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Preface

This handout is not a probability course but a collection of problems and exercises. It is conventionally

divided into 7 chapters. In each chapter, there is a list of exercises and homeworks. They are preceded

by a set of important results (formulas and theorems) which are necessary for their solving.
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Chapter 1

Random experiment, axioms of

probability, general theorems

1.1 Events and axioms of probability and main theorems

e Random experiment < (2, A, P) where

— 2 denotes the sample space whose members w are called outcomes
— A denotes a collection of subset (called events) of Q (structured as a o field),

— P is a mapping: A € A that satisfies three conditions: (a) P(A) € [0,1], (b) P(Q) =1 and

(¢) the o additive axiom for a countable family of events
P({J An) =D P(An), for AinA; =0 Vi#j
n=1 n=1

o A o field A is a collection of subsets of € that satisfies three conditions: (a) Q € A, (b)if A€ A
then A € A and (c) if (4,)n12,.. € A then |22 € A.

lim sup, 4, A, @ ( U A ) = {w; such that w are in infinitely many of A4, }

n=1

lim inf,, A, def U ( ﬂ A ) = {w; such that w are in all A,, except in a finite number of A, }

n=1

lim,, oo Ay, exists by definition if lim sup, A4,, = lim inf,, 4,,.

e The probability satisfies many properties, e.g.,



P(AuB)=P(A)+P(B)-PANDB)

P( U Ap) < Z P(A,), (sub o additive relation)
n=1 n=1

o
lim P(A,) = P(lim A,) with lim A, © | ] A, if A1 C ... C 4, C App
n—o0 n—0o0 n—o0 ne1

lim P(A,) = P(lim Ay) with lim A, def

n—oo

() An, if Ang1 C Apee. C A

n=1

lim P(A4,) = P( nh_)rgo Ap), if lim A, exists (continuity theorem of probability)

n—o0 n—oo

e Poincaré formula

n

P(Up Ap) = > P(A)— > P4, NAy)...
=1

1<i1<i2<n

4+ (=1)FH! > P(Ay N Ay NA).. + (1)L P(NP_, A

1<i1<12<...<1, <N
1.2 Conditional probability and independence

e The conditional probability Pg is a mapping from A to [0, 1] which is a probability set function

P(A/B) < py(a) = LA D)

P if P(B)#0

The conditional probability Pp satisfies all the properties summarized above, e.g.,

P(AUB/C) = P(A/C) + P(B/C) — PAN B/C)

Multiplication rule

P( Z:lAk) = P(Al)P(AQ/Al)P(Ag/Al N Ag) ...... P(An/Al N...N An—l),

Law of total probability, if (Ck)g=1,. n, or (Ck)g=1,., forms a partition of

P(A) = P(Cy)P(A/Cy), P(A) =) P(Cy)P(A/Cy),
k=1 k=1
e Bayes relation
P(C/A) = ];EZSP(A/C)

Bayes theorem = Bayes relation + Law of total probability (if (Ck)g=1,..n, or (Ck)r=1,., forms a



partition of 2)

_ P(C)P(ANCy) o PCHPANG)
P(Cz'/A) - ZZ:I P(Ck)P(A/Ck), P(Cz/A) - 22021 P(Ck)P(A/Ck)’

e Two events A and B are independent < P(AN B) = P(A)P(B).

If P(A) # 0, A and B are independent < P4(B) = P(B). If P(B) # 0, A and B are independent
< Pp(A) = P(A).

e The events of a family (A;);cr are mutually independent < P(N7_,A4;,) = [[i_; P(A;,) for all

finite subset (i1, %2, ...i5) of I.

In this case, all combinations of these events and their complement are mutually independent, e.g.,

(Ai)i=12345 are mutually independent = A; U Ay, As and A4 N As are mutually independent.

1.3 Exercises

Exercise 1.1 Probability space, disjoint events, independent events

A communication network with four terminals 1, 2, 3, 4 are connected with four links a, b, ¢, d as
shown in the figure. Not all links, however, are necessarily available. Let p denote the probability that
any particular link is available and assume that the availability of each link is independent of the state of
all others links. Two terminals can communicate if and only if they are connected by at least one chain

of available links.

1] Construct an appropriate probability model with 16 sample points, on each state of the system. Specify
2, the family of events A and the probability P(.).

2] Let A e {w : 1 and 4 can communicate} and let B e {w : 2 and 3 can communicate}. After
carefully describing the events A and B, calculate P(A), P(B) and P(AN B). Are the events A and B
independent?

3] Show that P(A) = pP(A/c available) +(1 — p)P(A/c not available). Using this formula, re-evaluate
P(A) by inspection.

4] Prove that P(A) would be increased if link ¢ were connected between 1 and 3 rather than between 2
and 3.

Exercise 1.2 Bayes’ theorem, introduction to detection



Consider a binary channels linking a transmitter X to a receiver Y with mp = P(X = 0) and
m = 1—m = P(X = 1). This channel can make errors and we donote by pg = P(Y = 1/X = 0) and
pr=PY =0/X=1).
1] Deduce the probability of error P(X # Y') as a function of m, 71, po, and p;.
2] Consider now two independent binary symmetric (i.e., with pg = p1 def q) channels with respective
error probability ¢; and ¢s linking a transmitter and a receiver. The a priori probability at the transmitter
are P(0) = mo = 0.3 and P(1) = m; = 0.7. We suppose that ¢; = 1077 and ¢o = 2.107".

1-q;
-— 0 q, =107 0
- — b
{0,1..,1}—> ° {0,1..,0}
G
1/ - 1 ; 1
1 q,=210

For each transmitted bit, the receiver receives two bits, one of the channel 1 and the other from the
channel 2. Therefore, it receives one of the four couples (00), (01), (10) and (11) and must deliver a de-
tected bit to the user of the transmission. Suppose that the receiver makes its decision along the following
rule. For each received couple (Y7,Y3), it compares the probabilities P(0 transmitted/(Y7,Y2) received)
and P(1 transmitted/(Y7, Y2) received) and decides to choose the most likely transmitted bit. Specify
the decision rule. Begin by analyzing the case (01) received.

3] Calculate directly or by the law of total probability the probability of errors of such a receiver.

Exercise 1.3 Repetition code, elementary feedback scheme

Equilikely symbols 0 and 1 are transmitted along the following scheme. Each symbol is transmitted
twice. These symbols are transmitted along an independent binary symmetric channel with error prob-
ability p. If the received symbols are equal, the receiver makes the decision and decides in favor of the
common symbol. But if the received bits are different, the receiver uses a free-error feedback channel
to inform the transmitter that no decision was possible on the previous symbol and to retransmit the
symbol twice. The process keeps on until two identical symbols are received.
1] Calculate the probability of error of such a feedback scheme. Comment on the result when p < 1.
2] Let N be the random variable that gives the number of symbols transmitted by useful symbol, N €
{2,4,...,2k,....}. Compute P(N = 2k) for k € N*. Deduce the expectation E(N) and the variance
Var(N). Comment on the result when p < 1.

Exercise 1.4 Introduction to Poisson process
A point process is called a homogenous Poisson process of intensity A iff the following conditions are
verified:
t' 1 t 2 t" 1 t"2
--------- o—0 [@--> R
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(a) If the intervals (#7, 5] and (¢”1,"2] are mutually exclusive, the events { Ny » = &'} and {Np:, p», = k”}
are independent (where {N¢, 1, = k} denotes the event {there are k points in the interval (t1,t2] ),
(b) P(Nyy 1o+t = 1) = At + o(t) where o(t) is a function of ¢ that satisfies lim;_, ol — o,

(©) P(Nig,to+t > 1) = o).



1] After commenting on hypothesis (a), (b) and (c), prove the following:

P(Niyto4t =0) = 1—=Xt+o(t), fort >0 (1.1)
P(Niy to4t+at =0) = (1 — AAt + 0o(At))P(Niy 49+t = 0), fort >0, At>0 (1.2)
P(Nytoreine =k) = (1 —=AAt+ o(At)P(Nygso1t = k)

+  (AAt + o(At))P(Niy o+t = k — 1) + o(At), for t >0, At >0,k € N*.(1.3)

2] Deduce from (1.2) an ordinary differential equation for the function P(Ny, 4,4+ = 0) of t. Solve this
equation and give the expression of P(Ny, 4+ = 0). In the same way, deduce from (1.3) an ordinary
differential equation for the function P(Ny,+,++ = k) of t for k > 0. Solve this equation and give the
expression of P(Ny, o+t = k) for k > 0 by induction. Prove that

(M)

P(Niy to+t = k) = Te*)‘t for £k € IN,

i.e., the random variable Ny, ¢4+ that represents the number of points in the interval [to, to+1t) is Poisson

distributed with parameter At.

