sensors; asq is a design parameter, the assumptionq > p

is not really restrictive. This results in aq-dimensional observation
yn = xn + wn = [H(z)]sn + wn; where H(z) is a q � p

unknown matrix-valued transfer function which models the effects
of the propagation medium,sn = [s1n � � � s

p
n]
T is a white noise

sequence, andwn is additive noise independent ofsn: In order
to retrieve the emitted sequencesfsing

p
i=1; it is often useful to

identify H(z) from the (estimated) statistics of the observation.
Recent works have been devoted to the identification ofH(z) from
the (estimated) autocovariance sequence ofyn (see, e.g., [13], [2]),
under the assumption thatwn is white noise, the “spatial” covariance
matrix � = E(wnw

T
n ) = �2I of which is a multiple of the identity

matrix. In the present paper, we still assume thatwn is a white noise
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sequence, but we make no assumption about its spatial covariance
matrix �: The reason why is that, in case the noise is due to
the propagation medium (e.g., atmospheric HF noise, underwater
acoustics, and others), modeling its spatial covariance matrix�
properly is difficult. Thus the autocovariance sequences ofyn and
of xn are related viaRy

k = Rx
k + � �k where� is unknown. Since

R
y
0

contains little information, we seek to identifyH(z) from the
autocovariance sequence of the output, excluding the central term
R
y
0
:

This problem was introduced in [7] for the casep = 1 and in [5] in
the case wherep > 1 andH(z) is a matrix polynomial. It was shown
that the so-called subspace approach, first introduced in [5] for the
case� = �2I andp = 1; could be extended to the case where� is
totally unknown; see [1] (forp = 1) and [5] (forp > 1), in the case
whereH(z) = �Mk=0 Hkz

�k is an irreducible polynomial matrix
andHM has full column rank. The subspace approach developed in
[5] is based on the observation that, under suitable hypotheses,H(z)
can be recovered (up to a constant matrix) from the setGM�1 of all
q-dimensional polynomialsx(z); with degree less thanM�1; which
satisfyxT (z)H(z) = 0: As for this setGM�1; it can be recovered
from the left and the right kernels of theqM � qM block Hankel
matrix RM�1 defined by

RM�1 =

R1 � � � RM

... : �
�

RM 0

:

More precisely, aqM -dimensional vectorx = (xT0 ; � � � ; x
T
M�1)

T

satisfies[xTM�1 � � � x
T
0 ]RM�1 = 0T andRM�1[x

T
0 � � � x

T
M�1]

T = 0
if and only x(z) = �M�1

k=0 xkz
�k belongs toGM�1:

The present paper will show that this subspace approach can
be adapted to the case whereH(z) is rational, by developing
theoretical identifiability results. In particular, we assume that the
exact autocovariance sequence ofyn is known. In practice, this
sequence must be estimated from a finite number of observations,
and our results need to be adapted to provide a concrete identification
algorithm. These statistical considerations are not reported here for
want of space; we may, nevertheless, remark that subspace-like
methods do work quite well in general. As far as simulations are
concerned, we refer the interested reader to the closely related, but
more engineering-oriented papers [13], [1] (in the casep = 1), or [9]
(in the casep > 1; with additive temporal and spatial white noise).

II. OUTLINE OF THE APPROACH

We now consider the case whereH(z) is rational and can thus be
written asH(z) = B(z)A�1(z); in which B(z) = �M

k=0 Bkz
�k

andA(z) = �P
k=0 Akz

�k are two coprime polynomial matrices. As
H(z) is assumed to be stable, we assume of course thatdet(A(z)) 6=
0 for jzj � 1: In particular,A0 is invertible, and thus there is no
restriction in settingA0 = I: Moreover, we assume the following.

C1) The columns(Bi(z))i=1;p of B(z) all have the same degree
M:

C2) B(z) is irreducible, i.e.,Rank(B(z)) = p for eachz 6= 0
(including z = 1).

C3) B(z) is column-reduced, i.e.,Rank(BM) = p due to C1).
C4) AP is an invertible matrix.