Exercise 1.5 The Monty Hall problem: goats and cars

In a game show, you have to choose one of three doors. One conceals a brand new car, two conceal
old goats. You choose a door, say No.1, but your chosen door is not opened immediately. Instead the
presenter (who knows which is behind the doors) opens another door, say No.3 which reveals a goat. He
offers you the opportunity to change your choice to the third door (unopened and so far unchosen), say

No.2. Using conditional probabilities, Is it your advantage to switch your choice?

1.4 Homeworks

Homework 1.1 Disjoint events, independent events
Consider a digital submarine channel. This channel is composed of n independent binary symmetric

channels with error probability p, separated by n — 1 repeaters.
1 2 n
E ;20| REARREEEE R EEEEEEEEEEEREEEREE RR R

Emitter Repeater Regenerator Repeater Regenerator  Receiver

1] Give the error probability P, (error) of the digital submarine channel as a function of n and p under a
sum expression.

2] Express P, (error) in terms of P,_j(error). Deduce a simple closed-form expression of P, (error).

Homework 1.2 Fusion of bit estimates
In wireless cellular communications, fusing information from the various base stations can improve
link performance. Consider a bank of K detectors, each operating on the same input data observed

through individual independent channels. We assume the following: The K detectors make independent



decisions, each channel is binary symmetric with respective error probabilities (p1,p1...,px) and the

transmitted bits have equal a priori probability.

Channel 1 Detector 1}—YL:t
Channel 2 Detector 2 2.t
by w ! fusion /Bt
— I | rule =
| |
| |
| |
Channea K Detector K YKt

1] The receiver makes decisions along to the majority rule, i.e. it counts among the K received bits the
respective number of 0 and 1 and decides in favor of the majority bit. Give the probability of error of this
receiver P(error) as a function of (p1,ps2...,pr). It is useful to distinguish K even and K odd. Finally,
consider the particular case (p1,p2...,px) = D.

2] The optimum receiver (the best receiver with respect to the probability of error) is
the receiver that compares the a posteriori probabilities P(0 transmitted/y1 s, y24,...,yk) and
P(1 transmitted/y1+, Y2, - .,YK+) and decides in favor of that bit whose a posteriori probability is
greatest. Prove that criteria is equivalent to compare the probabilities P(y1 ¢, Y2, - - - , Yk /0 transmitted)
and P(y1,¢,Y2.t, - - -, Yk,t/1 transmitted) (denoted Likelihoods of (yi1+,y2+, ..., YK ). Deduce the following

optimum fusion rule:

Hy
K — >
3 @y~ Din— 2 7 0
1 Pk <

Hy

3] Comment on this receiver. Prove that this optimum receiver comes down to the majority receiver
when the probabilities of error (pg)i=1,. K are equal.
4] Suppose now that the probabilities of error (p1,pa2,...px) are unknown. Propose a method to estimate

(p1,p2, -..pK) with K > 3, from the observation of the receiver’s symbols only (yk,t)r=12, K t=12, .1

10



Chapter 2

Random variable

2.1

2.2

Definition, probability law

A real-valued random variable is a mapping from 2 to R (univariate or scalar) or to R™ (mul-
tivariate or multidimensional): w € Q@ = z = X(w) € Rorw € Q — (z1,...,2,) = X(w) =
(X1(w), .., Xn(w)) € R such that X ~1(B) € A for any Borel set R, respectively R"

Notation (X = z) & {w; X(w) = 2} and (X € B) & {w; X(w) € B}

Probability law (denoted also by probability distribution) (denoted Px) : all mean characterizing
P(X € B) for any Borel set of R, respectively R"

Cumulative distribution function

Univariate (scalar) Fx(z) ey P(X <z)=P(X € (—o0,x])

Properties

— Fx(z) is a nondecreasing function, lim,_,_~ Fx(z) =0 and lim,_, 1o Fx(z) =1

— Fx(z§) = Fx(zo) (continuous on the right) and Fy(z¢) = Fx(zy) + P(X = z0)
(finite or countable number of discontinuity)

— P(X € (a,b]) = Fx(b) — Fx(a)

Multivariate (vector) Fx(x) = Fx(z1,..,Zn) o P(X: <z1)N...n (X, < zp)]

Properties

— Fx(z1,..,zy) is a nondecreasing function with respect to any component

— Fx, (x) = Fx(+00,.. + 00, T}, +00, .. + 00)

The cumulative distribution function characterizes the probability law for arbitrary random vari-

able.

11



2.3

24

2.5

Discrete random variable
X(w) € {x1,..,x,} (finite case) or X (w) € {z1,.., Tk, ....} (countable case)

The probability law is characterized by the probability mass function P(X = zy) Vk € {1,...,n}

or Vk € {1,...,n,...}. The cumulative distribution function is a staircase function and is given by
Fx(z) =22, <, P(X = xp).

Property
P(X =u;) = ZP[(X, Y) = (xi,y;)], (bivariate case).
J

Continuous random variable

The cumulative distribution function is continuous and is derivable almost everywhere and its

derivative is called probability density function

e dF
fx(x) def X(x>, (univariate case),
dx
of O"F s ey Ty ..
Ix(x1,..2) def 8;(1(?17 81‘: ), (multivariate case)
Properties
P(X =x9) =0, Vag, (scalar case),
P(X € B) :/ fx(x)dzx, P(X € (—o0,x]) :/ fx (u)du, (univariate case),
B —00
P(XeB)= // fx(z1,..xy)dzy..dx,, (multivariate case)
. JB
+00 +0o0
[xi(x1) = / Ix(z1,22)dz2,  fx; x,(21,22) = / fx(z1, 22, 23)dxs, ...
Generalized law of total probability
For arbitrary event A and continuous random variable X with probability density function fx(z),

we have:

P(A) = /+OO P(A/X =z)fx(z)dx.

—o0
In the particular case where A is the event (Y = yi), where Y is a discrete random variable with
Y e {yp;k €{1,....,n}or ke {l,...n,..}}, we get:

+o00
POV =) = [ PV = /X =) fx(a)d

—00

12



2.6 Independence of random variables

e X; and X, are independent < the events (X; € By) and (X3 € By) are independent for all Borel

sets By and By < P[(X; € B1) N (X2 € Be)] = P(X1 € B1)P(X3 € By) for all Borel sets By and
By

e Proving that X; and X, are not independent < Finding a specific couple (B, Bz) such that
P[(Xl S Bl) N (XQ S BQ)] 7& P(Xl € Bl)P(XQ € BQ)

e The random variables of the family (X;);e;r are mutually independent < the events of the family

(X; € B;)ier are mutually independent, VB;

e The random variables of the family (X;);c; are mutually independent = the random variables
of the family g;(X;)ie; are mutually independent for arbitrary (measurable) function g;, e.g.,

(X1, X2, X3, X4) mutually independent = sin(X;), Xj + cos2X3 and 1/X, mutually indepen-
dent

e Characterization of independence of X7 and X

— Discrete case : P[(X] =214 N (X2 = 39))] = P(X1 = 214)P(X2 = x7), V(k,1) € N?

— Continuous case : fx(z1,22) = fx,(x1)fx,(x2) Y(x1,22) & Fx(z1,72) = Fx,(z1)Fx,(x2)
V(z1,22) © fx(z1,22) = g(x1)h(z2) V(z1,22) for arbitrary functions g and h < Fx(z1,22) =
G(x1)H (x2) Y(x1,z2) for arbitrary functions G and H.

2.7 Change of variables

e Definition : Giving the distribution of a probability on a space R™ specified by the law of probability
of X and a mapping g: x € R" — y = g(x) € R?, we want to know the probability law of Y = ¢g(X).

The general approach to find this new probability law is to first derive the cumulative distribution
function of Y

o If X is discrete = Y is discrete, but If X is continuous = Y may be discrete.

e If g is one to one differentiable and X is continuous, the smooth change of variable formula applies:

— monovariate case: d 1

XL
fY(y) = |d7y‘fX(‘T)|r:g—1(y) = fo(x)\ng_l(y)
dx

T

— bivariate case:

Oz1 Oz
0 0
Fy(yry2) = |det 83; afii |fx(x1’x2)|($1712)=9*1(y1,y2)
dy1 Oy
1
- dy1  On fx(wl’m2)|($17$2)=9*1(y1,y2)
o1 O
a8
oxr1 O0xo

13



2.8 Exercises

Exercise 2.1 Introduction to Poisson process (continued)

2] From the preceding point process N, we build another point process N’ defined as the following.
Each point of the process N can by erased with a probability 1 — 1 (and consequently not erased with
probability u). The erasing are mutually independent. Prove that the new point process is a homogenous
Poisson process of intensity Au. (This problem happens with Geiger counter in the process of emission
of particles from a radioactive source in which only a fraction p of the particles are counted).

3] Prove that if we know that the Poisson process has n points in the interval (¢, t,], the instants of the
n points can be obtained by independently choosing at random n points in (tg,t,]. To prove this result,
compute the probability of the following events by two different means: the first point to the right of g
is located in (tg, t1], the second point in the interval (tg, t,] is located in (¢1, t2]. .. and the n-th is located
in (tn—1,t,), conditional on n points in (to,¢,]. Comment on this result.

4] Prove that for g < t; < t2, the random variable Ny, ¢, conditional on Ny, s, = n is a random variable
of Binomial distribution with parameters n and %.

5] Let T1,T5 ..., T, be the duration from the base time ¢y of the first, second...and n-th point located

to the right of tyg. Determine the distributions of the random variables 171,75 ..., T,.
T1> Tn
o< -
—@ | 0o o ® ® @ R

6] Let Dy def Ty+1 — Ty be the random variables representing the time between two consecutive points
of the Poisson process. We want to derive the probability density function of (71, D1, ..., D,). For that
a solution consists to derive the cumulative distribution function Fr, 7, . 7,1, +1(751, to, ...ty tnt1) of the

random variable (11,75, ..., Ty, Tp+1). For that fix points (s1, 2, ...8,) such that
0<s <t <82 <o <8 <t <Spp1 < oo < 8y <ty <ty

After giving the probability density function of the random variable (71,75 ...,T,+1) prove that the
random variables 17, D1, Do, ..., D, are independent and exponentially distributed with parameter A,
i.e. with probability density function fr(t) = )\e"\tl(oﬂroo) (t).

7] Prove that if the random variable X is exponentially distributed, it satisfies the following property:

P(X >a+b/X >a) do not depend on «a for all a > 0, b > 0.

Conversely, prove that if a positive continuous random variable satisfies the preceding property, it is
exponentially distributed. Comment on this curious property of no memory with reference to questions
6 and 7.

Exercise 2.2 Change of variables, continuous random variables

Consider n mutually independent continuous random variables (Xj)g=1,.. » identically distributed of
probability density and cumulative distribution functions fx(x) and Fx(x). Let I,, and S,, be respectively
the minimum and maximum values among (Xj)k=1,. n-
1] Give the expression of the probability density functions fr, (z) and fs, ().
2] Give the cumulative distribution function Fy, g, (x,y) of the random variable (I, S,). For that, you

14



can use the derivation of the probability P(I, > NS, < y). Deduce the probability density function
[, (2,y).

3] Let us consider the random variable range R, def Sn — Ip,. Give the cumulative distributive function
Fg, (z). Deduce the probability density function fg, ().

4] Derive in the particular cases a) (Xj)k=1,. n are uniformly distributed in (0,1), b) (X%)k=1, . are
exponentially distributed with parameter A, the expressions of fs (z), f1,(z), fr,(x), Fs, (), Fr,(x)
and Fj5, (x).

5] Derive in the particular cases, the limit of the distribution of the sequence of random variables W,, =
n(S, — 1) for a) and G,, = A\S,, — Inn for b) Comment on.

Exercise 2.3 Distribution of a sum of independent random variables,

1] Consider two independent continuous random variables X7 and X9 with probability density functions
fx,(z) and fx,(z). Prove that the sum X = X; + X5 is a continuous random variable and give its
probability density function fx(x).

2] Consider two independent integer-valued discrete random variables X; and X5 that take values n € N
with respective probabilities P(X; = n) and P(X2 = n) What are the probabilities taken by the sum
X = X1+ Xo.

3] Consider two independent random variables X; and X either continuous uniform in [0, 1] or discrete
uniform in {1,2,3,4,5,6} (two dices). What are the distribution of the sum X = X; + X7

4] Let X7 and X3 be two independent Poisson distributed random variables with parameter A\; and As.
What is the distribution of the random variable X = X7 + X537

5] Let X; and X5 be two independent exponential distributed random variables (i.e, of probability density
function fx(x) = )\e_)‘af]l[o,oo[) with parameter A\; and Ay. What is the distribution of the random variable
X=X+ Xp?

Exercise 2.4 Distribution of a sum of independent random variables, mixture of distributions

1] Consider two independent random variables X; and X3. X is continuous with probability density
function fx, () and X is discrete and takes the values (an)nen (N is finite or countable) with probabilities
(Pn)nen. Prove that the sum X = X;+ Xs is a continuous random variable and give its probability density
function fx(x).

2] Let (fx,, (x))nen be a family of probability density functions and (C,)nen a set of causes of probabilities
(Pn)nen. Consider a random variable X that conditional on C,, has the probability density function
fx, (x). Give the probability density function of the random variable X. Give some examples, comment

on and compare the probability density functions obtained in questions 1 and 2.

Exercise 2.5 Mixed random variable, definitions
From the continuity property of the probability, i.e.,
limy o0 P(An) = P(limy_ye0 Ap) With limp e A & US Ay if Aj C ... C Ay C Apiy
limy o0 P(An) = P(limp_ye0 Ap) With limp e An & N2, Ay if Anpr C Ap... C Ay
prove the following properties of the cumulative distribution function Fx (x) ' p (X < z) of areal-valued

random variable X for any xzq:
1] Fx(z§) = Fx (o)
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2] Fx(wo) = Fx(zq) + P(X = zo)".
If the random variable is neither continuous, nor discrete, il is called mixed. In practice, the cumulative

distribution function can be decomposed into:
Fx(z) = Fx (v) + Fx, ()

where Fy, () is continuous and Fx,(z) = >_, -, P(X = ) with zj are the discontinuity points of
Fx(z). Fx.(x) is derivable almost everywhere with derivative fx_(x) dof dF)(;i;(x). In the engineering
literature, a derivative fx,(z) of Fx,(x) is sometimes defined by fx,(x) o >ow, P(X = zg)d(z —21). In
this case a derivative of Fx(x) is defined by fx(z) &t fx.(z) + fx,(z).

3] Make a figure of F'x(z) and fx(z) in the particular case of a single point zg of discontinuity of Fx (z).
Consider an elementary queueing process in which the probability of waiting is p and the distribution of
waiting time is exponential with parameter A. Give the probability density fx(z) and the cumulative
distribution function Fi (z) of the random variable X giving the waiting time. For p = 0.1 and A = 1571,

specify the numerical value of P(X < 1s).

Exercise 2.6 Change of variables, mixed random variables
A random variable X with probability density function fx(x) is applied at the input of each of the

five nonlinear devices illustrated in the following.

KO &)
\ 02
—»| i thnonlinear device —>y‘ 01 S
X
2 01 2 3 r
1] Calculate a and plot the cumulative distribution function Fx(x).
et | J
i ki Jel f | J — S
anif BT R witmquiz
. \ el e it . ok dipe x i .
> > > >

0 0 0 1 ‘o i J_,_,—‘oo,s 153535
_— 1

2] Calculate and plot the resulting cumulative distribution function Fy,(y) and probability density func-

tions fy,(y) fori=1,...,5.