We note that the conditions onB(z) are those under which the
approach of [5] is valid.
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As in [5], the method consists of two steps. Let us first denote by
RN the q(N + 1)� q(N + 1) block Hankel matrix defined by

RN =

R1 � � � RN+1

... : �
�

...
RN+1 � � � R2N+1

:

Let x = [xT0 � � � x
T
N ]T denote a vector ofIRq(N+1); x(z) =

�N
k=0 xkz

�k the correspondingq � 1 transfer function, andGN the
set of all q-dimensional polynomialsx(z) with degree less thanN
satisfyingxT (z)H(z) = 0: As in [5], we shall show that for certain
values ofN plus some additional conditions, a vectorx satisfies

[xTN � � � x
T
0 ]RN = 0T (1)

and

RN [xT0 � � � x
T
N ]T = 0 (2)

if and only if xT (z)H(z) = 0: The results are gathered in the
following theorem which encompasses and generalizes the results
already obtained in the purely polynomial caseP = 0 (see [5, Lemma
3.1]); the proof is deferred to Section III.

Theorem 2.1: Let x = [xT0 � � � x
T
N ]T denote a vector ofIRq(N+1)

andx(z) = �N
k=0 xkz

�k the correspondingq � 1 transfer function.

• The case0 � P � M : Assume that C1)–C4) hold, that
N �M � 1; and thatRank(RN) = Mp (its maximum value).
ThenxT (z)H(z) = 0 if and only if x satisfies both (1) and (2).

• The caseP > M : Assume that C1)–C4) hold, thatN �
2P �M � 1; and thatRank(RN) = Pp (its maximum value).
ThenxT (z)H(z) = 0 if and only if x satisfies both (1) and (2).

Next, onceGN is available,H(z) can be identified by using
the approaches proposed in [5], which we briefly evoke for the
convenience of the reader (see [5] for more details). As we shall
see below, the largerN is, the milder the identifiability conditions of
H(z) become by the subspace approach. This is of course because
GN � GN if N � N 0: On the other hand, the sufficient condition on
Rank(RN) in Theorem 2.1 becomes less stringent asN increases.
Consequently,N is chosen as large as possible, namelyM � 1
(respectively,2P �M � 1) if 0 � P �M (respectively,P > M ),
due to Theorem 2.1. Two cases have to be considered.

Let us first remark thatxT (z)H(z) = 0 if and only if
xT (z)B(z) = 0: Let 0 � M?

1 � � � � � M?
q�p be the so-called

Kronecker indexes of the(q � p)-dimensional rational subspaceG
of all q-variate rational functionsx(z) satisfyingxT (z)H(z) = 0
[11], [8]. If N is greater than the largest Kronecker indexM?

q�p; it
is shown in [5] thatB(z) can be identified, up to a right constant
p � p invertible matrix, by solving a linear system. In other words,
one identifies a matrix polynomial~B(z) = B(z)D for somep � p

invertible matrixD:
In order to explain how to retrieve the whole transfer function

H(z); let us denote by(rn)n2 the covariance sequence associated to
the “spectral density”A�1(z)A�T (z�1), i.e.,A�1(z)A�T (z�1) =
�n2 rnz

�n: Let L be an integer, and letJL be theq(L + 1) �
q(L+ 1) block antidiagonal matrixantidiag(Iq; � � � ; Iq): It is easy
to check thatJLRL = TL(B)KLTL(B)T ; where TL(B) is the
(L + 1)q � (M + L + 1)p generalized Sylvester matrix, andKL

the matrix defined, respectively, by

TL(B) =

B0 � � � BM 0
. . .

. . .
0 B0 � � � BM

KL =

rL+1 � � � rM+2L+1

...
. . .

...
r�(M�1) � � � rL+1

:

Having ~B(z); we may obtain the sequence(D�1rnD
�T )n2 ;

i.e., the autocovariance sequence associated to
D�1A�1(z)A�T (z�1)D�T : The classical Yule–Walker
equations [10] then allow us to retrieve~A(z) = A(z)D up to a
p � p constant orthogonal matrix. Therefore,H(z) = ~B(z) ~A(z)�1

is identified up to a constant orthogonal matrix, as expected.
The conditionN � M?

q�p may be quite restrictive, in particular
if N = M � 1 (see [5]). Therefore, the authors developed in
[5] an improved subspace approach. This approach can be adapted
immediately to the case considered in this paper (H(z) is rational)
and is therefore omitted here.