2.9 Homeworks

Homework 2.1 Two overlapping Poisson processes (Exercise 2.1 continued)

Let N7 and Ny be two independent Poisson processes with parameter A; and Ay respectively, and N’
be the number of points of Ny between any two successive points of Ni. What is the distribution of the
integer valued random variable N’ (it is useful to use the generalized law of total probability)? Comment

on this distribution of probability (e.g., if N1 and N3 represent the arrival and departure Poisson processes

'Fx(zy) and Fx(xf) denote the limit to the left and to the right, respectively.

16



at a counter, N’ represents the number of departures between two successive arrivals).

Homework 2.2 Geometrical probability
Pick a point M at random inside the unit radius circle C' of origine O. Let (X,Y) and (R, ©) (with
R >0 and © € [0,27)) be the cartesian and polar coordinates of M, respectively.
1] Find the cumulative distribution function of the random variables ©, R, X and Y.
2] Then, deduce the probability density function of these four random variables.
3] Are © and R independent? Are X and Y independent?

17



Chapter 3

Expectation

3.1 Definition, fundamental theorem of expectation

e For arbitrary random variable X = (X1,..,X,), if the integral on Q: [, |X(w)|dP < oo, the
expectation of X is given by E(X) & Jo X(w)dP.

e Specific definitions of the expectation

n 400
E(X) = Z zpP(X = x1), (finite discrete case), E(X) = Z zpP(X =), (countable discrete case),
k=1 k=1

+o00
E(X) = / zfx(z)dx, (continuous case)

—0o0

+o00
E(X) = Z:ckP(X = Ty) +/ zfx, (x)dx, (mixed case)
k

—00

e Fundamental theorem of expectation for Y = ¢(X) = g(X7, .., X,,)
+00 +oo
E(Y) —/ / g(x1, .y xn) fx (21, .., zp)dxy..day,, (for X continuous)
—00 —0o0

BE(Y)=> 9@ k) P(X = (214, ., 2n 1)), (for X discrete)
k

3.2 Variance, covariance matrix

e Variance

var(X) © E[(X — E(X))?] = E(X?) - [E(X)]?

o Covariance

cov(X1, Xo) ¥ B[(X; — E(X1))(Xs — E(X»))] = E(X1Xs) — E(X1)E(X>)

. . . . def x,_
e Correlation coefficient of X; and Xy = covariance of the reduced random variables X, = Xi-m

= o1

18



3.3

def —
and X7'2 = X20-727712

E[(X1 — m1) (X2 — ma)]
0109

def
PX1,Xs = COV(Xﬁ»XTz) =

Xo—mo Xi—my X9 —mgo X1 —mq

el—1,+1 =+l = =-1& =
pPx1,xs € [—1,+1], pxyx, =+ = o PX1,Xo = o

Covariance matrix of X = (X1,..X},)
[Cles & cov(Xy, X)) = C =E[(X —m)(X —m)7] = EXXT) - mm”
C is n x n symmetric, positive (a’ Ca > 0,Va # 0) or nonnegative matrix (a’ Ca > 0,Va # 0)

4« (0,,0,1,0..0)T,1 in position k

var(Xy) = ugCuk,with, uy,
var(X,) = u’ Cu, where X, df WX orthogonal projection of X on u with u arbitrary unit vector

Properties deduced from the fundamental theorem of expectation
E ((Z aka> + b) = (Z akE(Xk)> +b
k=1 k=1

var <<Z aka> + b) Zaivar(Xk) +2 Z a;ajcov(X;, X;)
k=1 k=1

1<i<j<n

= a’Ca witha % (a1, ..,an)T

If the random variables X1, Xo,.. and X,, are mutually independent

= E[[Ti; 9x(Xk)] = [ 15— E(g9x(X})) for arbitrary measurable functions g
= X1, Xo,.. and X, are uncorrelated, i.e., cov(X;, X;) = 0,Vi # j

Markov and Chebyshev’s inequalities

Markov’s inequality
E(X|"
P(|X|>c¢) < (’T‘ ), Ve >0 and Vr > 0
c

Chebyshev’s inequality = Markov’s inequality with » = 2 and X replaced by X —m

var(X)
2

var(X)
2

P(|X —m|>c¢) < , Ve>0 <= P(X-m|<c¢)>1- , Ve>0
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3.4 Characteristic function

e The characteristic function ¢x(u) aof Jo v X(W) P exists for arbitrary random variable X

ox(u) = Z ek P(X = x3,), (univariate discrete case),
k

+oo
dx(u) = / " fx(x)dx, (univariate continuous case)
—0o0

+oo +oo T
ox(u) :/ / e X fx(x1,..xy)dzy...dx,, (multivariate continuous case)

e Properties

n n
X1, ..X,, mutually independent = ¢y (u) = H ox, (u),with Y def Z X
k=1 k=1

Expansion of ¢x(u) around zero = calculus of moments F(X*):

dx(u) = Z L E(Xk) +o(u"), if E(X") exists

no gk
k!
k=0

3.5 Exercises

Exercise 3.1 Lognormal distribution

Consider the change of random variable Y 4 X Where X is normally distributed with mean m and
variance 0.
1] Find the probability density function of the random variable Y. The random variable is said to have
a lognormal distribution (since InY = X has a normal distribution).
2] Specify the mode, the expectation, the median and the variance of the random variable Y.
3] What is the probability density function of the random variable Z def zog + Y7 This random variable
is said to have a generalized lognormal distribution. Suppose that this distribution models the monthly
salaries of the employees of a company. Specify the parameters m, ¢ and zg of this distribution if out
of 10000 observed employees, half the employees earn more than $2000, 1587 earn more than $3000 and

1587 earn less $1500.

Exercise 3.2 Mixture of Gaussian random variables

Consider a image satellite whose gray level of each pixel can be modeled by the realization of a
random variable X. Each pixel is supposed to be issued from one among two classes: vegetation and
water (image of nature in Finland). The proportion of vegetation and water are p; and py respectively
(p1 + p2 = 1). Each pixel of the two classes are modeled as Gaussian random variables with mean m;
and mg, and variance o? and o3 respectively.
1] Give the expression of the probability density function of an arbitrary pixel X.
2] Give closed form expressions for E(X) and Var(X).
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Exercise 3.3 Continuous bivariate random variable
Let be

fxy (@, y) = (@ +y)Lg2(z,y)

a probability density function of the random variable (X,Y").
1] Check that fx y(z,y) is a probability density function. Derive fx(z) and fy(y).
2] Give the values of E(X), Var(X) and Cov(X,Y).

Exercise 3.4 Monte Carlo method
It is required to estimate J = fol g(x)dz, where 0 < g(z) < 1 for all x € [0,1]. Let X and Y

be independent random variables uniformly distributed in [0,1]. Let! U def Ly<gx), V def g9(X) and

W= g(X) +9(1 - X)].

1] Prove that E(U) = E(V) =E(W) = J.

2] Prove that Var(U) > Var(V') > Var(W).

3] Derive a scheme to estimate efficiently J from a sequence of n independent random variables (X)r=1,... n

uniformly distributed in [0, 1].

3.6 Homeworks

Homework 3.1 Fundamental theorem of expectation, optimization

In the mass production of bars, the length of the bars must in fact be considered as a random variable
X because of the dispersion of the length around the mean value m. Let fx(z) be the probability density
function of the length of the bars produced. Suppose we want the bars to have exactly the length a.
Consequently if the produced length is larger than a, the bar are cut at the length a and the rest X —a
is discarded, otherwise if the produced length is smaller than a all the bar is X discarded.
1] Give the expression of the cumulative distribution function Fy (y) of the length lost by produced bar
represented by the random variable Y and derive the associated probability density function fy(y). We
assume in this question that fx(x) = 0 outside [0, 2a].
2] Give the expression of E(Y) from fy (y) and from the theorem of expectation.

3] Suppose that the distribution of the random variable X is Gaussian with mean m and variance o2.

What does m and o mean? Explain why %" may mean the relative accuracy (or uncertainty) of this

mass production. Comment on this model, in particular prove that P(X < 0) < 1. Use for this purpose

the following upper bound that will be proved:

+00 1 t2 1 ac2
e zdt < —e 7, forxz >0
/x V2r 2

4] Give the optimum value of m that minimizes the expectation of the lost length Y. Consider the

particular case a = 2 meters and ¢ = 0.02 meter.

def

M4 = 1 if the event A is satisfied and 0 elsewhere (indicator function of the event A).
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Chapter 4

(Gaussian distribution

4.1 Univariate Gaussian distribution

e The random variable X is Gaussian (normal) distributed A (m,o?) <

1 _@m?
e 22 | FE(X)=m and var(X) = o°

fx(z) =

oV 2

e X is Gaussian distributed N'(m,0?) = Y = aX + b is Gaussian distributed N (am + b, a>0?)

Associated normalized (reduced) random variable

(S

def X —m 1 a2
X = — = T) = e 2, F(X,)=0andvar(X,) =1
s @) = o (X) (X:)

Order of magnitude
P(X € [m—20,m+20]) = 0.95 P(X € [m —30,m+ 30]) ~ 0.997
P(X € [m —60,m+60]) ~1—1.21078

w2
Error function Q(x) o f:oo \/%e_Tdu

1 1 _z? 1 a2
1——=)e 2 <Qx) < e 2 ,forz>0
TV 2m

Characteristic function

4 2,2 2 Gl for k= 2n
= 'Mmu 752U7 = 7% = EXk = 2nn!
bxu) = e (u) = ¢ (x ( o

Derivation of E(X*)

E(X*) = E[(6 X, + m)*], with e.g., E(X?) = 1,E(X}) =3

r
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4.2 Multivariate Gaussian distribution

e The random variable X = (X1,..., X,,) is Gaussian distributed < Y = "), ux X}, is Gaussian
distributed Yu = (uy, .., un) € R™

e Its distribution is characterized by the expectation E(X) = m and the covariance matrix cov(X) =
C and denoted by M (m, C)

e Properties

— IfXis N(m,C) = Y =AX +bis N(Am + b, ACAT) where A and b are deterministic.
In particular the marginal random variables X}, are Gaussian distributed N (my, O’,%) with my

is the k-th component of m and o7 = [C]y.

— If X, Xy.. X, are Gaussian distributed, X = (X1,..., X},) is not necessarily Gaussian dis-
tributed

X if|X|<2
Ex: Let X be Gaussian distributed A'(0,1) and X; % X and X, % i1 <
-X if|X|>2

= X and Xy are Gaussian distributed N'(0,1), but X = (X7, X3) is not Gaussian distributed
because Y % X; + X, is a mixed random variable (P(Y =0)=P(|X]| > 2)=0.05#0)

— But if X, Xs.. and X,, are Gaussian distributed and mutually independent = X =
(X1, ..., Xp) is Gaussian distributed

- If X = (Xy,...,X,) is Gaussian distributed and X;, Xo.. and X,, mutually uncorrelated =
X1, Xo.. and X, are mutually independent

— If the covariance matrix C is not singular, the probability density function exists

1 3 6e-m) "G (x-m)

fx(fbl . xn) = e 2¥Tm

v (2m)"/2det'/?(C)
mi o} o109p12

forn=2m= and C = 9 =

ma 0102012 op
_ 1 (z1-m1)? _ (z1—mq)(wa—ma) | (xg—m3)?
1 e 2(1-p7 5) ( o7 21,2 o102 + o2 )

fx(z1,22) =
2mo1094/1 — piz

4.3 Exercises

Exercise 4.1 Baseband data transmission, introduction to probability of error calculus

Consider a sequence of bits 0 and 1 transmitted along a channel with respective probabilities 1 — p
and p. Suppose that the transmitter maps bits into a voltage X (t), say 0 — —a and 1 — +a. Suppose
that the channel corrupts the transmitted signal by the addition of statistically independent noise voltage
which is zero-mean Gaussian distributed with variance o?. Consequently, the transmitted and received
signals are random and denoted X (t) and Y (t) = X(t) + N(t) respectively, where N(t) denotes the

additive noise.
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A Xt wo

+a

-a

1] Considering the detection of one bit, suppose that the receiver observes the voltage at only on time
to. It samples Y (¢) at time to and compares the value of this random variable Y (¢y) to a threshold s. Its

decision rule is the following;:
{ if Y(t9) > s = bit 1 detected

if Y(tp) < s = bit 0 detected

Give the probability of error of such a detector as a function of p, a, ¢ and s. What is the optimal value

of this threshold s (value that minimizes the probability of error)? Examine the particular case p = %

Show that in this case the probability of error can be expressed as a function of £ thanks to the error

Q(x) def /+OO \1ﬁet22dt.

2

function:

2] Considering the detection of one bit, suppose that the receiver now observes the voltage at several
times t1,t9,...tx. It samples Y (¢) at times t1,ts,...tx during the reception of this bit and compares

the mean value Y & + Zle Y (tx) to a threshold s and the receiver decision rule is now the following:

ifY > s = bit 1 detected
if Y < s = bit 0 detected

The random variables N(t1), N(t2),..., N(tx) are supposed independent. Prove that the results of
question 1] remain valid if o is replaced by \/L? Examine the particular case p = % Compare the
expression of the probability of error to those of question 1. What strange result happens when K
increases indefinitely.

3] Explain why the hypothesis ”the random variables N (¢1), N(t2), ..., N(txk) are supposed independent”
if (tk)ke(toto+r) (i-e. during the observed bit, where 7 bits/s is the bit rate) when K increases without
bound is unrealistic. The correct model for random signal N(¢) is to consider it as a zero-mean Gaussian

— No

random process with spectra (power spectral density) S, (f) constant, i.e. S,(f) = 3 on a large domain

of frequency (typically large with respect to %) We consider the particular case p = % Using

1 K 1 T+to
lim — Y(tr) = = Y (t)dt
Jim 3V =7 [ Y
where (tx)r=1,.. K are regularly spaced in (to, %o+ 1), give an expression of the probability of error of the

receiver that uses all the values of Y (¢) during the observed bit.

Exercise 4.2 Correlation coefficient
Consider a two dimensional Gaussian random variable (X1, X2) with zero mean, variance o2 and
correlation coefficient p. Let Wj o sign(X;) and Wa o sign(Xz). Give a closed form expression of

E(W,Wa).
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4.4 Homeworks

Homework 4.1 Independent and uncorrelated random variables.
Consider a two independent zero mean Gaussian random variable X; and X with variance o2. Let

Yi def Xi+Xsand Yo def X1 + aXs. What are the values of a for which Y7 and Y5 are independent?
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Chapter 5

Convergence of sequences of random

variables

5.1 Convergence of sequences of random variables

e There exists two family of convergence associated with two meanings : closeness of X, to X and

closeness of the distribution Py, of X,, to the distribution Px of X when n — oco.

Convergence in probability: X,, =»p X

lim P(|X,, —X[|>¢)=0 < lim P(|X,—X|<e¢ =1

Convergence in mean: X, = X
lim E|X, — X|=0
n—oo

Quadratique convergence: X,, =g X

lim B[(X, — X)} =0

n—o0

Almost surely convergence: X, —as X

Plw; lim X (w) = X(w)] =1

Convergence in distribution (in law): X,, =, X or X,, =, Px

lim Fx, (z) = Fx(x), Va such that F'x(z) is continuous
n—oo

< lim P(X, € [a,b]) = P(X € [a,b]) V(a,b) if Fx(z) is continuous

n=so00
e Characterization:

Xn =2 X & limy, 00 ¢x, (1) = dx(u), Yu € R

Xpn =2 X < limy, 00 E[g(X,,)] = E[g(X)], Vg bounded and continuous
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e Property: When Fx(z) is continuous, lim,_~ Sup,{|Fx, (z) — Fx, (z)|} = 0.

e There exist the following relations between these convergences:

’Almost surely convergence‘ = ‘ Convergence in probability‘ = ‘Convergence in distribution

i

‘Quadratique convergence‘ = ‘ Convergence in mean‘

5.2 Central limit theorem

There are many central limit theorems (CLT) depending on the assumptions made on the sequence

(Xn)n=1,.. k.. The simplest and most known is the following:

where m = E(X}) and o2 = var(X}) exist, if U, is the reduced sum which is equal to the reduced
mean: .
(2op=1 Xk) —nm _ (3 2k=1 Xk) —m

U, =
ov/n ﬁ

—r N(0,1)

e Extension to the multivariate case: if m = E(X}) and C = Cov(X},) exist

(> k=1 Xg) —nm _ (3 Xies Xe) —m —c N(0,C)

i =

In the particular case where C is not singular, there exist square roots 3 of C (i.e., C = TX7)

- <(221§%) —nm) _ s ((,11 Zzzlle) —m> LN

v

5.3 Useful theorems

e Theorem of continuity: for all continuous function x +— g(x) such that P{x; g(z) is continuous}) = 1

o X, =p X = g(Xy) —p g(X)

e X, —was X = g(X,) —as 9(X)

o Xy = X = g(Xn) = g(X)

e Slutsky theorem: Let U, be a sequence which converges in law to U and V,, be a sequence which
converges in probability to a constant ¢, then this implies that for all continuous function (u,v) —

g(u,v), the sequence g(Up,,V,,) converges in law to g(U, c).