III. PROOF OF THEOREM 2.1

The aim of this final section is to give a proof of Theorem 2.1,
to which we now return. We want to show how to identifyGN from
RN for the largest possible values ofN: The approach we adopt
is simpler than that previously developed in [5] and is valid when
H(z) is rational. We first have to indicate for which minimal value
of N the setGN is not reduced tof0g: For this, we remark that
xT (z)H(z) = 0 if and only if xT (z)B(z) = 0; which, in turn, is
equivalent to(xT0 � � � x

T
N )TN(B) = 0: Therefore,GN is not reduced

to zero if and only if the left kernel ofTN (B) is nontrivial. As
B(z) is irreducible and column reduced, the dimension of this kernel
depends on the Kronecker indexesfM?

i g
q�p
i=1 of G; we refer the

reader to [8], [12], or [5] for more details. In particular, the left
kernel ofTN (B) is nontrivial if and only ifN � M?

1 : Making use
of the identity�q�p

i=1 M?
i = pM [8], we get (q � p)M?

1 � pM:

Therefore, if(q � p)N � pM;N is greater thanM?
1 and the set

GN is not reduced to zero.
As in [5], we want to show that under specific conditions, a vector

x satisfies (1) and (2) if and only ifxT (z)H(z) = 0: As the cases
0 � P �M andP > M lead to different results, we consider these
two situations separately.

A. The Case0 � P � M

First, we remark that conditions C1)–C4) imply that the McMillan
degree�H of H(z) is equal toMp: SinceH(z) is outer,H(z)
is a minimal degree causal spectral factor of the “spectral density”
H(z)HT (z�1): Due to a standard result [6], the McMillan degree
of the transfer function�1i=1 Riz

�i also coincides withMp: Let us
now assume thatN is chosen in such a way thatRN “captures” the
McMillan degree, i.e., that

Rank(RN) = Mp:

Let us factorRN as

RN =

H1 � � � HM � � �
...

...
HN+1 � � �

HT
0 0
...

. . .
HT
N � � � HT

0

HT
N+1 � � � HT

1

...
...

=HlH
T
r : (3)

From the Sylvester inequality,Rank(Hl) �Mp: On the other hand,
Rank(Hl) � �H = Mp; and thusRank(Hl) = Mp: Next, using
the identityH(z)A(z) = B(z); we get

H1 � � � HM

...
...

HN+1 � � � HN+M

... : �
�

...

0
�AP

...
�A1

=

HM+1

...
HN+M+1

...

:
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Thus one can see easily that

Rank(Hl) = Rank

H1 � � � HM

...
...

HN+1 HN+M

=Mp: (4)

We may now show how to computeGN fromRN : Let x satisfy both
(1) and (2). We first claim that (1) implies that

[xTN � � � x
T
0 ]

H1 H2 � � � � � �
... : �

�

HN+1

= [0 � � � 0 � � �]:

(5)

To see this, we recall that the two sequences(Rk)k�1 and(Hk)k�1
can be realized in minimal state space form with the same observ-
ability pair, i.e., there exist minimal dimension matrices such that
Rk = CAk�1G and Hk = CAk�1B for k � 1 [6]. Thus RN

admits the minimal factorization

RN =

C
...

CAN

[G � � � A
N
G]:

Hence, (1) implies that[xTN � � � x
T
0 ][C

T � � � (CAN)T ]T = 0; which,
in turn, implies (5) because(A;C) is an observability pair of the
sequence(Hk)k�1: On the other hand, due to (5) and (3), (2) reduces
to

H1 � � � HN+1

... : �
�

...
HN+1 � � � H2N+1

HT
0 0
...

. . .
HT
N � � � HT

0

x0
...
xN

= 0:

(6)

Due to (4), the first matrix on the left-hand side of (6) has full
column-rank(N + 1)p if and only N + 1 � M: In this case, it
admits a left inverse, so that (5) and (6) can finally be gathered
into xT (z)H(z) = 0: Conversely, it is obvious, due to (3), that
xT (z)H(z) = 0 implies (1) and (2). Gathering these results, we get
the first part of Theorem 2.1.

B. The CaseP > M

In this case, the McMillan degree ofH(z) is equal to Pp:
Assume thatrank(RN) attains its maximum valuePp: Equation
H(z)A(z) = B(z) now gives

0 H0 � � � HM

: �
�

...
H0 � � � � � � HP�1

H1 � � � � � � HP

...
...

HN+1 � � � � � � HN+P

...
...

�AP

...
�A1

=

HM+1

...
HP

HP+1

...

...

(7)

so that (4) becomes

Rank(Hl) = Rank

H1 � � � HP

...
...