54 A method

o Let (Xp)n=1, k.

cn(X, — 0) =2 N(0,0°)
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the function ¢ differentiable at 6 with ¢'(z)|,—¢ # 0, then:

cnlg(Xn) = 9(0)] = N(0,0%(g'(9))?)

5.5 Laws of large numbers

There are many laws of large numbers depending on the assumptions made on the sequence (X, )p=1, ...

The most known are the following:
o Let (Xp)n=1, k. be a sequence of mutually uncorrelated random variables identically distributed

(but non necessary independent) with same m = E(X},) and 2 = var(X},) that exist

1 n
M, = — ZXk —p m, (weak law of large numbers)
" k=1

o Let (Xp)n=1, k. be a sequence of mutually independent identically distributed random variables

where m = E(X}) exists

1 n
M, == g Xk —as m, (strong law of large numbers)
n
k=1

e In the case where X, is Bernoulli (p) distributed: P(X, =1) =p, P(X,, =0)=1—p,
m = p, and 0% = p(1 — p).

X,, = 1 can be associated with the realization of a specific event A in a repetition of independent

random experiments: X, =14, .

= % > p—1 Xk and p represent the relative frequency of realization of A in the first n experiments,

and the probability of A, respectively.

The relative frequency of A converges in probability and almost surely to the probability of A.

5.6 Approximation of probability distribution

e For each convergence in distribution : lim, ,~ Fx, () = Fx(x), we deduce that for n > 1 the

approximations:
Fx, (v) = Fx(x) and P(X, € B) = P(X € B) for any Borel set of R.

More precisely, is it required to specify from what value of n, we have

Supx;Fxn (z)#£0,Fx,, (ac);él‘FXn (‘T) - Fx (l’)’

< 1 (in practice 107! or 1072).
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o For X, =>}_, 27F1, € {0, & it 2n yees 1—2%} where (Vj)g=1,... is a sequence of mutually independent

uniform distributed in {0;1} random variables,

= Fx,(z) = 2% ZZL 1[%71} () + L1 4oo) (%) = limy00 Fx, (7) = 210 1)(7) + 1(1 400)(z) =
X, —r X, where X is uniformly distributed in [0, 1]

= for n > 1 Fx, (z) = Fx(x), i.e., X,, is approximately uniformly distributed in [0, 1].

......

distributed random variables, we get for n > 1, U, = 2:’“:;7)\;%77”71 is approximately Gaussian

N(0,1) distributed. Consequently for n > 1:

def Z X, is approximately Gaussian A (nm,no?) distributed
k=1
def 1 2
M, ZX r is approximately Gaussian N (m, —) distributed
k: 1

e Ex: If X,, are uniformly distributed in {0;1}, m = } and 0* = 1, U, € [-v/n, +/7]

5, ) distributed.

e Ex: If X, are uniformly distributed in [0, 1], m = 5 and 0% = 12, € [—v3n,+v3n]
= for n> 1 (n > 12), S, is approximately Gaussian N (%, {5) distributed.

= for n>> 1 (n > 30), S, is approximately Gaussian N (%

The speed of convergence specifies the order of magnitude of n to have a good approximation.

Roughly speaking, the more symmetric the distribution of X,,, the better the approximation.
This is justified by the Berry Essen inequality:

B(X —mf)

Supx|FUn(x) - FU(:L‘)| <08 0’3\/6

which also implies that Fy, (x) = Fy(z) + O(f) with the big O notation.
Ex: If X,, are Bernoulli (p) distributed, m = p and o2 = p(1 — p), U, € [—, /15, +/ @] and
Sup, | Fu, (¢) — Fy(x)| < 93 0l

Vi \/p(i-p)
= forn > 1 (n > 30, np > 5 and n(1 — p) > 5), S, is approximately Gaussian N (np,np(1 — p))
distributed, i.e., the Binomial (n,p) distribution is approximated by a Gaussian N (np,np(1 — p))

distribution.

Ex: X, is Poisson (\) distributed, m = X and 0> = X\ = for n > 1,5, that is Poisson (n)\)
distributed is approximated by a Gaussian N (n\,n\) distribution.

= the Poisson () distribution is approximated by a Gaussian (A, ) distribution if A > 10.

The convergence X,, Binomial (n,p, = 7) distributed —, X Poisson () distributed, because for
k fixed limy, o0 (7) (2)F(1 — 2)n7k = Ake

n n k!

= the Binomial (n,p) distribution is approximated by a Poisson (np) distribution if n > 30 and
np < 5.
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5.7 Exercises

Exercise 5.1 Notion of confidence interval for the estimation of a probability of error
We wish to estimate the probability error p = P(error) of a digital communication. To do so, we

observe the communication and we count the number k of errors on n observed symbols. Consequently
the rate of error which is defined as % is an estimate of the unknown parameter p.

1] Considering the zero-one random variable associated with each observed symbol i, i.e.

x, def 1 if error on symbol 1
’ 0 otherwise

the rate of error can be considered as the sample mean X,, of the sequence of random variables (Xi)i=1,...ns

i.e.,
n
X — Zi:l Xi.
" n
Prove the convergence in distribution
7n —D
—— =, N(0,1) (5.1)
p(1—p)
n

Deduce by application of the weak law of large number, the continuity theorem and the Slutsky theorem,
that (5.1) implies:

— N(0,1) (5.2)

Xn(1—-X5)

2] An approximate confident interval is a random interval [p1 (X1, ..., X,), p2(Xi, ..., X;,)] such that

P[(pl(Xl, . ,Xn),pz(Xl, ,Xn)) ) p] ~ o

for n > 1, where « is the so-called confidence coefficient. In practice it takes the values 0.90, 0.95 or 0.99

according to the applications.
Prove from (5.1), then from (5.2) that py (X1, ..., X,) = X, — h(a) Xn1=Xn) and p2(X1,..., Xp) =

n

X, + h(a) w is such an interval where h(«a) is defined by:

e 24ar = Q.
/0 V2T

p2(X1,..,.Xn) —p1(X1,..,.Xn))
2p
3] We consider now the practical case where p < 1. How many symbols n must be observed to estimate p

Comment on the relative precision with respect to n, p and a.

with a relative precision of 1% with a confidence coefficient of 95%. In applications, p is unknown. Prove
that in practice the problem reduces to count the number k = """ | X; of errors. Give for a confidence
coefficient of 95%, the number of errors that must be observed to have a relative precision of 10%, then

1%. Comment on these results.
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5.8 Homeworks

Homework 5.1 Generation of a sequence of independent Gaussian random variables by the central limit
theorem

1] Suppose, we have a generator of a sequence U,, of independent uniformly distributed in (0,1) random
variables (such variates are often simply called random numbers in (0,1)). Deduce from an approximation
of the central limit theorem, a generator of sequence X,, of independent Gaussian distributed random
variables with mean m and variance ¢ from the sequence U,,. Comment on this approach. 12 successive
values of U, are frequently used. Explain why.

2] Same question, where the sequence U, is replaced by sequence V;, of independent uniformly distributed

in {0,1} random variables, where 30 successive values of V,, are frequently used.
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Chapter 6

Conditional expectation, conditional

distribution

6.1 Conditional expectation, solution of the least mean square ap-

proximation

e Approximation of Y by a constant

minE[(Y —a)?] = a=E(Y) and minE[(Y — a)?] = var(Y)

a a
min E|Y —a| = a = mediane(Y')
a
e Approximation of Y by an affine function Y =aX +b

minB((Y — (@X 4+ D) = ¥ =y + oy ZL(X = me), minB[(Y — (@X +0))%] = o3(1 - 42,

a,b ~—— 0‘7
Y
with m, < E(X), my e E(Y), o2 o Var(X), 05 e Var(Y') and p,y e COZE?;Y)

Approximation of X by an affine function X=cY +d

min X~ @£ )= X = me - pry O = my)s min BIX = (@ + )] = 021 = g2,
X

e Approximation of Y by a function ¥ = g(X)

mginE[(Y —g(X))? = Y =EY/X =ux).
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By the fundamental theorem of expectation

+oo +oo
BIY 9P = [ [ - 9P xy(eg)dedy (continuous case)

N /+°° [/m(y_g(”f))szx:m(y)dy fx(z)dx

—00 —00

where fy/x—z(y) def / ;};((;:)y) is the probability density function of Y given X = x

=Y =BY/X =2)= [T yfy/x—a(y)dy

E[(Y —g(X))?] = Y (55— 9(z:)*P((X,Y) = (s,y;)) (discret case)
P

= 3 1) w5 - g@)?PY = y;/X = ;)| P(X = ;)

i J

where P(Y = y;/X = ;) = P(();z/)ng?yj)) = P(X;g(cggz(;):yj)) is the conditional probability mass

function of Y given that X = x;
=Y =E(Y/X =x;) =Y, y;P(Y =y;/X = x;).

ming E|Y — ¢(X)| = g¢(z) = mediane(Y') given X =z
X and Y are independent (continuous case) < fy/x—(y) = fr(y) & fx/y=y(®) = fx(z), V(2,y)

X and Y are independent (discrete case) & P(Y =y;/X =2;) =P(Y =vy;) & P(X =z;/Y =
yi) = P(X =), ¥(zi,95)

Two meanings of the conditional expectation: random variable E(Y/X) = ¢g(X) and deterministic
function x — E(Y/X = z) = g(x)

+00
B(Y) = BIE(Y/X) = [ E(Y/X =2)fx(o)ds
known as law of total expectation.
Generalized law of total probability
+oo
P(A) = P(A/X =x)fx(z)dz
—0Q0
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6.2 Conditional cumulative distribution function

e Distribution of Y given X = z (continuous case)

_ P((Y <y)n(X € (20,2]))  PY <y)N (X € (w0, 7]))
P <y/X & (z0,2]) = P(X ¢ (xg,x])o =T Fe(r) - FX(:CO)O
1 1 z Y
— Fx@)—Fx@) (z — ap) /xo [/_Oo fX,Y(U,U)dU} du
= Jim PO <y/X € anal) = s [ frorlanido = [ )i

def ..
PY <y/X =20) = lim P(Y <y/X € (z0,2]) = Fyx=z,(y)

dFy/x—
Ty x=a0(y) = Y/Z_xo(y), (conditional probability density function)
Yy
e Conditional variance
+oo

var(Y/X = 9) € E[(Y — E(Y/X = 10))?] = / (y = BY/X = 20))>fy) Xy (4)dy-

—00

6.3 Specific case of the Gaussian distribution

2
e (X,Y) is Gaussian distributed N/ e , a 01022'0 oy
My Oz0yPzy Oy

[v—(my+pz,y F2 (2=m2)))?

1 - 0,2
fy/x=2(y) = 2 Poyi=riy)
oyy/1 —p2 V21

o
EY/X =x) = my + px,yf(x — My)
Yy

var(Y/X =z) = 05(1 - piy)

6.4 Exercises

Exercise 6.1 Consider the estimation of a parameter 6 through the noisy observation .
r=0+n

n is a realization of the random variable N of Gaussian distribution A’(0,02). The prior knowledge about
0 is such that 6 is a realization of a random variable © which is Gaussian distributed with mean mg and
variance 03. The random variables N and © are assumed independent.

We are going to choose as estimate g(x) of the unknown parameter 6, the more likely value, once x
is known. This estimator is called the maximum a posteriori probability (MAP) estimate, i.e., the mode

of the posterior distribution of ©.
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1] Give an example of such case.

2] Derive the posterior probability density function fg,x—,(f)) using the probability density function
fo,x (0, 7). Comment on the posterior probability density function fg,x—s(0).

3] Deduce the MAP estimate 6(z). Prove that § = E(©/X = z)

4] Derive the posterior probability density function fg /X=z (#) in another way using the Bayes’ relation

forx=2(0) = fxjo=o(x) ;igi))

and the interpretation of fx/o—g(7).

5] Derive the expression of the mean square error E[(@\(X ) — ©)2]. Comment on.

6] Explain why, the posterior probability density function fg,x—,(#) cannot be directly derived from
the relation 6 = z — n by the interpretation of fg,x—.(0) ?

Exercise 6.2 Two meanings of the conditional expectation: Random variable E(Y/X) and deterministic
function E(Y/X = x). Geometric interpretation of random variables.

Let (X,Y) be a continuous bivariate random variable such that E(Y?) exists.
1] Prove E[E(Y/X)] = E(Y). Comment on.
2] Prove by the geometric interpretation of random variables as vectors in a vector space that: E(Y?) =
E[(Y — E(Y/X))?] + E[(E(Y/X))?]. Deduce that Var[E(Y/X)] < Var(Y). Comment on.
3] Derive E(Y'), Var(Y'), E[E(Y/X)] and Var[E(Y/X)] in the particular case fx y(z,y) = 2Lo<y<a<1(2, y).

6.5 Homeworks

Homework 6.1 Some properties of Markov chain.
Consider a Markov chain, i.e. a sequence of discrete random variables (X,,),en that take values in a

finite or countable set E that satisfies the condition:
P(Xn = xn/XO = l’Q,Xl =T1y.-- ;Xn—l = xn_l) = P(Xn = xn/Xn_l = xn—l)

for all n > 1 and all zg,z1,...,2, in E. We note this property by the simplest notation

P(zp/x0,21,...,2n-1) = P(xp/xn_1) for short. Using this notation, the multiplicative rule
P( Z:lAk) = P(AI)P(AQ/Al)P(Ag/Al N AQ) ...... P(An/Al Nn...N Anfl),
and the partition rule

P(A) = Z P(ANC;), (Cy)ier partition of £, I finite or countable
icl
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prove and comment on, at least some of the following properties for all zg, ... .,

P(xo,x1, ...

P(xn /K, Thit, - - -
P(xn/Tn—k, Tn_fa1,---
P(z, i1, ..
P(zr/xps1,- -
P(xg,x1,. ..

P(xn/Tpat, - -

P(l‘n/:El,...

and if 2% denotes the set {xq, Tqi1, ..

k/
(wn/xn s Ziy
P(.%'n k n+k’ _

P( n—k n+l<: /xn

)

i Tns Ty i)
n Ty /Tn)
)

P(ifn_k,...7$n_]_,$n,.. y T+l

y Tn—1s Tn+l - - -

7l‘n—|—k:

)
)
)
.y Tn)
)
)
)
)

y Ttk

‘7ajb}7

i)

P

Ly — ks/xn k—l—l)

Ty in K.
P(zp/zn—1), forn>0

P(zp/xn—1), fork<n

(Tn/Tp— k,:vnH/) for ! <k and k <1

P(al =7 [2n)P(2n

Pk fan) P(a 18 [an),
(

VP2 tE f,), for I/ < K and k <1

for ! <k’ and k <1

P(an—1/2n)P(2n) P(Tn41/an) - ..
for k<0and!l<0.

n+l’
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Chapter 7

Random variables simulation

7.1 Meaning of random number sequence
e A periodic deterministic sequence of numbers of very large period such that it passes various statis-
tical tests of hypothesis that the numbers are uniformly distributed on [0,1] and are independent.
Property:

From a sequence (U, )n=1,2,.. of mutually independent random variables U,, uniformly distributed
in [0,1] or from a sequence (Vi)n=1,2,... of mutually independent random variables V;, uniformly
distributed in {0;1} (i.e., with P(V;,, =0) = P(V,, = 1) = 1/2), it is possible to generate sequences
X, of mutually independent or not independent and arbitrary distributed univariate or multivariate

random variables.