HN+1 HN+P

= Pp: (8)

Let us assume that (1) and (2) hold. Then (5) and (6) hold as
well; repeating the steps of Section III-A, and using (8), we see that
xT (z)H(z) = 0 if N + 1 � P: So Theorem 2.1 still holds in the
caseP > M; providedM is replaced byP:

However, it is possible to establish the equivalence between (1),
(2), andxT (z)H(z) = 0 for larger values ofN: So, let us assume
that (N + 1) > P: From (8), we see that the first matrix of the
left-hand side of (6) admits the full rank factorization

H1 � � � HN+1

... : �
�

...
HN+1 � � � H2N+1

=

H1 � � � HP

...
...

HN+1 � � � HN+P

[IPp�Pp V ]

for some matrixV; so that (6) implies

[IPp�Pp V ]

HT
0 0
...

. . .
HT
N � � � HT

0

x0
...
xN

= 0Pp�1:

If we show that

HT
0 0
...

. . .
HT
N � � � HT

0

x0
...
xN

= 0(N+1)p�1 (9)

then xT (z)H(z) = 0 will follow from (5). To establish (9), we
introduce the(N + 1� P )p-dimensional vectory defined by

IPp�Pp V

0 I (N+1�P )p�
(N+1�P )p

HT
0 0
...

. . .
HT
N � � � HT

0

x0
...
xN

=
0Pp�1
y

: (10)

It is sufficient to show that, under some conditions onN; y is equal
to zero. From (7), we easily deduce, after some computations, that

0 H0 � � � HM

: �
�

...
...

H0
...

...
...

HP � � � HP+(P�M�1) � � � H2P�1

=

H1 � � � � � � HP

...
...

...
...

H2P�M � � � � � � H3P�M�1

� E
�1

(11)
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where

E =
0

IMp�Mp
; a; � � � ;AP�M�1

a

=
0

IMp�Mp
;

�AP 0
...

. . .
�AM+1 �AP

...
...

�A1 � � � �AP�M

�

I � � � �P�M�1

. . .
...

0 I

a =

�AP
...
...

�A1

; A =

0 � � � 0 �AP

I 0
...

. . .
...

0 I �A1

and f�ig1i=0 (with �0 = I) are the coefficient matrices of the
development ofA�1(z) aboutz = 1: ThusE is indeed invertible
becauseAP is invertible. IfN+1�P � P�M , N+1 � 2P�M;

then reading out the(N+1�P ) first p-block columns of (11), we get

0 ((2P�M)�(N+1))q�
(N+1�P )p

H0

: �
�

...
H0 HN�P

...
...

HP � � � HN

=

H1 � � � HP

H2P�M�N�1 H3P�M�N�2

H2P�M�N � � � H3P�M�N�1

...
...

...
...

...
...

H2P�M � � � H3P�M�1

� E�1
I (N+1�P )p�

(N+1�P )p

0 (2P�(N+1))p�
(N+1�P )p

: (12)

Injecting (12) into (10), then for some matrixF we have

y = F

HT
2P�M � � � HT

2P�M�N

...
...

HT
3P�M�1 � � � HT

3P�M�N�1

x0
...
xN

and thusy = 0; because of (5).
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Impulsive Control

Tao Yang

Abstract—In this paper, the concept and principles of impulsive control
are presented. Impulsive control can be applied to a class of systems whose
state variables are changeable in a very short time period. In particular,
the asymptotic stability of the impulsive control of a nonlinear system
is given.

Index Terms—Impulsive control, impulsive differential equation.

I. INTRODUCTION

In this section, we address the issues which concern the necessity
of impulsive control.

Definition 1—Impulsive Control:Given a plant P whose state
variable is denoted byX 2 RRRn; a set of control instants
T = f�kg; �k 2 RRR; �k <�k+1; k = 1; 2; � � � ; and control laws
U(k;X) 2 RRRn; k = 1; 2; � � � : At each�k; X is changed impulsively
by X(�+k ) = X(��k ) + U(k;X) such that the outputY = f(X);
f : RRRn 7! RRRm; Y 2 RRRm; approaches a goalY � 2 RRRm ask !1:

Remarks:

1) At least one state variable in a plantP can be changed
instantaneously to any value which is given by a control law.
In this sense, not all physical systems can be controlled by
impulsive control schemes. For example, if state variables are
voltages across capacitors, it is hard to imagine that one can
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