7.2 Pseudo-random numbers generators

Generation of sequences of random numbers mutually independent and uniformly distributed in {0;1}
or [0,1]

e Generation by shift register of (Vi)n=12,.1 Un = > peq @xUn—k mod 2, where oy, € {0,1} and
(v1,v2, .oy ) # (0,0, ..,0) called root. Ex: v, = v,_150 + vn_401 € {0;1} with period 249" — 1 ~
5.1 10120

e Generation of (Up)p=1,2,.. from (Vy,)n=12_ . up = 2221 Q_kv(n_l)q+k € {0, 2%, 2%, ey 1—2%} €[0,1)

o Generation of (Uy,)p=1,2,.. by linear congruential generator: u, = % where w,, = aw,,_1+c¢ mod m,
with wy € N, wy # 0 mod m and a € N*, c € N. Ex: a = 13", ¢ = 0 and m = 2% ~ 5.8 10!7 with

period m — 1

7.3 Generation of random number sequences with arbitrary distribu-

tions

e Generic methods : Inverse method and acceptance reject method
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— Inverse method for univariate case:
xn =1inf{ z ; u, < Fx(z)}
which reduces for continuous strictly increasing cumulative distribution functions Fx (), to

x, = Fy'(uy), (see exercise 7.1 for discrete random variables).

Ex: Fx(2) = =2 110,)(z) + L (3, 400)(x) for uniform distribution in [a,b] = 2, = a+ (b—a)u,
Ex: Fx(x)=(1—- e_>‘$)]l(0;+oo) (z) for exponential distribution (A) = z, = —3 In(1 — u,) or
more simply x, = —% In(uy,)

— Inverse method for bivariate case (for inversible cumulative distribution functions F'x, (z1) and

Fx,/x =2, (72)

(1,m, T2y,) solution of Fx, (z1,) = ugp—1 and FX2/X1:M’”($27”) = Usy,

— Acceptance reject method for univariate case : see exercise 7.3

— Acceptance reject method for bivariate case: (suppose fx, x,(z1,22) < ¢, X1 € [a1,b1] and
Xo € [ag,ba)])
Draw u} uniform on [ay, b1] (v] = a1 + (b1 — a1)u1),
Draw uf, uniform on [ag, be] (uy = ag + (b2 — a2)ua),
Draw w uniform on [0, c] (W = cus),

W < fx, x,(u),uhy), then (z1,x2) = (uf, u)y), otherwise draws again (u}, uf, w)

e Specific methods for the Gaussian (see homework 5.1 and 7.1) and Poisson (see exercise 7.2) dis-

tributions for example.

7.4 Exercises

Exercise 7.1 Generation of a sequence of independent identically distributed random variables, by the
inverse transformation method. Let U, be a sequence of independent uniform in [0,1] random variables.
1] For any strictly increasing continuous distribution function F'(x), if we define the random variable X,
by X, ©p ~1(U,), prove that the random variable X,, has the distribution function F(z).

Apply this result to the generation of a sequence of uniformly distributed random variables in [a, ],
then to exponential distributed distributed random variables from a sequence of independent uniform
[0,1] random variables U,,.

2] Let (pi)ier be strictly positive real numbers that satisfy ), ;p; = 1. Prove that the sequence of

random variables defined in the following is a sequence of independent discrete random variables with
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probabilities P(X,, = z;) = p;, i € I.

T if U, < pp
T2 itpr <U, <p1+p2

. 1 .
x; if Zé':l Dj < Un < Zé‘zl Dj

\

Apply this result to the generation of a sequence of Poisson distributed random variables. Specify the

drawback of this approach.

Exercise 7.2 Generation of a sequence of independent Poisson distributed random variables deduced
from the Poisson processes (Exercise 2.1 continued)

1] Deduce from the relation T;, > t < Ny 1o+¢ < n — 1 for t > 0 and n € IN* used in the Poisson point
process between Ny, 1,4+ (number of points between ty and tg + t) and T, (duration between ¢y to the

n-th points to the right of tp) that has been used in exercise 2.1, the relation for ¢ > 0:

t<T) & Nto,to—l—t =0

T} <t<Tpt1 € Niytopt =k keN

and then a mean to generate a sequence of independent Poisson distributed random variables from a
sequence of exponentially distributed random variables of parameter \.

2] Prove, independently of exercise 2.1, that if (Y;);—1,.. is a sequence of independent exponentially dis-
tributed random variables of parameter A, the following discrete random variable X is Poisson distributed

with parameter A
0 ity >1
1 fVn<l1<Yi+Y

ko if Z?:ly}' <1§Z§211Yj

(You may used the relation | .. fR*kﬂy1+...,yk<1 dyr ... dyr = 7).
3] Let (Ug)k=1,.. be a sequence of independent uniform (0,1) random variables. Using exercise 7.1], prove
that the procedure
n
_ - -\ _
X = (argn}llnHUk <e ) -1
k=1
gives a random variable X that is Poisson distributed with parameter .
4] Let K denote the random number of samples of Uy to give a sample of X. Specify its distribution

and its mean E(K). Comment on?

Exercise 7.3 Acceptance rejection method.

Consider a continuous random variable X with a bounded probability density function fx(x) with a
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bounded support included in [a, b] with ¢ such that fx(z) < ¢ and a sequence (U, )n=1,2,.. of independent

uniformly distributed random variables in [0, 1].
A

c

L e .

a x
1] Prove that it is possible to generate a sequence of independent points M, = (V,,, W,,) uniformly
distributed in the rectangle [a, b] x [0, ] from the sequence (Up)n=1.2,....

2] Consider the following algorithm: If the point M,, = (V,,, W,,) is located in the domain A below the
probability density function fx(x), we define X by V,,. If the point M,, = (V,,, W,,) is not located in
the domain A, we generate a new point M, +1 = (Vj,41, Wp+1) and so on, until a point M,, is located

in the domain A. Decompose the event {X < z} in a countable union of events easier using the events

(M, € A) and (M, € A,) with A, & AN {(v,w);v < z).

3] Deduce the cumulative distribution function Fx(z), then the probability density function fx(z) of the
random variable X obtained by this algorithm.

4] If N denotes the number of generated terms of the sequence (U,)n=12,.. by generated X, give the
expression of E(N) (the identity > 7 k(1 — p)*~1p = }D for p € (0,1] can be used). Comment on this
algorithm.

5] This method can be extended to arbitrary probability density functions fx(z) if there exists another
probability density function fy(y) such that the random variable Y can be easily generated, and a
constant ¢ > 0 such that fx(z) < cfy(x). Prove that the following algorithm generates the distribution
of X: Generate a sequence Y,, of independent random variables of probability density function fy (y) and
a sequence U, independent of Y. If cU, fy (Y,) < fx(Yn), we define X by Y,,. If cU, fy(Y,) > fx(Ya),
we consider the couple (Y;,11,U,+1) and so on, until cU, fy (Y) < fx(Ya).

7.5 Homeworks

Homework 7.1 Generation of a sequence of independent Gaussian random variables by the polar method
Let X and Y be two independent zero-mean unit Gaussian random variables (E(X) = E(Y) = 0 and

Var(X) = Var(Y) =1).

1] What is the probability density of the two-dimensional random variable (X,Y")? Consider the following

change of variables where R and © are defined by

R=vVX?2+4+Y? and © = Arg(X +1iY), © € [0,27)

Using the smooth change of variable formula, derive the joint probability density function fre(r,6) of
the random variable (R, ©). Deduce the marginal probability density functions of R and ©. Are the

random variables R and © independent?
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2] Deduce from R and O, two one to one changes of variable R = g(U) and © = h(V') such that the
random variables U and V are independent and uniformly distributed in (0,1).
3] Deduce from X = Rcos(0) = g(U)cos(h(V)) and Y = Rsin(0) = g(U) sin(h(V)), a generation of a
sequence X, of independent Gaussian random variables with mean m and variance 2 from a sequence
Uy, of independent random variables uniformly distributed in the interval (0,1).
4] Compare the pros and cons of this method versus this method deduced from the central limit theorem

that is reminded.
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